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Preface

Solutions of partial differential equations (PDEs) arising in science and engineering
frequently have large variations occurring over small portions of the physical do-
main, and a major challenge when solving such problems is to appropriately resolve
the solution behavior there. When finite difference or finite element methods are
employed, a fine mesh is required in those particular parts of the physical domain.
Using a uniform mesh throughout the physical domain can become a substantial,
indeed a formidable, computational expense, especially in multidimensions where
the number of mesh points required can be prohibitively large. A practical and often
indispensable alternative is to place a high proportion of mesh points in the regions
of large solution variation and few points in the rest of the domain. With this basic
idea of mesh adaptivity, the total number of mesh points required is much smaller
than with a uniform mesh, and significant economies are achieved.

The purpose of this book is to present the theoretical and practical aspects
of mesh adaptivity, with particular emphasis on its application to time-dependent
PDEs. Given the ubiquitous need for mesh adaptivity in the various areas of science
and engineering, a proliferation of methods have been developed in the past. While
on one hand this makes the study of mesh adaptivity an exciting, multifaceted en-
deavor, it has also made it a daunting task for the potential user of adaptive mesh
techniques to know where to begin looking for a method suitable for his or her par-
ticular needs. In this book a major effort is made to make the general topic of mesh
adaptivity more accessible, both practically and theoretically, to a broad audience.
The intent, however, is not to provide a review of all adaptive mesh methods, but
rather a detailed discussion of one type of method, the r-adaptive mesh method or
the moving mesh method, which reflects the authors’ research interest in this field
over the past 20 years. Fortuitously, the fundamental principles presented are appli-
cable in a much wider range of contexts, and there are often close (often comple-
mentary) relationships between the moving mesh method considered here and other
important types of adaptive mesh methods such as the h- and p-adaptive methods.
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It is important to say at the outset that mesh adaptivity has its place and should
not be viewed as a panacea. For problems with smooth solutions, a uniform mesh
suffices and is usually preferred over a nonuniform one because it readily lends it-
self to efficient solution. Even when adaptivity is required, an isotropic mesh can be
preferred for the same reason if it can resolve the solution without using an undue
number of mesh points. Anisotropic meshes are favored when there is a need for bet-
ter alignment of the mesh with certain solution directions, such as those arising due
to boundary or interior layers and sharp interfaces. The distinction between isotropic
and anisotropic meshes is an important theme in the chapters on multidimensional
adaptation.

The type of adaptive mesh methods considered in this book for solving PDEs
is characterized by the fact that a mesh moves continuously in time while adapting
to the evolving structures in the solution. These are called adaptive moving mesh
methods, or simply moving mesh methods for short. Since point locations are dy-
namically relocated during the course of numerical computation, a moving mesh
method is also called an r-adaptive method in the finite element community. The
analysis of adaptivity within the moving mesh context focuses on how to optimally
choose mesh points, where the computational cost is normally correlated with the
number of mesh points used. The main goals of this book are to carry out this adap-
tivity analysis, understand the existing methods, and develop new ones, by relying
on two key tools, the so-called equidistribution and alignment conditions. While
the concept of equidistribution has been well-known and used in the mesh adaptiv-
ity community for many years, an understanding of alignment in multidimensions
is relatively recent. These tools are discussed in detail in Chapters 2 and 4.

It is useful to note that the formulations of the moving mesh strategies presented
in this book are generally independent of specific types of physical PDEs being
solved (although discretization of the physical PDEs themselves are obviously not).
Throughout the book, moving mesh methods are described mainly for parabolic
PDEs. When they are applied to other types of PDEs, discretization schemes suitable
for the underlying physical PDEs should be used.

An outline of the book is as follows.

Chapter 1 provides an introduction to moving mesh methods in one spatial di-
mension (1D). Specifically, simple moving mesh finite difference and finite element
methods for time-dependent PDEs are described and implemented in Matlab. (The
Matlab codes are available online on the first author’s homepage.) The basic compo-
nents of moving mesh methods – the mesh movement strategy, the PDE discretiza-
tion for moving meshes, and the overall solution procedure – are discussed at the
end of the chapter.
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Chapter 2 provides a more detailed treatment of these three components of mov-
ing mesh methods in 1D. The well-known equidistribution principle plays a funda-
mental role in the design of mesh movement strategies throughout. The optimality
properties of the equidistributing meshes (discrete case) and coordinate transforma-
tions (continuous case) are discussed. Using equidistribution, a number of mesh
equations and moving mesh equations (MMPDEs) – continuous forms of mesh
movement strategies formulated in terms of coordinate transformations – are de-
veloped for steady-state and time-dependent problems, respectively. Practical im-
plementation issues, including discretization of mesh equations and physical PDEs
and the overall solution procedure, are addressed. In particular, the discretization of
the physical PDEs for a moving mesh using finite differences or finite elements can
be done using either the quasi-Lagrange approach or the rezoning approach, and the
coupled system of mesh and physical PDEs can be solved either simultaneously or
alternately.

The key to the success of moving mesh methods lies in a suitable choice of
a mesh density function. This function controls mesh concentration through the
equidistribution principle and typically measures the difficulty in the spatial numer-
ical approximation of the underlying problem. Several sections in this chapter are
devoted to the selection of the mesh density function based on an interpolation error
estimate, on scaling invariance, or on an a posteriori error estimate, with the optimal
bound for interpolation error or solution error also obtained for the corresponding
equidistributing mesh. Numerical results for a number of nontrivial physical exam-
ples of time-dependent PDEs are included.

The remaining chapters discuss and expand upon mesh adaptivity issues in the
considerably more challenging multidimensional contexts. For these higher spatial
dimensions, one needs the basic tools of advanced calculus to transform PDEs be-
tween the physical space and the computational space, and these are reviewed in
Chapter 3. For the situation where the time-varying mesh is assumed to be known, a
detailed discussion of implementation issues for the finite difference and finite ele-
ment methods are then given for both the quasi-Lagrange and rezoning approaches.

Chapters 4 and 5 for the most part generalize the steady-state mesh adaptation
strategies in Chapter 2 to multidimensions. The situation with mesh adaptivity now
becomes much more complicated. The equidistribution principle, specifying only
the volume of mesh elements, is no longer sufficient for determining a multidimen-
sional mesh. An additional condition is needed for specifying the shape and orienta-
tion of mesh elements. Chapter 4 presents the basic principles of multidimensional
mesh adaptivity, including this needed alignment condition. The mesh adaptivity
is driven by a solution-dependent monitor function (a symmetric positive definite
matrix function related naturally to the 1D mesh density function), which defines
a metric on the physical domain. A fundamental interpretation of multidimensional
mesh adaptivity is as a technique to generate an M-uniform mesh (a uniform mesh in
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the metric space), which in turn provides a natural control of mesh equidistribution
and alignment, the role of the latter being to ensure that the mesh is properly aligned
with behavior of the physical solution. These equidistribution and alignment condi-
tions are analyzed and related to the mesh quality in a mathematically precise way.
Interpretations are given from both a discrete (mesh) and continuous (coordinate
transformation) perspective.

Chapter 5 discusses how to choose an optimal monitor function for a given in-
terpolation error bound or a posteriori error estimate, as well as a monitor func-
tion based upon other geometric and physical considerations. The rigorous theo-
retical treatment of interpolation error in general Sobolev spaces, given for both
the isotropic and anisotropic cases, provides a strong result showing how the opti-
mal choice of monitor function leads to an error bounded by an optimal solution-
dependent factor times an optimal order of 1/N, with N being the number of mesh
elements. Interpolation error bounds associated with non-optimal monitor functions
and optimal monitor functions for a posteriori error bounds are also addressed. Fur-
thermore, various practical aspects of computing monitor functions are discussed.

The final two chapters are devoted to a discussion of the specific mesh adaptation
strategies. For some, the development has been directly driven by the equidistribu-
tion and alignment conditions, while many others can be shown to be closely related.
Even more generally, these two conditions can be used to facilitate an understanding
of virtually all of them. The mesh adaptation strategies are separated into two loose
categories, variational methods and velocity-based methods, which are addressed in
Chapters 6 and 7, respectively. The variational methods determine the coordinate
transformation needed for mesh generation as a minimizer of an adaptation func-
tional typically designed to measure difficulty in the numerical simulation and to
achieve desired mesh properties such as smoothness. Various theoretical and practi-
cal issues for the functionals are dealt with, including the existence and invertibility
of minimizers, derivation of the corresponding Euler-Lagrange equations, and their
finite difference and finite element discretization. A general MMPDE strategy is also
developed from the steady-state adaptation functionals. A major effort in the chap-
ter has been made to describe and analyze the large variety of variational methods
which were originally developed based upon radically different motivations. No-
tably, a number of these methods, while designed in the context of mesh generation,
can be very easily modified to perform mesh adaptation through proper insertion
of a monitor function. Numerical examples are chosen to both illustrate strengths
and weakness of the methods and to demonstrate their utility for solving nontrivial
physical problems.

Chapter 7 discusses velocity-based methods, which target the mesh velocity di-
rectly and subsequently determine mesh point locations by integrating the velocity
field. These are Lagrange type methods, being more or less motivated by Lagrangian
methods in fluid dynamics for which the mesh coordinates are obtained as particle
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trajectories by integrating a flow velocity. The first method considered, the GCL
(Geometric Conservation Law) method, forces the mesh velocity field to satisfy an
equidistribution condition and a curl condition. It shares common features with a
method in Chapter 6 based upon the Monge-Kantorovich optimal mass transform
problem, where the mapping itself is forced to satisfy such conditions. The GCL
method is shown to be closely related to Lagrangian methods in fluid dynamics and
a moving mesh method based on deformation maps. Two finite element methods,
one based upon GCL and the other the original version of the moving finite element
method (MFE), are discussed. Finally, some other physically motivated velocity-
based methods are described.

Given the comprehensive treatment of the topics, navigating the book in a way
which best suits a reader’s interests can be a difficult task, and with this in mind
we provide some guidance. While the analysis on optimal error bounds for adaptive
meshes found in §§2.4, 2.9, 5.1, 5.2, 5.4, and 6.2 is fairly technical and intimidating
for those lacking expertise in the mathematical theory of finite element methods,
we want to emphasize the importance of the fundamental results in those sections.
Nevertheless, some first time readers may wish to skip the above mentioned sections
and focus on the summaries given at the end of §2.4 and §5.2 to avoid being caught
up in unfamiliar technical details. In general, the reader may often skip sections
not directly related to their research interest. For example, a reader mainly inter-
ested in theoretical aspects of adaptivity could skip most of the sections devoted
exclusively to implementation issues such as §§2.6, 3.2, 3.4, 5.3, and 6.3. As well,
readers mainly interested in finite element methods may skip those sections on finite
difference methods and discretizations.

The book can be used as a textbook for an advanced, semester-long course in
the numerical solution of partial differential equations. Such a course could cover
the basic principles of adaptive mesh movement in 1D, higher dimensional dis-
cretization for PDEs on moving meshes, and general principles of mesh adaptation
in Chapters 1–4, discussion of monitor functions in §5.2.5 and §5.3, and explanation
of variational methods in §6.1 and §6.3. The methods described in Chapters 6 and 7
can be selected based upon the particular interests of the students and/or the instruc-
tor, although we would encourage using some treatment of the equidistribution and
alignment principles in §6.4.

Finally, it is fair to say that moving mesh methods as a whole are still in a rela-
tively early phase of development. Many of them are at the experimental stage, and
almost all require further mathematical justification. Rigorous analysis of moving
mesh methods for solving time-dependent PDEs has only been carried out for some
very simple model problems to date, and more ways to improve their efficiency and
robustness will no doubt be developed. For example, more systematic numerical
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studies on how to reduce the costs in solving the overall system of mesh and physi-
cal PDEs are needed, not to mention how to balance time stepping with spatial mesh
adaptation – a question that has received very little attention in the literature. It is the
authors’ hope that this book will serve as a springboard for the reader who wishes
to learn and master basic methods for mesh adaptation in general, and mesh move-
ment in particular, and that it will serve as a stepping stone toward a more complete
understanding of and development of practicable moving mesh methods.

Acknowledgment. We are indebted to many colleagues and former graduate stu-
dents for their invaluable discussion and comments. We are particularly grateful to
Jens Lang, Weishi Liu, Chris Paige, and Xiangmin Xu for their careful reading of
portions of the manuscript and to Chris J. Budd and Weiming Cao for their long
term collaboration and support.

Lawrence, Kansas and Vancouver, British Columbia Weizhang Huang
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Chapter 1
Introduction

1.1 A model problem

In this first chapter, we introduce the basic principles of adaptivity and moving mesh
methods for solving partial differential equations in one spatial dimension. In partic-
ular, two adaptive methods are described and used to solve a simple model problem
– an initial-boundary value problem consisting of Burgers’ equation

ut = εuxx−
(

u2

2

)
x
, x ∈ (0,1), t > 0 (1.1)

subject to the boundary conditions

u(0, t) = u(1, t) = 0 (1.2)

and initial condition
u(x,0) = sin(2πx)+

1
2

sin(πx). (1.3)

Here, ε > 0 is a physical parameter. For small ε , the solution has a smooth initial
profile and develops a steep front. The front propagates toward the right end and
eventually dies out due to the homogeneous Dirichlet boundary condition at x = 1.
The difficulty with the numerical solution of the problem lies in the resolution of
this propagating steep front.
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1.2 A moving finite difference method

1.2.1 Finite difference method on a fixed mesh

The first numerical method we consider is a standard method of lines for the partial
differential equation (PDE) (1.1). Specifically, the PDE is first discretized in the spa-
tial domain, and then the resulting system of ordinary differential equations (ODEs)
is integrated using an ODE solver. The main advantage of the method of lines is
the separate treatments of the spatial and temporal components of the PDE, so that
attention can be focused on each of them in turn.

To illustrate, we consider the finite difference solution of the model problem on
a uniform spatial mesh. Given a positive integer N, define the mesh

Th : x j = ( j−1)h, j = 1, ...,N (1.4)

where h = 1/(N−1). A semi-discretization of Burgers’ equation (1.1) using central
finite differences in space is given by

du j

dt
=

ε

h2

(
u j+1−2u j +u j−1

)
− 1

4h

(
u2

j+1−u2
j−1
)
, j = 2, ...,N−1 (1.5)

where u j(t) is an approximation to the solution u = u(x, t) at x = x j, i.e., u j(t) ≈
u(x j, t). The discrete boundary and initial conditions become

u1(t) = 0, uN(t) = 0, t > 0 (1.6)

u j(0) = sin(2πx j)+
1
2

sin(πx j), j = 1, ...,N. (1.7)

The boundary conditions (1.6) are replaced in the actual implementation by the ODE
form

du1

dt
= 0,

duN

dt
= 0. (1.8)

The equations (1.5) and (1.8), with initial conditions (1.7), constitute an initial value
problem which can in principle be conveniently integrated using an ODE solver.

Figure 1.1 (a) and (b) show computed solutions for Burgers’ equation with ε =
10−2 using this approach. The results are obtained using the Matlab ODE solver
“ode15i,” which is based on the backward differentiation formulas (BDFs) of orders
1–5 [296, 297, 298]. Note that with a uniform mesh of 21 points, oscillations in
the computed solution are visible, indicating that the steep front is not adequately
resolved on the uniform mesh. These oscillations can be eliminated by using a finer
mesh of 81 equidistant points, as shown in Figure 1.1(b).

When ε is smaller, a correspondingly finer mesh has to be used to resolve the
steep front. This is illustrated in Figure 1.2, where oscillations are still visible in the
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(a) N = 21
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(b) N = 81
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Fig. 1.1 Computed solutions obtained with a uniform mesh for Burgers’ equation with ε = 10−2

are shown at t = 0, 0.2, 0.4, 0.6, 0.8, and 1.0.
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Fig. 1.2 Computed solutions at t = 0, 0.2, 0.4, 0.6, 0.8, and 1.0 obtained with a uniform mesh of
2001 points for Burgers’ equation with ε = 10−4.

solution computed with a uniform mesh of 2001 points for the case ε = 10−4. Use of
a very fine uniform mesh is expensive in terms of computer time and memory, and
much more so for two- and three-dimensional problems, making mesh adaptation
necessary.

1.2.2 Finite difference method on an adaptive moving mesh

The adaptive solution of the model problem requires that the mesh points be con-
centrated around the steep front and dynamically adjusted to follow the front as it
propagates in time. Such a dynamically adjusting mesh is referred to as an adaptive
moving mesh.

Adaptive mesh movement is often best understood by interpreting the problem
in terms of a suitable coordinate transformation. Specifically, we assume for the



4 1 Introduction

moment that a time-dependent coordinate transformation x = x(ξ , t) : Ωc ≡ [0,1]→
Ω ≡ [0,1] is given, where Ωc and Ω are the computational and physical domains,
respectively. Generally speaking, this transformation is chosen such that the solution
in the transformed spatial variable,

û(ξ , t) = u(x(ξ , t), t),

is smooth and in principle economical to approximate using a uniform mesh. A
corresponding moving mesh can be described as

Th(t) : x j(t) = x(ξ j, t), j = 1, ...,N (1.9)

for the fixed, uniform mesh on Ωc,

T c
h : ξ j =

j−1
N−1

, j = 1, ...,N. (1.10)

A finite difference discretization of Burgers’ equation for û(ξ , t) on this moving
mesh can be derived using the so-called quasi-Lagrange approach. Burgers’ equa-
tion is transformed from the physical domain to the computational domain using the
coordinate transformation as follows: By the chain rule,

ûξ = uxxξ , ût = ut +uxxt , (1.11)

where xt = ∂x
∂ t (ξ , t) determines the mesh speed. In the new coordinates (ξ , t) Burg-

ers’ equation (1.1) becomes

ût −
ûξ

xξ

xt =
ε

xξ

(
ûξ

xξ

)
ξ

− 1
xξ

(
û2

2

)
ξ

. (1.12)

Central finite differences can then be used to discretize (1.12) on the uniform com-
putational mesh T c

h . This yields

du j

dt
−

(u j+1−u j−1)
(x j+1− x j−1)

dx j

dt
=

2ε

(x j+1− x j−1)

[
(u j+1−u j)
(x j+1− x j)

−
(u j−u j−1)
(x j− x j−1)

]
−1

2

(u2
j+1−u2

j−1)
(x j+1− x j−1)

, j = 2, ...,N−1 (1.13)

where u j(t)≈ û(ξ j, t) = u(x j(t), t).
This begs the question of how one determines the coordinate transformation x =

x(ξ , t). We defer a detailed discussion of moving mesh methods until Chapter 2,
but for now suppose that x(ξ , t) is determined by solving the so-called moving mesh
PDE (MMPDE)

xt =
1

ρτ

(
ρxξ

)
ξ
, (1.14)
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supplemented with the boundary conditions

x(0, t) = 0, x(1, t) = 1. (1.15)

Here, ρ = ρ(x, t) is called a mesh density specification function, or simply mesh
density function, whose purpose is to control the concentration or density of the
mesh, and τ > 0 is a user-specified parameter for adjusting the response time of
mesh movement to changes in ρ(x, t). The smaller τ , the more quickly the mesh
responds to changes in ρ . Likewise, the mesh moves slowly when a large value of τ

is used.
The proper choice of a mesh density function is key to the success of the moving

mesh method. One popular choice is

ρ =
(

1+
1
α
|uxx|2

) 1
3
, (1.16)

where α is the intensity parameter given by

α = max

{
1,

[∫ 1

0
|uxx|

2
3 dx
]3
}

. (1.17)

(Such strategies for choosing the mesh density function are explained in Chapter 2.)
Semi-discretization of MMPDE (1.14) on the uniform mesh T c

h gives, for j =
2, ...,N−1,

dx j

dt
=

1
ρ jτ∆ξ 2

[
ρ j+1 +ρ j

2
(x j+1− x j)−

ρ j +ρ j−1

2
(x j− x j−1)

]
, (1.18)

and the boundary conditions (1.15) become

dx1

dt
= 0,

dxN

dt
= 0. (1.19)

Here, ∆ξ = 1/(N−1), and

ρ j =
(

1+
1

αh

∣∣uxx, j
∣∣2) 1

3
, j = 1, ...,N (1.20)

αh = max

1,

[
N

∑
j=2

1
2
(x j− x j−1)

(∣∣uxx, j
∣∣ 2

3 +
∣∣uxx, j−1

∣∣ 2
3

)]3
 , (1.21)

where the second derivative is approximated by
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uxx, j =
2

(x j+1− x j−1)

[
(u j+1−u j)
(x j+1− x j)

−
(u j−u j−1)
(x j− x j−1)

]
,

j = 2, ...,N−1

uxx,1 =
2 [(x2− x1)(u3−u1)− (x3− x1)(u2−u1)]

(x3− x1)(x2− x1)(x3− x2)
,

uxx,N =
2 [(xN−1− xN)(uN−2−uN)− (xN−2− xN)(uN−1−uN)]

(xN−2− xN)(xN−1− xN)(xN−2− xN−1)
.

(1.22)

If u is not smooth, the discrete mesh density function computed this way can of-
ten change abruptly and unnecessarily slow down the computation. To obtain a
smoother mesh and also make the MMPDE easier to integrate, it is common prac-
tice in the context of moving mesh methods to smooth the mesh density function. A
simple but effective smoothing scheme is weighted averaging, e.g.,

ρ j := 1
4 ρ j−1 + 1

2 ρ j + 1
4 ρ j+1, j = 2, ...,N−1

ρ1 := 1
2 ρ1 + 1

2 ρ2,

ρN := 1
2 ρN−1 + 1

2 ρN ,

(1.23)

where the symbol “:=” stands for the operation in which the right-hand side terms
are calculated and the final value is saved to the variable on the left-hand side. Sev-
eral sweeps of the scheme may be applied each integration step. (Four sweeps are
used for the numerical results presented in this chapter.)

Equations (1.13) and (1.18), supplemented with the boundary conditions (1.8)
and (1.19), form a coupled system of 2N ordinary differential equations for the
physical solution u1(t), ..., uN(t) and the mesh x1(t), ..., xN(t). Let

yyy = [u1(t), ...,uN(t),x1(t), ...,xN(t)]T , yyy′ =
dyyy
dt

.

Then the ODE system can be written in the implicit form

fff (t,yyy,yyy′) = 000. (1.24)

Performance of an ODE solver can generally be improved by utilizing the nonzero
structure of the Jacobian matrices ∂ fff

∂yyy and ∂ fff
∂yyy′ . For the current system, this structure

has the form
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∂ fff
∂yyy

=



∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

. . . . . . . . . . . . . . . . . .
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ · · · ∗ ∗ ∗ ∗ · · · ∗ ∗
∗ ∗ · · · ∗ ∗ ∗ ∗ · · · ∗ ∗
...

...
...

...
...

...
...

...
∗ ∗ · · · ∗ ∗ ∗ ∗ · · · ∗ ∗
∗ ∗ · · · ∗ ∗ ∗ ∗ · · · ∗ ∗



(1.25)

∂ fff
∂yyy′

=



∗ ∗
∗ ∗

. . . . . .
∗ ∗
∗ ∗
∗
∗

. . .
∗
∗



. (1.26)

Returning to the model problem, the solution and mesh trajectories computed for
ε = 10−4 are shown in Figure 1.3. In the computation, an initial uniform mesh with
N = 41 and the value τ = 10−2 are used. Experience has shown that this value for
τ works well for most problems. Oscillations are no longer visible in the computed
solution, as the formation and propagation of the steep front are resolved on the
adaptive moving mesh of 41 points. The mesh trajectories show how the mesh points
respond quickly to the change in the solution.

1.3 A moving finite element method

1.3.1 Finite element method on a fixed mesh

The finite element discretization in space for the model problem is based on the
Galerkin formulation of Burgers’ equation (1.1). Let

V = H1
0 (0,1)≡ {u | u ∈ H1(0,1), u(0) = u(1) = 0}.
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(a) Computed solution.
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(b) Mesh trajectories.
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Fig. 1.3 (a) The computed solution for Burgers’ equation with ε = 10−4, obtained with an adaptive
moving mesh of 41 points, is shown at t = 0, 0.2, 0.4, 0.6, 0.8, and 1.0. (b) The corresponding
mesh trajectories.

(See Appendix A for the definition of Sobolev space H1(0,1).) For a given time T >

0, the Galerkin formulation of the model problem is the following: Find u(·, t) ∈ V
for 0 < t ≤ T such that∫ 1

0
utφdx =

∫ 1

0

(
−εux +

1
2

u2
)

φxdx, ∀φ ∈V, 0 < t ≤ T (1.27)

and the initial condition (1.3) holds. The equation (1.27) is obtained by multiplying
(1.1) by φ , integrating both sides of the resulting equation over the interval (0,1),
and integrating by parts on the right-hand side.

We consider the linear finite element approximation on the uniform mesh Th in
(1.4). Specifically, define the basis functions (hat functions)

φ j(x) =


x− x j−1

x j− x j−1
, for x ∈ [x j−1,x j]

x j+1− x
x j+1− x j

, for x ∈ [x j,x j+1]

0, otherwise

j = 1, ...,N (1.28)

and let V h be the (N−2)-dimensional subspace of V spanned by the basis functions
φ2, ...,φN−1, i.e.,

V h = span{φ2, ...,φN−1}.

A linear finite element approximation uh(·, t)∈V h for 0 < t ≤ T to the exact solution
u of the model problem is then required to satisfy∫ 1

0
uh

t φdx =
∫ 1

0

(
−εuh

x +
1
2

(
uh
)2
)

φxdx, ∀ φ ∈V h, 0 < t ≤ T (1.29)
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(a) N = 21
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(b) N = 81
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Fig. 1.4 Finite element solutions for Burgers’ equation with ε = 10−2, obtained with a uniform
mesh, are shown at t = 0, 0.2, 0.4, 0.6, 0.8, and 1.0.

and
uh(x j,0) = u(x j,0), j = 1, ...,N. (1.30)

Writing

uh(x, t) =
N

∑
j=1

u j(t)φ j(x), (1.31)

where u j(t)≈ u(x j, t), and taking φ = φk(x), k = 2, ...,N−1 in (1.29) leads to

N

∑
j=1

du j

dt

∫ 1

0
φ j(x)φk(x)dx =−ε

N

∑
j=1

u j

∫ 1

0
φ
′
j(x)φ

′
k(x)dx

+
1
2

∫ 1

0

(
N

∑
j=1

u jφ j(x)

)2

φ
′
k(x)dx, k = 2, ...,N−1. (1.32)

These equations and the boundary conditions (1.8) constitute a nonlinear system of
N ordinary differential equations, which can be integrated with N initial conditions
(1.30) for the unknown variables u1(t), ...,uN(t).

An implementation of the finite element method is described below. Figure 1.4
(a) and (b) show the numerical solutions for Burgers’ equation with ε = 10−2, ob-
tained using the implementation. The results are comparable to those obtained using
the finite difference method in §1.2.1. Once again, oscillations in the solution com-
puted with a uniform mesh of 21 points are significant, unlike for the solution on a
finer mesh of 81 points. Like the finite difference method, the finite element method
requires a very large number of equidistant points to resolve the steep front when ε

is small.

Implementation of finite element method. The initial value problem consisting
of the ODE system (1.32) and (1.8), with initial conditions (1.30), can be solved
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using a standard ODE solver. The residual of the system, i.e., the function fff (t,yyy,yyy′)
in the implicit form (1.24) with the unknowns yyy = [u1, ...,uN ]T (since the mesh points
are fixed), can be easily calculated. From (1.32),

fk(t,yyy,yyy′) =
∫ 1

0
uh

t φkdx−
∫ 1

0

(
−εuh

x +
1
2

(
uh
)2
)

(φk)xdx

=
∫ xk

xk−1

(
duk−1

dt
φk−1 +

duk

dt
φk

)
φkdx

−
∫ xk

xk−1

(
−ε (uk−1φk−1 +ukφk)x +

1
2

(uk−1φk−1 +ukφk)
2
)

(φk)xdx

+
∫ xk+1

xk

(
duk

dt
φk +

duk+1

dt
φk+1

)
φkdx

−
∫ xk+1

xk

(
−ε (ukφk +uk+1φk+1)x +

1
2

(ukφk +uk+1φk+1)
2
)

(φk)xdx

for k = 2, ...,N−1, and from the boundary conditions (1.8),

f1(t,yyy,yyy′) =
du1

dt
, fN(t,yyy,yyy′) =

duN

dt
.

A procedure to compute the residual element by element is the following:

(i) Set fk = 0 for k = 1, ...,N.
(ii) For k = 2, ...,N, compute

fk−1 := fk−1 +
∫ xk

xk−1

(
duk−1

dt
φk−1 +

duk

dt
φk

)
φk−1dx

−
∫ xk

xk−1

(
−ε (uk−1φk−1 +ukφk)x +

1
2

(uk−1φk−1 +ukφk)
2
)

(φk−1)xdx,

fk := fk +
∫ xk

xk−1

(
duk−1

dt
φk−1 +

duk

dt
φk

)
φkdx

−
∫ xk

xk−1

(
−ε (uk−1φk−1 +ukφk)x +

1
2

(uk−1φk−1 +ukφk)
2
)

(φk)xdx.

(iii) Modify f1 and fN according to the boundary conditions:

f1 :=
du1

dt
−0, fN :=

duN

dt
−0.

Due to the simplicity of the model problem, the integrals in the above formu-
las are simple enough to evaluate exactly, but in general, numerical quadrature is
needed. In such a case, it suffices to use the two-point Gaussian quadrature rule
satisfying
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xk−1

f (x)dx =
xk− xk−1

2
(

f (xk,1)+ f (xk,2)
)
+O

(
(xk− xk−1)5

)
,

where xk,1 = xk−1 + s1(xk− xk−1), xk,2 = xk−1 + s2(xk− xk−1) for the two Gaussian
points

s1 =
1
2

(
1− 1√

3

)
, s2 =

1
2

(
1+

1√
3

)
.

1.3.2 Finite element method on an adaptive moving mesh

A moving mesh strategy for the finite difference method as discussed in §1.2.2 (e.g.,
using the MMPDE (1.14)) applies in essentially the same way for the finite element
method. For this reason, we focus our discussion in this subsection on the finite
element semi-discretization of the model problem on the moving mesh Th(t) in
(1.9).

Since the mesh is moving, the basis functions and the approximation function
space are now time-dependent, viz.,

φ j(x, t) =


x− x j−1(t)

x j(t)− x j−1(t)
, for x ∈ [x j−1(t),x j(t)]

x j+1(t)− x
x j+1(t)− x j(t)

, for x ∈ [x j(t),x j+1(t)]

0, otherwise

j = 1, ...,N (1.33)

and
V h(t) = span{φ2(·, t), ...,φN−1(·, t)}.

The finite element approximation can be defined in a similar fashion as for a fixed
mesh: Find uh(·, t) ∈V h(t) for 0 < t ≤ T such that∫ 1

0
uh

t φdx =
∫ 1

0

(
−εuh

x +
1
2

(
uh
)2
)

φxdx ∀φ ∈V h(t), 0 < t ≤ T, (1.34)

and
uh(x j(0),0) = u(x j(0),0), j = 1, ...,N. (1.35)

The time derivative of uh now requires special attention. Writing

uh(x, t) =
N

∑
j=1

u j(t)φ j(x, t), (1.36)

where u j(t)≈ u(x j(t), t), the time derivative becomes
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uh
t (x, t) =

N

∑
j=1

(
du j

dt
(t)φ j(x, t)+u j(t)

∂φ j

∂ t
(x, t)

)
.

A direct calculation using the basis function φ j in (1.33) shows that

∂φ j

∂ t
(x, t) =−

∂φ j

∂x
(x, t)Xt(x, t), (1.37)

where Xt(x, t) is the linear interpolant of the nodal mesh speeds, i.e.,

Xt(x, t) =
N

∑
j=1

dx j

dt
(t)φ j(x, t). (1.38)

Thus,

uh
t (x, t) =

N

∑
j=1

(
du j

dt
(t)φ j(x, t)−u j(t)

∂φ j

∂x
(x, t) Xt(x, t)

)

=
N

∑
j=1

du j

dt
(t)φ j(x, t)−

∂uh

∂x
(x, t) Xt(x, t).

Inserting this into (1.34) yields, for any t ∈ (0,T ] and φ ∈V h(t),

∫ 1

0

(
N

∑
j=1

du j

dt
φ j−

∂uh

∂x
Xt

)
φdx =

∫ 1

0

(
−εuh

x +
1
2

(
uh
)2
)

φx dx. (1.39)

Observe that the mesh movement introduces an extra convection term,

−∂uh

∂x
Xt .

Interestingly, this term has a similar form to the convection term

−
ûξ

xξ

xt =−∂u
∂x

xt

in (1.12), derived using the coordinate transformation x(ξ , t).
The system of ODEs for u1, ...,uN is obtained by substituting φ = φk(x, t) into

(1.39), viz., for k = 2, ...,N−1,

∫ 1

0

(
N

∑
j=1

du j

dt
φ j−

∂uh

∂x
Xt

)
φkdx =

∫ 1

0

(
−εuh

x +
1
2

(
uh
)2
)

(φk)x dx, (1.40)

and these equations are supplemented with the boundary conditions (1.8).
Combining with the mesh movement conditions, we now have a coupled system

consisting of the discrete physical equations (1.40), mesh equations (1.18), and cor-
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(a) Computed solution.
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(b) Mesh trajectories.
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Fig. 1.5 (a) The finite element solution for Burgers’ equation with ε = 10−4, obtained with an
adaptive moving mesh of 41 points, is shown at t = 0, 0.2, 0.4, 0.6, 0.8, and 1.0. (b) The corre-
sponding mesh trajectories.

responding boundary conditions for variables yyy = [u1(t), ...,uN(t),x1(t), ...,xN(t)]T .
It can be cast in the form (1.24), with ∂ fff

∂yyy having a nonzero structure as in (1.25) and

the Jacobian matrix ∂ fff
∂yyy′ having the slightly different structure

∂ fff
∂yyy′

=



∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

. . . . . . . . . . . . . . . . . .
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗
∗

. . .
∗
∗



. (1.41)

Figure 1.5 shows the solution and mesh trajectories obtained for Burgers’ equa-
tion with ε = 10−4. An ODE solver has been used to integrate the resulting system
of ordinary differential equations in the implicit form (1.24). Four smoothing cycles
with the weighted averaging (1.23) are applied to the monitor function each time it
is computed. The results are almost identical to those shown in Figure 1.3 for the
finite difference method. Once again, the steep front is resolved on an adaptive mesh
of 41 points, and the mesh responds well to the change in the solution.
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Fig. 1.6 An adaptive initial mesh of 61 points is shown on the graph of the initial solution (1.42).

1.4 Burgers’ equation with an exact solution

As another example, an initial-boundary value problem for Burgers’ equation with a
known solution is solved with the moving finite difference method described in §1.2.
(Results for the moving finite element method in §1.3 are similar, and not given.)
The problem consists of Burgers’ equation (1.1) together with Dirichlet boundary
and initial conditions chosen such that the exact solution is

u(x, t) =
0.1e

−x+0.5−4.95t
20ε +0.5e

−x+0.5−0.75t
4ε + e

−x+0.375
2ε

e
−x+0.5−4.95t

20ε + e
−x+0.5−0.75t

4ε + e
−x+0.375

2ε

, (1.42)

where ε is taken as ε = 10−4. Initially, the solution has two steep fronts (physically
corresponding to shock waves in a fluid) traveling toward the right end. They merge
around t = 0.55 and form a steeper shock wave.

Since the initial solution, u(x,0), has two steep fronts, an adaptive initial mesh
should be used to start the integration. Such a mesh is generated using a time-
continuation method. Specifically, if we define v(x, t) = tu(x,0), where t here de-
notes the continuation parameter, then v satisfies the differential equation

∂v
∂ t

= u(x,0), x ∈ [0,1], 0 < t ≤ T, (1.43)

subject to the initial condition v(x,0) = 0. Starting with a uniform mesh, the system
consisting of (1.43) and a suitable MMPDE is integrated from t = 0 to t = T to
obtain an adaptive mesh for v(x,T ) = Tu(x,0), and for sufficiently large T , this mesh
gives a suitable approximation for u(x,0) (or the multiple Tu(x,0)). Here, using
T = 1 and N = 61, the graph of u(x,0) and the points on the graph corresponding to
the adaptive mesh obtained this way are shown in Figure 1.6.

Once this adaptive initial mesh for u(x,0) is obtained, Burgers’ equation (1.1)
with the corresponding boundary conditions is integrated using the moving finite
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difference method. Figure 1.7 shows a computed solution and the corresponding
mesh trajectories obtained with a moving mesh of 61 points. The corresponding time
step size used in the integration is shown in Figure 1.8. The convergence history in
Figure 1.9 shows that when a moving mesh is used, the error at t = 1 in the H1 semi-
norm (see Appendix A) converges at the rate O(N−1). In contrast, when a uniform
mesh is used, the method does not converge for the range of values of N considered.

To give a sense of the efficiency or the cost-effectiveness of the adaptive moving
mesh method, the H1 semi-norm of the error at t = 1 is plotted in Figure 1.10 as a
function of the scaled CPU time for three cases – one with uniform meshes, and the
other two with adaptive meshes obtained using the intensity parameter α = α(u)
defined in (1.17) and using α = 1. The error is smaller with adaptive meshes than
with a uniform mesh for the same amount of the CPU time and, to reach the same
level of error, more CPU time is required when a uniform mesh is used. In this sense,
the adaptive moving mesh method is more efficient than a uniform mesh method.

No special effort has been made to optimize the performance of the methods used
for Figure 1.10. Generally speaking, a uniform mesh method runs much faster than
an adaptive mesh method for the same number of mesh points. This is because the
linear algebraic systems resulting from implicit time discretization are tridiagonal
and can be solved extremely fast when a uniform mesh is used. In contrast, for the
moving mesh method with α = α(u), the Jacobian matrix has a denser nonzero
structure (cf. (1.25)), so computing its finite difference approximations (typically
used in an ODE solver) and doing the inversion require more CPU time than for
a tridiagonal system. The situation can be improved (cf. Figure 1.10) by using a
constant intensity parameter such as α = 1 in (1.16) which leads to a Jacobian matrix
with a sparser nonzero structure

∂ fff
∂yyy

=
[

A A
B B

]
, (1.44)

where

A =


∗ ∗
∗ ∗ ∗

. . . . . . . . .
∗ ∗ ∗
∗ ∗

 , B =



∗ · · · ∗
...

. . . . . .

∗
. . .

. . . . . . . . .
. . . ∗

. . . . . .
...

∗ · · · ∗


.
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(a) Computed solution.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
!0.2

0

0.2

0.4

0.6

0.8

1

x

u

 

 

t = 0
t = 0.2
t = 0.4
t = 0.6
t = 0.8
t = 1

(b) Mesh trajectories.
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Fig. 1.7 (a) The finite difference solution for Burgers’ equation with ε = 10−4, obtained with
an adaptive moving mesh of 61 points, is shown at t = 0, 0.2, 0.4, 0.6, 0.8, and 1.0. (b) The
corresponding mesh trajectories.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
10!6

10!5

10!4

10!3

10!2

t

dt

Fig. 1.8 The time step size used in the adaptive moving mesh solution of Burgers’ equation with
ε = 10−4 and 61 points is plotted as function of time. The relative and absolute tolerances for
the time step control are taken as rtol = 10−6 and atol = 10−4, respectively, for the Matlab ODE
solver “ode15i” (using a backward differentiation formula of order 5).

The upper and lower bandwidths of B are equal to 2 plus the number of sweeps used
in smoothing the mesh density function. Strategies for choosing the mesh density
function and the intensity parameter are considered in detail in Chapter 2.

The difference in time required to solve algebraic systems for the uniform and
adaptive mesh methods turns out to be less significant in two and three dimensions,
where the algebraic systems for the uniform mesh method are generally much more
expensive to solve.
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Fig. 1.9 The H1 semi-norm of the error at t = 1 is plotted against the number of mesh points, N,
for uniform and adaptive moving meshes.

 0.1

 1

 10

 100

 1  10  100  1000  10000

H1
 s

em
in

or
m

 o
f e

rro
r

scaled CPU time

Uniform mesh
Adaptive mesh, alpha=alpha(u)

Adaptive mesh, alpha=1

Fig. 1.10 The H1 semi-norm of the error at t = 1 is plotted against the CPU time scaled by the
time required for the computation of the case with a uniform mesh of 100 points.

1.5 Basic components of a moving mesh method

Thus far, we have seen that a moving mesh method has three major components:
the strategy used to move the mesh, the method employed to discretize the physi-
cal PDE, and the approach used to solve the coupled system of physical and mesh
equations. In particular, for the finite difference and finite element moving mesh
methods described in this chapter, the mesh is moved using the moving mesh PDE
(1.14), the physical PDE is discretized with the quasi-Lagrange approach using fi-
nite differences or finite elements, and the coupled system of physical and mesh
PDEs is solved simultaneously with a general ODE solver. Motivated by this ele-
mentary understanding of the moving mesh method for solving Burgers’ equation,
we complete this chapter with a brief discussion of various options available when
implementing these three components of a moving mesh method.
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1.5.1 Mesh movement strategies

Mesh movement is usually performed either by solving an elliptic or parabolic sys-
tem of PDEs involving the mesh coordinate transformation or by doing a direct
error-based minimization. The derivation of the moving mesh system is typically
motivated by the equidistribution principle. It makes use of an error density func-
tion (which is referred to as a mesh density function) which is required to be evenly
distributed among all the mesh elements. In one dimension, the equidistribution con-
dition, together with suitable boundary conditions, uniquely determines a mesh for a
given mesh density function. However, as we shall see, this is not the case in multidi-
mensions. Generally speaking, a condition regularizing the shape of mesh elements,
in addition to equidistribution, is needed to determine a suitable multidimensional
mesh. For instance, for isotropic mesh adaptation, mesh elements are required to
be nearly equilateral, whereas for anisotropic mesh adaptation, a shape-alignment
condition is often imposed on mesh elements. Studies of basic principles of mesh
adaptation, including equidistribution and shape-alignment conditions, are formally
addressed in Chapter 4. Note that while the formulation of a mesh movement strat-
egy is independent of the type of the physical PDE to be solved, the discretization
method and solution strategy are not.

A variational approach is perhaps the most natural one for formulating elliptic or
parabolic PDE based mesh generators. (The moving mesh PDE (1.14), for instance,
is derived using the variational approach.) For this approach, mesh equations are
defined as the Euler-Lagrange equations of a functional specially designed for the
purpose of mesh adaptation. A number of adaptation functionals have been devel-
oped in the past based on error estimates and geometric considerations. They are
discussed in Chapter 6.

Variational strategies are special examples of the so-called location-based mesh
movement strategies which control directly the location of mesh points. A differ-
ent group of strategies is velocity-based since it targets directly the mesh velocity
and obtains the location of mesh points by integrating the velocity field. A majority
of methods of this type are motivated by the Lagrangian method in fluid dynam-
ics where the mesh coordinates, defined to follow fluid particles, are obtained by
integrating flow velocity. Velocity-based strategies are presented in Chapter 7.

1.5.2 Discretization of PDEs on a moving mesh

Finite differences and finite elements have been used in this chapter for spatial dis-
cretization of the physical PDE on a moving mesh. As we have seen, the physical
PDE is discretized on the computational domain when finite differences are used and
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Fig. 1.11 The mesh points are considered to move continuously for the quasi-Lagrange approach
of temporal discretization of physical PDEs.
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Fig. 1.12 The mesh is considered to vary only at time instants t = tn, n = 0,1, ... for the rezoning
approach of temporal discretization of physical PDEs.

on the physical domain when finite elements are used. This is because normally a
finite difference discretization can only be conveniently carried out on a rectangular
or a cubic mesh in the computational domain, whereas a finite element discretization
can be used directly on a non-uniform mesh in the physical domain. Discretization
in the computational domain requires that the physical PDE be transformed into the
computational variables, often giving a complicated form. In contrast, discretization
on the physical mesh can avoid such a complexity.

The effect of mesh movement in the time discretization of the physical PDE can
be treated with either the quasi-Lagrange approach or the rezoning approach. With
the quasi-Lagrange approach, the mesh points are considered to move continuously
in time (cf. Figure 1.11), and physical time derivatives are transformed into time
derivatives along mesh trajectories supplemented with a convective term reflecting
mesh movement. The new time derivative and the extra convection term are typi-
cally treated in the same way as other terms in the physical PDE. Alternatively, with
the rezoning approach, the mesh points are considered to move in an intermittent
manner in time (cf. Figure 1.12). More precisely, the mesh is updated at each time
level using certain mesh equations or generators, the physical solution is interpo-
lated from the old mesh to the new one, and the physical PDE is then discretized
on the new mesh, which is held fixed for the current time step. Interpolation of the
physical solution is a crucial step for the success of this approach, and it is often
necessary to use a conservative interpolation scheme which preserves some solution
quantities. This issue is discussed in detail in Chapters 2 and 3.
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1.5.3 Simultaneous or alternate solution

We have seen that for a moving mesh method, the discrete physical PDE and the
mesh equation give a coupled system. Some basic features of the solution procedure
for this system, along with the approach used to treat the mesh movement in the
physical PDE, are briefly discussed here. By design the rezoning approach involves
solving alternately for the physical solution and the mesh. For the quasi-Lagrange
approach, the physical PDE and the mesh equation for the moving mesh method can
be solved either simultaneously or alternately.

A simultaneous solution procedure is illustrated in Figure 1.13. For it, the mesh
equation and physical PDE are treated as one large system which is solved simul-
taneously for the mesh and physical solution. This is illustrated in §1.2 and §1.3,
where the mesh equation (1.18) is solved together with physical equation (1.13) or
(1.32). Simultaneous solution is in principle relatively simple and has the advantage
that standard, well-developed ODE solvers can be directly applied to the integration
of the extended system arising from applying the method of lines to the mesh and
physical equations. Moreover, the physical solution and the mesh are tightly cou-
pled, with the mesh responding promptly to any change occurring in the physical
solution. The main disadvantage of simultaneous solution is the highly nonlinear
coupling between the physical solution and the mesh. Even a linear physical PDE
can result in a highly nonlinear equation in the new variables (cf. (1.13)). The ex-
tended system also has a more complicated structure (cf. (1.25)) and often loses
features which the physical PDE may have in the physical variables, such as sym-
metry and positive definiteness. These factors often make the extended system more
difficult and expensive to solve.

The alternate solution procedure is illustrated in Figure 1.14. A mesh xn+1 at the
new time level is first generated using the mesh and the physical solution (xn,un) at
the current time level, and the solution un+1 is then obtained at the new time level.
Note that this mesh xn+1 adapts only to the current solution un and thus lags in time.
This will not generally cause much trouble if the time step is reasonably small or the
solution does not have abrupt changes in time. If the lag of the mesh in time causes
a serious problem, several iterations of solving for the mesh and the physical PDE
at each new time level can be used (cf. Figure 1.14). The main advantages of the
alternate solution procedure are (i) its flexibility (the mesh generation part can be
coded separately as a module to incorporate into the PDE solver) and (ii) its potential
efficiency at each time step (structures for each of the physical and mesh equations
can be fully explored to improve efficiency). Since the mesh adaptation is not tied
to the solution process for the physical PDE, the mesh generator does not have to
take the form of a differential equation. A minimization-based mesh generator, for
example, can suffice equally well. In addition to the above-mentioned disadvantage
of the lag of the mesh in time, the alternate solution procedure runs the risk of
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Fig. 1.13 Illustration of a simultaneous solution procedure.
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Fig. 1.14 Illustration of an alternate solution procedure.

causing instability in the integration because it does not have a mechanism built in
to force the system back on track once the mesh is not generated accurately enough
at one time step. Relatively speaking, this risk is smaller with the simultaneous
solution method because the physical solution and the mesh are forced to satisfy the
physical PDE and the mesh equation simultaneously at each time step.

The simultaneous solution procedure has been limited mainly to one-dimensional
problems in space, and most of the existing moving mesh methods for multidimen-
sional computation employ an alternate solution procedure.

1.6 Biographical notes

Roughly speaking, mesh movement algorithms can be classified into the two groups,
velocity-based algorithms and location-based ones [85], cf. §1.5.1. Many of the
velocity-based algorithms have been motivated by the Lagrangian method in fluid
dynamics (e.g., see Batchelor [38]), and a major consideration in their develop-
ment has been to avoid mesh tangling, an undesired property of the Lagrangian
method. Examples include the method of Yanenko et al. [345] that is of Lagrange-
type. In the work of Anderson and Rai [13], the mesh is moved according to at-
traction and repulsion pseudo-forces between nodes motivated by a spring model
in mechanics. The moving finite element method (MFE) of Miller and Miller [258]
and Miller [253] has aroused considerable interest. It computes the solution and
the mesh simultaneously by minimizing the residual of the PDEs written in a finite
element form. Penalty terms are added to avoid possible singularities in the mesh
movement equations; see [88, 89]. A way of treating the singularities but with-
out using penalty functions has been proposed by Wathen and Baines [339]. Pet-
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zold [274] obtains an equation for mesh velocity by minimizing the time variation
of both the unknown variable and the spatial coordinate in computational coordi-
nates and adding a diffusion-like term to the mesh equation. Liao and his coworkers
[53, 226, 234, 236, 232, 241] employ a deformation map to move the mesh. In [84],
Cao, Huang, and Russell develop the GCL method, which is based on the Geomet-
ric Conservation Law. Interestingly, the deformation map method can be viewed as
a special example of the GCL method (see §7.1). A similar idea has been used by
Baines et al. [31, 32, 33] for the development of the so-called moving mesh finite
element method.

In contrast, location-based mesh movement algorithms provide a direct control
of the location of mesh points. A natural and important approach for designing this
type of algorithm is the variational approach for which the mesh point relocation
and movement are determined by minimizing some functional formulated to mea-
sure error or difficulty in numerical simulation. Many location-based algorithms
have been developed as variational ones, whereas some others have been based on
elliptic PDEs or other considerations. For example, Winslow [341] and Thompson
et al. [324] use a system of elliptic PDEs for generating boundary-fitted meshes.
Winslow [342] proposes to generate adaptive meshes through a variable diffusion
model. The idea is generalized by Brackbill and Saltzman [58], who combine func-
tionals representing mesh adaptivity, smoothness, and orthogonality. This is further
modified by Brackbill [57] to include directional control in mesh adaptation and to
require the terms contained in the functional to be dimensionally homogeneous. The
method of Dorfi and Drury [124] is linked to a functional associated with the well-
known equidistribution principle [115, 186] while that of Dvinsky [129] is based
on the energy of a harmonic mapping for mesh adaptation. Examples of other mesh
adaptation functionals can be found in Jacquotte et al. [202, 203, 204] (based on me-
chanical models), Knupp [211] (using vector fields), Knupp et al. [212, 214] (using a
weighted or reference Jacobian matrix), Huang and Russell [189] and Cao et al. [82]
(using a generalized variable diffusion functional with a matrix-valued diffusion co-
efficient), and Huang [176] (based on the so-called equidistribution and isotropy (or
alignment) conditions). These functionals are discussed in Chapter 6. The moving
mesh PDE (MMPDE) method developed in [81, 185, 186, 189, 190, 282] moves
the mesh through the gradient flow equation of an adaptation functional. Tang et
al. [228, 229, 316] use the generalized variable diffusion functional (cf. [82, 189])
as their adaptation functional, but discretize the physical PDE in the rezoning ap-
proach. Budd and Williams [71] use a parabolic Monge-Ampère equation to move
adaptive meshes. The methods of Ren and Wang [280] and Ceniceros and Hou [95]
also deserve special attention.

There exist a number of review articles and books addressing (at least partially)
moving mesh methods. Review articles include Russell and Christiansen [285],
Thompson et al. [326], Thompson [323], Eiseman [132, 133], Hawken et al. [169],
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Thompson and Weatherill [327], Huang and Russell [191], Cao et al. [85], Sloan
[303], and more recently, Huang [181] and Budd et al. [68]. Hawken et al. [169]
give a particularly extensive overview and list of references on moving mesh meth-
ods before 1990. Relevant books include Thompson et al. [325], Ascher et al. [16],
Knupp and Steinberg [213], Baines [29], Zegeling [347], Carey [86], and Liseikin
[238]. Relevant conference proceedings and edited books include Babus̆ka et al.
[23], Castillo [92], Shi et al. [299], and Tang and Xu [319].

This book is mainly concerned with the r-adaptive, or moving mesh, method; for
other types of adaptive mesh methods, especially the h-adaptive mesh method and
the Adaptive Mesh Refinement (AMR) method, the interested reader is referred to
books such as Baden et al. [27], Carey [86], Ern and Guermond [135], Frey and
George [150], George [154], Lang [222], Linß [237], Plewa et al. [275], and Sarris
[293].

1.7 Exercises

1. Assume that the function u = u(x) is sufficiently smooth around point x. Find the
order of the truncation error for the following finite difference approximations:

du
dx

(x)≈ u(x+h)−u(x)
h

,

du
dx

(x)≈ u(x)−u(x−h)
h

,

du
dx

(x)≈ u(x+h)−u(x−h)
2h

,

du
dx

(x)≈
u(x+ h

2 )−u(x− h
2 )

h
,

d2u
dx2 (x)≈ u(x+h)−2u(x)+u(x−h)

h2 ,

where h is a small positive number.
2. Derive the three-point central finite difference approximation to the second

derivative d2u
dx2 (x) on a non-uniform mesh. What are the leading terms in the trun-

cation error?
3. Assume that functions u(x) and p(x) are sufficiently smooth around point x. De-

rive the approximation

d
dx

(
p(x)

du
dx

)
≈ 1

h

(
(p(x+h)+ p(x))

2
(u(x+h)−u(x))

h

− (p(x−h)+ p(x))
2

(u(x)−u(x−h))
h

)
,
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where h is a small positive number. Find the leading terms in the truncation error
of the approximation.

4. Consider a central finite difference approximation on a uniform mesh to the
boundary value problem

−u′′+u′ = 1, ∀x ∈ (0,1)

u(0) = u(1) = 0.

(a) Derive the scheme; (b) find the local truncation error; and (c) write down the
matrix form of the resulting algebraic system explicitly.

5. Prove (1.11) using the chain rule.
6. For sufficiently smooth functions u = u(x) and x = x(ξ ), let û = u(x(ξ )). Show

that
d2u
dx2 =

1
xξ

d
dξ

(
1
xξ

dû
dξ

)
,

where xξ = dx/dξ .
7. Derive (1.12).
8. Derive the semi-discrete scheme (1.13).
9. For ρ = 1, find the general solution of MMPDE (1.14) and boundary condi-

tion (1.15) for any initial coordinate transformation x(ξ ,0) = x0(ξ ). Discuss the
monotonicity of the solution in space and its asymptotical behavior as t → ∞.
(Hint: Set x = ξ +φ and solve the equation for φ using the Fourier series method
or the method of separation of variables.)

10. Evaluate the integrals ∫ xk

xk−1

φk−1φkdx,
∫ xk

xk−1

φkφkdx,

∫ xk

xk−1

φ
′
k−1φ

′
kdx,

∫ xk

xk−1

φ
′
kφ
′
kdx,

∫ xk

xk−1

φ
′
k−1φkdx,

∫ xk

xk−1

φ
′
kφkdx,

where φk and φk−1 are the basis functions defined in (1.28).
11. Consider a linear finite element approximation on a uniform mesh to the bound-

ary value problem {
−u′′+u′ = 1, ∀x ∈ (0,1)

u(0) = u(1) = 0.

(a) Using the results in Problem 10, derive the scheme and (b) write down the
matrix form of the resulting algebraic system explicitly.

12. Implement on computer the finite difference and finite element schemes in Prob-
lems 4 and 11.
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13. Use direct calculation to derive (1.37).





Chapter 2
Adaptive Mesh Movement in 1D

In this chapter we discuss more formally the principles of adaptive mesh movement
in 1D. The underlying mesh selection problem itself is quite simple to state: If one
wishes to approximate a given function u(x) using its values at a finite number of
mesh points, how should these points be chosen? The answer can usually be given
as follows: one chooses a so-called mesh density function ρ(x), which in some way
indicates the error in the numerical approximation, and the mesh points are then
placed in such a way that distances between them are smaller in regions where
ρ(x) is larger, and the distances are larger in regions where ρ(x) is smaller. For the
one-dimensional case, adaptivity is predicated on what is called equidistribution,
which is considered in some detail here. The argument for choosing the mesh den-
sity function ρ(x) will normally be motivated by the desire to minimize an error
in interpolating a function or by solving a differential equation, although in special
cases other arguments such as one based on scaling invariance are used.

Our overall goal in this chapter is to get the reader thinking about how to compute
an adaptive mesh. Fundamental to our approach is to equate the problem of finding
an adaptive mesh to finding a suitable coordinate transformation. Some implemen-
tations of equidistribution are presented, largely so as to motivate ideas which are
central to the topics of later chapters. As well, a purpose is to give a basic error
analysis which demonstrates the advantages of adaptive meshes over uniform ones
for approximating non-smooth functions or for solving differential equations hav-
ing non-smooth solutions. In doing so, we introduce specific tools which are also
useful for the study of higher dimensional mesh adaptivity, which is considered in
Chapter 4.

 
W. Huang and R.D. Russell, Adaptive Moving Mesh Methods, Applied Mathematical   
Sciences 174, DOI 10.1007/978-1-4419-7196-2_2, © Springer Science+Business Media, LLC 2011
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2.1 The equidistribution principle

2.1.1 Equidistribution

The concept of equidistribution has played a fundamental role in mesh adaptation.
Given an integer N > 1 and a continuous function ρ = ρ(x) > 0 on a bounded
interval [a,b], equidistribution entails finding a mesh Th : x1 = a < x2 < · · ·< xN = b
which evenly distributes ρ among the subintervals determined by the mesh points,
in the sense that ∫ x2

x1

ρ(x)dx = · · ·=
∫ xN

xN−1

ρ(x)dx. (2.1)

That is, the area under ρ(x) is the same for every subinterval. A mesh Th satisfy-
ing this relation is called an equidistributing mesh for ρ = ρ(x). The function ρ is
referred to as the mesh density specification function, or simply the mesh density
function, and its square, ρ(x)2, as the monitor function. We emphasize at the out-
set that this terminology differs from that found in much of the research literature
to date, where ρ is typically called the monitor function. However, it is consistent
with the notation used in the multi-dimensional context, where the monitor function
refers to a matrix-valued function used for specifying the size, shape, and orienta-
tion of mesh elements, and the mesh density function refers to the square-root of
its determinant, a scalar function specifying the size of mesh elements (see Chapter
4). Moreover, as we shall see in this chapter and Chapter 4, the mesh density func-
tion is proportional to the density of the mesh when the equidistribution principle is
satisfied.

One often requires a mesh density function to only satisfy the weak condition
that it be non-negative, implying that it can vanish locally. A consequence is that
the equidistributing mesh may be non-unique, which complicates many theoretical
proofs and the actual construction of equidistributing meshes. For these reasons, we
assume henceforth that any mesh density function is by definition strictly positive,
i.e., that there exists a constant γ such that

ρ(x)≥ γ > 0, ∀x ∈ [a,b]. (2.2)

As seen in §2.4, mesh density functions can be defined in this way without any
practical loss of generality.

Proposition 2.1.1 For a given integer N > 0, there exists a unique equidis-
tributing mesh of N points satisfying (2.1) for any strictly positive mesh density
function.

Proof. Rewrite (2.1) as
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a
ρ(x)dx =

( j−1)
(N−1)

σ , j = 1, ...,N (2.3)

where

σ =
∫ b

a
ρ(x)dx. (2.4)

By (2.2),
∫ x̂

a ρ(x)dx is a strictly monotone increasing function of x̂, so each x j is
uniquely determined.

Equation (2.1) can be rewritten as

(x j− x j−1)〈ρ〉I j
=

σ

(N−1)
, j = 2, ...,N (2.5)

where σ is defined in (2.4), I j = (x j−1,x j), and 〈ρ〉I j
is the integral average of ρ(x)

on the interval [x j−1,x j],

〈ρ〉I j
=

1
|I j|

∫
I j

ρ(x)dx =
1

x j− x j−1

∫ x j

x j−1

ρ(x)dx. (2.6)

While this discrete form is critical for actual computation, for mathematical un-
derstanding it can be more useful to consider a continuous form. Specifically,
suppose that the mesh Th is to be generated using a coordinate transformation
x = x(ξ ) : [0,1]→ [a,b] in such a way that

x j = x(ξ j), j = 1, ...,N

where

ξ j =
( j−1)
(N−1)

, j = 1, ...,N

is a uniform mesh on [0,1]. Then (2.3) becomes∫ x(ξ j)

a
ρ(x)dx = σξ j, j = 1, ...,N.

More generally, a continuous mapping x = x(ξ ) is called an equidistributing coor-
dinate transformation for ρ(x) if it satisfies the condition∫ x(ξ )

a
ρ(x)dx = σξ , ∀ξ ∈ (0,1) (2.7)

with σ defined in (2.4). Differentiating with respect to ξ , one sees that x(ξ ) also
satisfies

ρ(x)
dx
dξ

= σ . (2.8)
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We later see that it is useful to formulate the equidistribution relation in terms of the
inverse coordinate transformation, ξ = ξ (x) : [a,b]→ [0,1]. From (2.8) we have

1
ρ(x)

dξ

dx
=

1
σ

. (2.9)

From (2.5) and (2.8) one sees that equidistribution requires the interval length
(x j− x j−1) (respectively, dx/dξ in the continuous form) be small in places where
ρ j (respectively, ρ(x)) is large.

Example 2.1.1 Find the equidistributing coordinate transformation for the mesh
density function

ρ(x) = 1+R(1− tanh2(Rx)), x ∈ [−1,1]

where R = 100.
To solve this problem, we rewrite (2.9) as

dξ

dx
=

ρ(x)
σ

,

where for this mesh density function

σ =
∫ 1

−1
ρ(x)dx = 2+ tanh(R)− tanh(−R).

Solving the differential equation together with the boundary conditions ξ (−1) = 0
and ξ (1) = 1 yields

ξ =
1+ x+ tanh(Rx)− tanh(−R)

2+ tanh(R)− tanh(−R)
. (2.10)

It is not obvious that (2.10) can even be solved analytically for x(ξ ). The coordinate
transformation and its inverse are plotted in Figure 2.1. Note that ξ = ξ (x) has a
steep gradient near x = 0 where ρ(x) attains its maximum, whereas x = x(ξ ) changes
much more smoothly. One might conclude that it is better to use mesh equations
formulated in terms of x(ξ ) than ξ (x), but we see in §2.3 that for certain situations
the formulations involving ξ (x) can in fact have some computational advantages.

2.1.2 Optimality of equidistribution

The popularity of equidistribution is due largely to its optimality properties. In the
context of approximating a function u = u(x), which is either a given function be-
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(a) x = x(ξ )
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Fig. 2.1 Equidistributing coordinate transformation x = x(ξ ) and inverse coordinate transforma-
tion ξ = ξ (x) for Example 2.1.1.

ing interpolated or the solution of a PDE being solved, the mesh- and solution-
dependent factor in an error estimate typically has the general form

E(Th)≡ (N−1)s
N

∑
j=2

(h j f j)
s+1 . (2.11)

See the truncation error in §2.4, for example. The factor (N−1)s is included so that
E(Th) is asymptotically independent of the mesh, as we shall see in (2.12) below.
In (2.11), h j = |I j| = x j − x j−1 is the mesh spacing, s > 0 is a real number, and
f j denotes some average on I j = (x j−1,x j) of a positive function f which generally
depends upon a derivative or derivatives of u. The mesh function value f j can appear
in a variety of forms, but in the limit it approximates the integral average of f (x) on
I j, i.e.,

f j ≈ 〈 f 〉I j
≡ 1

x j− x j−1

∫ x j

x j−1

f (x)dx.

We shall assume that this is always the case. Noticing that

h j =
(x j− x j−1)
(ξ j−ξ j−1)

(ξ j−ξ j−1)≈
dx
dξ

∣∣∣∣
ξ=ξ j

(N−1)−1,

in the limit we can derive the following continuous form for the bound (2.11):

E(Th)≡ (N−1)s
N

∑
j=2

(h j f j)
s+1

−→ E[ξ ]≡
∫ b

a

(∣∣∣∣ dx
dξ

∣∣∣∣ f
)s

f dx, as max
j

h j→ 0. (2.12)
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An optimal coordinate transformation is defined as a coordinate transformation ξ =
ξ (x) minimizing E[ξ ].

Theorem 2.1.1 (Optimality of the equidistributing coordinate transforma-
tion) Suppose that an error bound is of form (2.11) for a real number s > 0 and a
continuous, strictly positive function f = f (x) on [a,b]. Letting σ =

∫ b
a f (x)dx, then

the inequality

E[ξ ]≡
∫ b

a

(∣∣∣∣ dx
dξ

∣∣∣∣ f
)s

f dx ≥ σ
s+1 (2.13)

holds for all invertible coordinate transformations x(ξ ) from [0,1] to [a,b].
In addition, the lower bound is attained for a coordinate transformation satisfy-

ing the equidistribution relation (2.8) for the mesh density function ρ = f (x). Thus,
any equidistributing coordinate transformation for ρ = f (x) is an optimal coor-
dinate transformation with respect to the asymptotic error bound E[ξ ] defined in
(2.12).

Proof. We first prove that the functional E[ξ ] has a constant lower bound for
all invertible coordinate transformations. By Theorem A.0.3 (with r := −1, s := s,

w := f /σ , and f :=
(

f
∣∣∣ dx

dξ

∣∣∣)s
) in Appendix A, we get

[∫ b

a

(∣∣∣∣ dx
dξ

∣∣∣∣ f
)s f

σ
dx
] 1

s

≥

[∫ b

a

(∣∣∣∣ dx
dξ

∣∣∣∣ f
)−1 f

σ
dx

]−1

,

which implies (2.13).
Note that the lower bound σ s+1 is a constant independent of the coordinate trans-

formation. It is easy to see that this lower bound is attained for any coordinate trans-
formation satisfying the equidistribution relation (2.8) for ρ = f (x).

While (2.12) and Theorem 2.1.1 are concerned with the continuous form of the
error bound, the actual discrete error (2.11) is described in the following theorem.

Theorem 2.1.2 (Optimality of the equidistributing mesh) Suppose that an
error bound is of the form (2.11) for a real number s > 0 and a continuous, strictly
positive function f = f (x) on [a,b]. Then

E(T̃h)≡ (N−1)s
N

∑
j=2

(
h̃ j f̃ j

)s+1 ≥ σ̃
s+1
h −→ σ

s+1, ∀T̃h ∈TN . (2.14)

Here, TN ≡ {T̃h : y1 = a < y2 < ... < yN = b} is the set of all partitions of N points,
Ĩ j = (y j−1,y j), h̃ j = y j− y j−1, σ̃h = ∑ j h̃ j f̃ j, where f̃ j denotes a certain average of
f on Ĩ j, and the limit is taken as max j h̃ j→ 0.

In addition,
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E(Th) = σ
s+1
h −→ σ

s+1 as max
j

(x j− x j−1)→ 0 (2.15)

for any equidistributing mesh Th satisfying

(x j− x j−1)ρ j =
σh

N−1
, j = 2, ...,N (2.16)

where σh = ∑ j h jρ j and ρ j = f j.

Proof. From Theorem B.0.11 in Appendix B,[
1

N−1 ∑
j

(
h̃ j f̃ j

)s+1

] 1
s+1

≥ 1
N−1 ∑

j
h̃ j f̃ j,

and inequality (2.14) follows. The equality in (2.15) is obtained by simply inserting
(2.16) into the bound (2.11), and the asymptotic result follows assuming that f j

approximates the integral average of f on I j in the limit.

Note that the quantities σ̃h and σh in Theorem 2.1.2 are mesh-dependent. As a
consequence, an equidistributing mesh does not necessarily give the lowest error
bound among all partitions of N points and is therefore not necessarily the optimal
mesh. Nevertheless, an equidistributing mesh is asymptotically optimal in the sense
that its error bound E(Th) converges to the constant lower bound in (2.14) as long
as

max
j

(x j− x j−1)→ 0. (2.17)

Fortuitously, condition (2.17), a necessary condition for ensuring this asymptotic
behavior of the error bound, is shown in §2.4 to hold for the equidistributing mesh
as N→ ∞. In particular, we show that

max
j

(x j− x j−1)≤
2(b−a)

N−1
,

provided the mesh density function is suitably chosen.

Linearly varying error measures. The error bound in Theorem 2.1.2 is propor-
tional to a power of σh for the equidistributing mesh, so σh may be viewed as a
measure of the total “error” over the physical domain and the mesh density function
ρ j as an “error” density.1 Notice that ρ j (= f j) depends upon the mesh, but not in a
crucial way, and under the condition (2.17) it will converge to ρ(x j) as N→ ∞. As

1 The mesh density functions defined in §2.4 and §2.9 are mostly scaled by a regularization param-
eter αh > 0. In those cases, it is more appropriate to view αhρ j as an “error” density and αhσh as
the total “error” over the physical domain.
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a consequence, the corresponding “error” measure,

h jρ j, (2.18)

varies linearly with h j (the size of I j). Finding a linearly varying error measure to
use to define the mesh density function for an equidistributing mesh is done in early
mesh adaptivity research; e.g., see Ascher et al. [16] (Chapter 9), Pereyra and Sewell
[273], and Lentini and Pereyra [227]. As we shall see in §2.5.4, it provides a natural
tool for error estimation and control.

2.1.3 Equidistributing meshes as uniform meshes in a metric space

Thus far, we have considered adaptivity primarily from the point of view of the
mesh generation problem, and we have derived the equidistribution principle from
the desire to properly control the size of mesh elements. It is also useful, especially
in multi-dimensions, to view an equidistributing mesh as a uniform mesh in a metric
space (cf. Chapter 4). The main advantage of this approach is that a uniform mesh,
even in a metric space, can be described both geometrically and analytically in a
relatively simple manner.

In the current 1D situation, we can define the monitor function as M = ρ(x)2, as
we discuss in detail in Chapter 4. The distance between any two points c and d in
the metric specified by M is given by∫ d

c

√
det(M)dx =

∫ d

c
ρ(x)dx,

where det(·) denotes the determinant of a matrix. It is easy to see that a uniform
mesh in the metric specified by M, or an M-uniform mesh for short, satisfies the
equidistribution relation (2.1). Thus, generating an equidistributing mesh for a given
ρ is equivalent to generating an M-uniform mesh.

2.1.4 Another view of equidistribution

Another closely related but somewhat different approach is to consider the problem
of function approximation. Specifically, given a function u = u(x) defined on [a,b],
we seek a coordinate transformation x = x(ξ ) : [0,1]→ [a,b] for which u(x(ξ )) is
sufficiently well-behaved that it can be approximated efficiently on a uniform mesh
in this new coordinate.

Take piecewise constant interpolation as an example. For a given uniform mesh,
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ξ j =
( j−1)
(N−1)

, j = 1, ...,N

a piecewise constant approximation can be defined as

u(x(ξ ))≈ u(x(ξ j− 1
2
)), ∀ξ ∈ [ξ j−1,ξ j], j = 2, ...,N

where ξ j− 1
2

is the midpoint of the interval [ξ j−1,ξ j]. The approximation error can
be expressed as

u(x(ξ ))−u(x(ξ j− 1
2
)) = (ξ −ξ j− 1

2
)
∫ 1

0

d
dξ

u(x(ξ j− 1
2
+ s(ξ −ξ j− 1

2
)))ds.

If a coordinate transformation can be chosen such that∣∣∣∣ d
dξ

u(x(ξ ))
∣∣∣∣= c ∀ξ ∈ [0,1] (2.19)

for a fixed positive constant c, then

max
ξ∈[ξ j−1,ξ j ]

∣∣∣u(x(ξ ))−u(x(ξ j− 1
2
))
∣∣∣= c

2(N−1)
, (2.20)

so the size of the error is roughly the same on all mesh intervals. As a consequence,
a uniform mesh will be efficient for resolving u(x(ξ )) with piecewise constant in-
terpolation.

The condition (2.19) can be rewritten as∣∣∣∣du
dx

∣∣∣∣ dx
dξ

= c.

If |du/dx| is strictly positive on [a,b], then defining ρ(x) = |du/dx| we have

ρ(x)
dx
dξ

= c. (2.21)

The constant c must satisfy a compatibility condition, viz., integrating (2.19) over
[0,1] we see that

c =
∫ 1

0
ρ(x)

dx
dξ

dξ =
∫ b

a
ρ(x)dx≡ σ .

Inserting this into (2.21) gives precisely the equidistribution relation (2.8).
If on the other hand |du/dx| is not strictly positive on [a,b], then we could instead

require √(
du
dξ

)2

+α

(
dx
dξ

)2

= c,
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where α > 0 is a regularization parameter. But this again leads to the equidistribu-
tion relation (2.8), with the mesh density function now being given by

ρ =

√
1+

1
α

(
du
dx

)2

.

Thus, in both cases we get the same adaptivity relations as derived previously
from a different (mesh generation) viewpoint. The distinction between these ap-
proaches is rather subtle in one dimension, but in higher dimensions it is more inter-
esting, and provides insight into different adaptivity strategies, as we see in Chapter
4.

2.2 Computation of equidistributing meshes

Although its existence and uniqueness are guaranteed theoretically, in practice the
equidistributing mesh can rarely be found exactly because the integrals in (2.1) must
normally be approximated. Thus, one has to rely on numerical methods for finding
approximations to the equidistributing mesh even when u(x) is given explicitly.

2.2.1 De Boor’s algorithm

A simple yet useful approximation method for finding an equidistributing mesh is
de Boor’s algorithm [115], which is described below.

Assume that the mesh density function is known on an arbitrary background
mesh Tb : y1 = a < y2 < · · · < yK = b, which can be thought of as a prescribed
mesh or as the current approximate mesh in an iterative process. The idea behind
de Boor’s algorithm is to approximate ρ = ρ(x) on this background mesh by a
piecewise constant function of the form

p(x) =


1
2 (ρ(y1)+ρ(y2)), for x ∈ [y1,y2]
1
2 (ρ(y2)+ρ(y3)), for x ∈ (y2,y3]

· · ·
1
2 (ρ(yK−1)+ρ(yK)), for x ∈ (yK−1,yK ]

(2.22)

and to then find the equidistributing mesh for this piecewise constant function. De-
noting

P(x) =
∫ x

a
p(x)dx,
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then

P(y j) =
j

∑
i=2

(yi− yi−1)
ρ(yi)+ρ(yi−1)

2
, j = 2, ...,K

and the equidistribution relation (2.3) now reads as

P(x j) = ξ jP(b), j = 2, ...,N−1

where P(b) = P(yK). To find x j, 2≤ j≤N−1, one first determines the index k such
that

P(yk−1) < ξ jP(b)≤ P(yk).

Then, since P(x) is piecewise linear, x j can be directly calculated from

(x j− yk−1)
ρ(yk−1)+ρ(yk)

2
= ξ jP(b)−P(yk−1)

or

x j = yk−1 +
2(ξ jP(b)−P(yk−1))

ρ(yk−1)+ρ(yk)
.

Note that one call to de Boor’s algorithm results in an equidistributing mesh
only for the piecewise constant function p(x) defined in (2.22). Iteration is normally
required to obtain a good approximation to the equidistributing mesh associated
with the underlying mesh density function ρ = ρ(x). A simple iteration procedure
is to let the current approximation now be the background mesh and to use the
nodal values of the mesh density function on it to generate a new mesh. A sequence
of meshes of N points, {T̂ (n)

h }
∞
n=0, can be generated this way. When it converges,

T̂h ≡ limn→∞ T̂
(n)

h satisfies

(x̂ j− x̂ j−1)
ρ(x̂ j−1)+ρ(x̂ j)

2
= (ξ j−ξ j−1)σ̂h, j = 2, ...,N (2.23)

where

σ̂h =
N

∑
j=2

(x̂ j− x̂ j−1)
ρ(x̂ j−1)+ρ(x̂ j)

2
. (2.24)

Pryce [277] proves that the mesh sequence produced by the corresponding itera-
tive procedure with a piecewise linear approximation to the mesh density function
converges to a limit mesh which satisfies the relation (2.23) provided that the mesh
density function is sufficiently smooth and N is sufficiently large. He also shows
that the convergence rate depends upon the number of mesh points N, where the
larger N, the faster the iteration converges. Subsequent theoretical results of Xu et
al. [343] show convergence for the above case of piecewise constant interpolation.

For a given approximation to an equidistributing coordinate transformation or
mesh, it is useful to know how closely it satisfies the equidistribution principle. In
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the continuous case, the equidistribution quality measure is defined as

Qeq(x) =
ρxξ

σ
, (2.25)

where xξ = dx
dξ

. This definition is motivated from (2.8). It is a simple but instructive
exercise to show that ‖Qeq‖∞ ≡maxx Qeq(x)≥ 1 and that the mesh satisfies (2.8) if
and only if maxx Qeq(x) = 1. A discrete version of the measure can be defined as

Qeq, j =
(ρ(x j)+ρ(x j−1))

2σh
·
(x j− x j−1)
(ξ j−ξ j−1)

, j = 2, ...,N (2.26)

where

σh =
N

∑
j=2

(x j− x j−1)
(ξ j−ξ j−1)

·
(ρ(x j)+ρ(x j−1))

2
.

Like the continuous equidistribution quality measure, it satisfies max j Qeq, j ≥ 1.

Example 2.2.1 Consider the mesh density function

ρ(x) = 1+20(1− tanh2(20(x−0.25)))+30(1− tanh2(30(x−0.5)))

+ 10(1− tanh2(10(x−0.75))) for x ∈ [0,1]. (2.27)

As for Example 2.1.1, an analytical formula can be found for the inverse coordinate
transformation x(ξ ) for this mesh density function.

Starting with a uniform mesh, a sequence of meshes is generated with de Boor’s
algorithm to obtain a good approximation to the equidistributing mesh. The num-
ber of iterations, Iter, required for the difference between two consecutive iterates,
‖T (n+1)

h −T
(n)

h ‖∞ ≡max j ‖x(n+1)
j −x(n)

j ‖, to reach 10−8 is listed for various values
of N in Table 2.1. For N = 11, the algorithm fails to converge (denoted by N.Cnvg).
The results confirm the theory of Pryce [277] and Xu et al. [343] that the iteration
converges faster for larger N. The table also lists the difference between the exact
equidistributing mesh Th for ρ = ρ(x) and the convergent mesh T̂h, measured as
max j |x̂ j−x j|, and the ratio max j{

|x̂ j−x j |
x j+1−x j

,
|x̂ j−x j |
x j−x j−1

}. The latter shows how far a com-
puted mesh point is from the corresponding one in the (exact) equidistributing mesh
relative to the size of the neighboring subintervals. The mesh differences decrease at
roughly the rate O( 1

N2 ) (as predicted theoretically) while the mesh ratios converge
at O( 1

N ).
Numerical results obtained with N = 81 and tol = 10−8 are plotted in Figure

2.2 (a) – (d). It can be seen in Figure 2.2(b) that the measure of the mesh density
d(x), with its nodal values being defined as d(x j) = 1

x j+1−x j
(≈ N

xξ
), is roughly pro-

portional to the mesh density (specification) function ρ(x) in Figure 2.2(a). This
indicates that the mesh is approximately equidistributing (see (2.5)). Note that the
mesh points are concentrated near the points x = 0.25, 0.5, and 0.75, where the mesh
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Table 2.1 Results for de Boor’s algorithm for Example 2.2.1. Iter is the number of iterations
required for the difference between two consecutive iterates to reach 10−8.

N 11 21 41 81 161 321 641

Iter N.Cnvg 66 13 10 9 7 6
max j |x̂ j− x j| 3.58e-2 1.68e-2 6.77e-3 2.12e-3 5.69e-4 1.48e-4

max j{
|x̂ j−x j |
x j+1−x j

,
|x̂ j−x j |
x j−x j−1

} 9.00e-1 6.33e-1 3.72e-1 1.88e-1 9.22e-2 4.53e-2
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Fig. 2.2 Numerical results for Example 2.2.1 using de Boor’s algorithm and N = 81. (a) Points cor-
responding to the convergent mesh shown on graph of ρ = ρ(x). (b) Density of the mesh d(x) plot-
ted against x. (c) Difference between two consecutive iterates, ‖T (n+1)

h −T
(n)

h ‖∞≡max j ‖x(n+1)
j −

x(n)
j ‖, plotted against iteration number. (d) Equidistribution quality measure, ‖Qeq‖∞, plotted

against iteration number.

density function has relative maxima. The convergence history is shown in Figure
2.2(c). The last figure shows that ‖Qeq‖∞ rapidly approaches 1, meaning that the
equidistribution relation (2.5) or (2.8) is nearly satisfied after a few iterations.
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2.2.2 BVP method

While de Boor’s algorithm is simple and reliable, it unfortunately does not extend
easily to higher dimensions. We consider here a method for computing an equidis-
tributing mesh which is based on a boundary-value-problem (BVP) formulation of
equidistribution. Higher dimensional generalizations are considered in later chap-
ters.

There are several ways to derive such a formulation. First, differentiating (2.8)
with respect to ξ , one sees that x(ξ ) satisfies the quasi-linear second-order differen-
tial equation

d
dξ

(
ρ(x)

dx
dξ

)
= 0, (2.28)

subject to the boundary conditions

x(0) = a, x(1) = b. (2.29)

A variational formulation of the coordinate transformation problem which is par-
ticularly useful and fundamental when considering the multi-dimensional case is the
following: Find a transformation x = x(ξ ) which satisfies (2.29) and minimizes the
functional

I[x] =
1
2

∫ 1

0

(
ρ(x)

dx
dξ

)2

dξ . (2.30)

From basic calculus of variations (e.g., see [106] and [153]), a minimizer satisfies
the Euler-Lagrange equation of the functional.

Proposition 2.2.1 The Euler-Lagrange equation of (2.30) is given by (2.28).

Proof. Let x = x(ξ ) be a minimizer and δx(ξ ) an arbitrary perturbation satisfying
the homogeneous boundary conditions δx(0) = δx(1) = 0. Define the function

g(ε)≡ I[x+ εδx] =
1
2

∫ 1

0

(
ρ(x+ εδx)

d(x+ εδx)
dξ

)2

dξ .

Then the variation of I[x] can be found as
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δ I ≡ dg
dε

∣∣∣∣
ε=0

=
1
2

∫ 1

0
2ρ(x)

dx
dξ

(
ρ
′(x)

dx
dξ

δx+ρ(x)
dδx
dξ

)
dξ

=
∫ 1

0

[
ρ(x)ρ ′(x)

(
dx
dξ

)2

− d
dξ

(
ρ

2(x)
dx
dξ

)]
δx dξ + ρ

2 dx
dξ

δx
∣∣∣∣1
0

= −
∫ 1

0
ρ(x)

d
dξ

(
ρ(x)

dx
dξ

)
δx dξ + ρ

2 dx
dξ

δx
∣∣∣∣1
0
.

Setting δ I = 0 gives

−
∫ 1

0
ρ(x)

d
dξ

(
ρ(x)

dx
dξ

)
δx dξ + ρ

2 dx
dξ

δx
∣∣∣∣1
0
= 0 ∀ δx : δx(0) = δx(1) = 0.

Since this holds for all perturbations δx, by the vanishing theorem in calculus [153]
we obtained the Euler-Lagrange equation (2.28) for I[x].

One can alternatively formulate the optimization problem in terms of the inverse
coordinate transformation ξ = ξ (x) : [a,b]→ [0,1]. Differentiating (2.9) with re-
spect to x, one obtains the linear second-order differential equation

d
dx

(
1

ρ(x)
dξ

dx

)
= 0 (2.31)

for ξ (x), subject to the boundary conditions

ξ (a) = 0, ξ (b) = 1. (2.32)

Equation (2.31) is the Euler-Lagrange equation for the functional

I[ξ ] =
1
2

∫ b

a

1
ρ(x)

(
dξ

dx

)2

dx, (2.33)

where for notational convenience we again write the functional simply as I. A min-
imum of I[ξ ] thus satisfies (2.31).

There are two major advantages in formulating the equidistribution relation in
terms of the inverse coordinate transformation ξ = ξ (x) instead of the coordinate
transformation x = x(ξ ). The first one is that the functional I in (2.33) is quadratic
and its Euler-Lagrange equation (2.31) is linear. In contrast, the functional in (2.30)
is generally not quadratic and (2.28) is nonlinear. The other, while not a relevant
consideration in the one-dimensional case, is that the linearity of (2.31) makes it
easier to ensure existence, uniqueness, and well-posedness of the (inverse) coordi-
nate transformation in multi-dimensions (e.g., see [129]).
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Unfortunately, neither (2.31) nor (2.33) is in a form amenable to direct com-
putation of an equidistributing mesh because the inverse coordinate transformation
does not directly give the node locations on the physical domain. (See §2.3.2 for the
use of the inverse coordinate transformation in the computation of equidistributing
meshes.) A common practice is to interchange the roles of the dependent and inde-
pendent variables in the Euler-Lagrange equation for I[ξ ]. In the one-dimensional
case, such an interchange simply transforms (2.31) into (2.28), but in higher dimen-
sions this interchange bears a considerable cost, as we see in Chapter 6.

We are now in the position to introduce the BVP method. Suppose that an ap-
proximation T

(n)
h to Th and a mesh density function ρ(n) defined on it are given.

Discretizing (2.28) on a computational mesh T c
h : ξ j, j = 1, ...,N using central finite

differences, we get, for j = 2, ...,N−1,

2
ξ j+1−ξ j−1

ρ(x(n)
j+1)+ρ(x(n)

j )

2
·
(x(n+1)

j+1 − x(n+1)
j )

(ξ j+1−ξ j)

−
ρ(x(n)

j )+ρ(x(n)
j−1)

2
·
(x(n+1)

j − x(n+1)
j−1 )

(ξ j−ξ j−1)

= 0. (2.34)

Keeping ρ fixed for the current iteration, this system together with the boundary
conditions

x(n+1)
1 = a, x(n+1)

N = b, (2.35)

is solved for the new approximation T
(n+1)

h . Since the mesh density function ρ is
chosen to reflect large solution variations and is often highly nonlinear, the BVP
(2.28), (2.29) is also highly nonlinear. When freezing ρ on the current mesh, the
iteration scheme (2.34) may fail to converge, especially when N is small and/or ρ(x)
changes abruptly. This is seen in the next example. As for many iteration schemes,
convergence can be improved by using relaxation or a quasi-time approach, where
(2.28) is embedded into a time-dependent mesh movement PDE having a steady
state solution as its solution (cf. §??).

Example 2.2.2 The mesh density function is the same as in Example 2.2.1, i.e.,

ρ = 1+20(1− tanh2(20(x−0.25)))+30(1− tanh2(30(x−0.5)))

+ 10(1− tanh2(10(x−0.75))) for x ∈ [0,1].

The BVP algorithm is used for computing the equidistributing mesh with the it-
eration convergence tolerance set at tol = 10−8. This produces an adaptive mesh
almost identical to that for de Boor’s algorithm (cf. Figure 2.2), which is not sur-
prising since the mesh sequences converge to the same limit mesh. The convergence
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Table 2.2 The number of iterations required to achieve ‖T (n+1)
h −T

(n)
h ‖∞ < 10−8 for the BVP

method for Example 2.2.2.

N 11 21 41 81 161 321 641

Iter N.Cnvg N.Cnvg N.Cnvg 77 39 40 40
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Fig. 2.3 Difference between two consecutive iterates, ‖T (n+1)
h −T

(n)
h ‖∞ ≡max j ‖x(n+1)

j − x(n)
j ‖,

is plotted against iteration number for (a) N = 161 and (b) N = 641 for Example 2.2.2 with the
BVP algorithm.

properties of the BVP algorithm are shown in Table 2.2. The algorithm does not con-
verge when N is small. Interestingly, for larger N the required number of iterations
first decreases with N and then stays around 40 for large N. This convergence be-
havior is shown for large values of N in Figure 2.3. One possible interpretation for
this phenomenon is that when N is large, the convergence of the algorithm is not
merely influenced by the approximation error in the mesh density function, but is
also largely determined by the particular linearization employed in (2.34).

2.3 Moving mesh PDEs

2.3.1 MMPDEs in terms of coordinate transformation

Up to this point, we have studied equidistribution for time-independent problems.
For the numerical solution of time-dependent problems, the mesh density function
will generally depend upon the solution and hence on time, so it is necessary to
employ a time-dependent mesh or coordinate transformation as well. In principle
we can still use the boundary value problem corresponding to the time-independent
problem (2.28) and (2.29) to determine such a coordinate transformation x = x(ξ , t),
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viz.,

∂

∂ξ

(
ρ(x, t)

∂x
∂ξ

)
= 0, (2.36)

x(0, t) = a, x(1, t) = b. (2.37)

However, there are several advantages to employing a PDE that explicitly involves
the mesh speed. First, a semi-discretization of such a mesh equation using finite dif-
ferences or finite elements gives a system of ODEs, whereas a semi-discretization of
(2.36) produces a system of algebraic equations. When applied to the numerical so-
lution of PDEs, as seen in §1.2 and §1.3, the former leads to a system of ODEs and
the latter to a system of DAEs (differential-algebraic equations). It is known that
an ODE system is often easier to integrate than a system of differential-algebraic
equations. Moreover, introduction of mesh speed into the mesh equation provides
a degree of temporal smoothing for mesh movement, which is necessary for accu-
rate integration of many physical PDEs. Furthermore, as mentioned in §2.2, a mesh
equation involving mesh speed can be used as a quasi-time approach for obtain-
ing an equidistributing mesh for a time-independent mesh density function, i.e., for
computing x(ξ ) = limt→∞ x(ξ , t), where t is used as a continuation parameter.

A mesh equation involving mesh speed is referred to as a moving mesh PDE
(MMPDE). There are numerous ways of formulating MMPDEs (e.g., see [185,
186]), and indeed, it can be unclear which MMPDEs to prefer without careful anal-
ysis and computational comparison. In this section we derive a few of the more
popular MMPDEs using the approach of [189, 190], where an MMPDE is chosen
as the gradient flow equation of an adaptation functional. This approach has the
important advantage that it can be straightforwardly extended to multi-dimensions.

For a given mesh density function ρ = ρ(x, t), the functional corresponding to
(2.33) is now

I[ξ ] =
1
2

∫ b

a

1
ρ(x, t)

(
∂ξ

∂x

)2

dx. (2.38)

The direction for ξ which reduces the value of I[ξ ] is given by the gradient or
heat flow equation for this functional (hereafter, simply called the gradient flow
equation), which has the form

∂ξ

∂ t
=−P

τ

δ I
δξ

, (2.39)

where δ I/δξ is the functional derivative of I[ξ ], τ > 0 is a user specified parameter
for adjusting the response time of mesh movement to changes in ρ(x, t), and P
is a positive-definite differential operator which can be chosen with considerable
flexibility, as we discuss below. From standard calculus of variations, this functional
derivative is defined (cf. §2.2) in terms of the first variation through the relation
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δ I =
∫ b

a

δ I
δξ

δξ dx, ∀δξ : δξ (a) = δξ (b) = 0.

Arguing as for the steady state case for I[ξ ], it can be shown that

δ I
δξ

=− ∂

∂x

(
1
ρ

∂ξ

∂x

)
,

so (2.39) becomes
∂ξ

∂ t
=

P
τ

∂

∂x

(
1
ρ

∂ξ

∂x

)
. (2.40)

The use of the gradient flow equation can be largely motivated by the following
stability result.

Theorem 2.3.1 Let ξ = ξ ∗(x, t) be a minimizer of functional (2.38). Assume
that the mesh density function is chosen such that, for a given T > 0,

0 < ρmin ≤ ρ(x, t)≤ ρmax,

∣∣∣∣∂ξ ∗

∂ t

∣∣∣∣≤ S, ∀ (x, t) ∈ [a,b]× [0,T ] (2.41)

where ρmin, ρmax, and S are positive constants. Then, the difference between the
solution ξ (x, t) to (2.40) (with P = 1) and the minimizer ξ ∗(x, t), w(x, t)≡ ξ (x, t)−
ξ ∗(x, t), is bounded by(∫ b

a
w(x, t)2dx

)1/2

≤ e−
2t

τρmax

(∫ b

a
w(x,0)2dx

)1/2

+
τρmaxS

√
b−a

2

(
1− e−

2t
τρmax

)
, ∀t ∈ [0,T ]. (2.42)

Proof. We first notice that the minimizer ξ = ξ ∗(x, t) of the functional (2.38)
satisfies the equation (cf. (2.31))

∂

∂x

(
1

ρ(x, t)
∂ξ ∗

∂x

)
= 0 (2.43)

and the boundary conditions (2.32). It is not difficult to show that

ξ
∗(x, t) =

∫ x
a ρ(x̃, t)dx̃∫ b
a ρ(x̃, t)dx̃

, (2.44)

from which the time derivative can be found as

∂ξ ∗

∂ t
=
∫ x

a
∂ρ(x̃,t)

∂ t dx̃∫ b
a ρ(x̃, t)dx̃

−
∫ b

a
∂ρ(x̃,t)

∂ t dx̃∫ b
a ρ(x̃, t)dx̃

ξ
∗(x, t). (2.45)
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The difference between the solution ξ (x, t) to (2.40) (with P = 1) and the minimizer
ξ ∗(x, t) satisfies the homogeneous boundary conditions w(a, t) = w(b, t) = 0 and
differential equation

∂w
∂ t

=
1
τ

∂

∂x

(
1
ρ

∂w
∂x

)
− ∂ξ ∗

∂ t
.

Multiplying this equation by w, integrating with respect to x over [a,b], and using
integration by parts on the diffusion term, we have

1
2

d
dt

∫ b

a
w2dx =−1

τ

∫ b

a

1
ρ

(
∂w
∂x

)2

dx−
∫ b

a

∂ξ ∗

∂ t
wdx.

Applying Schwarz’s inequality to the last term gives

1
2

d
dt

∫ b

a
w2dx≤−1

τ

∫ b

a

1
ρ

(
∂w
∂x

)2

dx+
(∫ b

a
w2dx

)1/2
(∫ b

a

(
∂ξ ∗

∂ t

)2

dx

)1/2

.

Using the assumptions on ρ(x, t) and applying Poincaré’s inequality (cf. Theorem
A.0.7 in Appendix A) to the diffusion term, we then have

1
2

d
dt

∫ b

a
w2dx≤− 2

τρmax

∫ b

a
w2dx+

(∫ b

a
w2dx

)1/2

S
√

b−a.

Rewriting the left-hand side as

1
2

d
dt

∫ b

a
w2dx =

(∫ b

a
w2dx

)1/2 d
dt

(∫ b

a
w2dx

)1/2

and dividing both sides of the inequality by the factor
(∫ b

a w2dx
)1/2

gives

d
dt

(∫ b

a
w2dx

)1/2

≤− 2
τρmax

(∫ b

a
w2dx

)1/2

+S
√

b−a.

Integrating both sides in time we obtain (2.42).

It is remarked that the assumption (2.41) is only made for theoretical pur-
poses. The restrictions simply require that ρ(x, t) be bounded away from zero and
from above and not change too fast in time (cf. (2.45)). Moreover, for the time-
independent case where ρ = ρ(x), it is easy to see that S = 0, and (2.42) implies
that (∫ b

a
w(x, t)2dx

)1/2

≤ e−
2t

τρmax

(∫ b

a
w(x,0)2dx

)1/2

, (2.46)
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i.e., ξ (x, t) tends to ξ ∗(x) exponentially as t → ∞. When ρ = ρ(x, t) depends upon
time, the theorem implies that(∫ b

a
(ξ (x, t)−ξ

∗(x, t))2dx
)1/2

= O(τ). (2.47)

In other words, ξ (x, t) stays of the order O(τ) close to the minimizer ξ ∗(x, t) in the
L2 sense.

Returning to MMPDE (2.40), note that it is formulated in terms of the inverse
coordinate transformation ξ = ξ (x, t). As previously mentioned, this formulation
is common in the context of variational mesh adaptation since it gives a mapping
which in higher dimensions is less likely to be singular – e.g., see Dvinsky [129]
and Chapter 6. But (2.40) is not convenient to use in actual computation since
ξ = ξ (x, t) does not explicitly specify the node location on the physical domain.
A mesh equation for the coordinate transformation x = x(ξ , t) instead can be ob-
tained by interchanging the roles of dependent and independent variables in (2.40).
This interchange can be done as follows: Differentiating both sides of the identity

ξ = ξ (x(ξ , t), t) (2.48)

with respect to ξ while holding t fixed gives

1 =
∂ξ

∂x
∂x
∂ξ

or
∂x
∂ξ

=
(

∂ξ

∂x

)−1

. (2.49)

Differentiating (2.48) with respect to t while holding ξ fixed gives

0 =
∂ξ

∂ t
+

∂ξ

∂x
∂x
∂ t

or
∂x
∂ t

=− ∂x
∂ξ

∂ξ

∂ t
. (2.50)

From (2.49) and (2.50), the gradient flow equation (2.40) becomes

∂x
∂ t

=
1
τ

∂x
∂ξ

P
(

ρ
∂x
∂ξ

)−2(
∂x
∂ξ

)−1
∂

∂ξ

(
ρ

∂x
∂ξ

)
. (2.51)

By choosing P = (ρxξ )2 in (2.51), we obtain the so-called MMPDE5 [186]:

(MMPDE5):
∂x
∂ t

=
1
τ

∂

∂ξ

(
ρ

∂x
∂ξ

)
. (2.52)

A slightly different choice P = (ρxξ )2/ρ is suggested in [175] to make the mesh
equation more spatially balanced throughout the physical domain. This results in
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the modified MMPDE5

(modified MMPDE5):
∂x
∂ t

=
1

τρ

∂

∂ξ

(
ρ

∂x
∂ξ

)
. (2.53)

Moreover, the choices

P =− ∂x
∂ξ

(
∂

∂ξ
ρ

∂

∂ξ

)−1(
ρ

∂x
∂ξ

)2
∂x
∂ξ

and

P =− ∂x
∂ξ

(
∂ 2

∂ξ 2

)−1(
ρ

∂x
∂ξ

)2
∂x
∂ξ

lead to the so-called MMPDE4 and MMPDE6

(MMPDE4):
∂

∂ξ

(
ρ

∂xt

∂ξ

)
=−1

τ

∂

∂ξ

(
ρ

∂x
∂ξ

)
, (2.54)

(MMPDE6):
∂ 2xt

∂ξ 2 =−1
τ

∂

∂ξ

(
ρ

∂x
∂ξ

)
. (2.55)

Note that these MMPDEs all have in common the fact that they contain the left-
hand-side term of the equidistribution relation (2.36), i.e.,

1
τ

∂

∂ξ

(
ρ

∂x
∂ξ

)
. (2.56)

This term plays the role of a driving force for mesh movement and provides the
mechanism to pull the mesh back toward equidistribution of the mesh density
function ρ when it drifts away from equidistribution. The term vanishes when the
equidistribution relation is satisfied, giving no mesh movement at that point. More-
over, when ρ is time independent and x(ξ , t) = x∗(ξ ) holds initially, where x∗(ξ )
is the corresponding equidistributing coordinate transformation (see (2.28)), then
x(ξ , t) = x∗(ξ ) holds for all time. In this case, x∗(ξ ) is an exact solution to these
MMPDEs.

The above MMPDEs can be discretized in a standard way. Consider the mod-
ified MMPDE5 as an example. A spatial discretization of (2.53) (or (1.14)) with
central finite differences on a uniform computational mesh is given in (1.18) and for
convenience repeated here: for j = 2, ...,N−1,

dx j

dt
=

1
ρ jτ∆ξ 2

[
ρ j+1 +ρ j

2
(x j+1− x j)−

ρ j +ρ j−1

2
(x j− x j−1)

]
, (2.57)

where x j ≈ x(ξ j, t) and ρ j = ρ(x j, t). The dependence of ρ on x and t often occurs
only through its dependence on the physical solution u = u(x, t). In such a case, we
can write ρ j = ρ(u(x j, t)). Use of (2.57) can be viewed as the method-of-lines ap-
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Table 2.3 The number of time steps required to achieve max j |xn+1
j − xn

j | ≤ 10−8 for modified
MMPDE5 (2.58) for Example 2.3.1.

∆ t \ N 11 21 41 81 161 321 641

1 N.Cnvg N.Cnvg N.Cnvg 236 105 91 88
0.1 N.Cnvg N.Cnvg 102 85 78 76 74
0.01 117 121 135 140 145 146 146

proach, either for computing the mesh for a given mesh density function ρ = ρ(x, t)
or for the simultaneous solution of a coupled system of mesh and physical equations
(cf. §1.2). Discretizing further in time and using the backward Euler discretization,
e.g., but calculating the mesh density function at the previous time step, we obtain

xn+1
j − xn

j

∆ t
=

1
ρn

j τ∆ξ 2

[ ρn
j+1 +ρn

j

2
(xn+1

j+1− xn+1
j )

−
ρn

j +ρn
j−1

2
(xn+1

j − xn+1
j−1)

]
, (2.58)

where xn
j ≈ x(ξ n

j , tn) and ρn
j = ρ(xn

j , tn). Note that (2.58) is a parabolic version of
(2.34).

Example 2.3.1 The mesh density function is the same one as for Example 2.2.1,
i.e.,

ρ = 1+20(1− tanh2(20(x−0.25)))+30(1− tanh2(30(x−0.5)))

+ 10(1− tanh2(10(x−0.75))) for x ∈ [0,1].

Starting with an initial uniform mesh, the scheme (2.58) with τ = 1 is used to com-
pute an approximation to the equidistributing mesh. The number of time steps (NT S)
required to achieve max j |xn+1

j − xn
j | ≤ 10−8 is listed in Table 2.3 for three choices

of ∆ t. One can see that for a fixed ∆ t, the convergence of the algorithm improves
as N increases and NT S stays almost constant for large N. NT S is plotted against
∆ t in Figure 2.4 for the case N = 641. The result shows NT S = O(∆ t−0.9) for small
∆ t, meaning that the convergence of the computation occurs around the time instant
tc = NT S×∆ t0.9. Interestingly, for relatively large ∆ t, NT S changes very little and
is not necessarily even monotone decreasing.
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Fig. 2.4 The number of time steps required to achieve max j |xn+1
j − xn

j | ≤ 10−8 for the scheme
(2.58) with N = 641 is plotted against ∆ t for Example 2.3.1.

2.3.2 MMPDEs in terms of inverse coordinate transformation

Mesh equations (2.31) and (2.40) have not normally been used for the computation
of adaptive meshes. This is mainly because (i) the inverse coordinate transforma-
tion does not directly give the node locations on the physical domain and (ii) the
inverse coordinate transformation has a steep gradient in the regions where ρ(x) is
large (cf. Figure 2.1) so that obtaining a reasonably accurate approximation requires
a priori having a good adaptive mesh (which is precisely what we want to com-
pute). Nevertheless, there are some situations where these difficulties can be fairly
easily overcome. For instance, when solving a time-dependent problem the mesh at
the previous time step can be used for solving (2.31) or (2.40). Moreover, the new
physical mesh can be obtained from a new ξ mesh using either an iteration proce-
dure (see Hagmeijer [163]) or linear interpolation, which is what is described in this
section.

Once again, we take the simple case of the MMPDE (2.40) with P = 1. Thus,
consider

∂ξ

∂ t
=

1
τ

∂

∂x

(
1
ρ

∂ξ

∂x

)
, (2.59)

which is referred to as MMPDE5xi due to its similarity to (2.52). Assume that a
physical mesh

T n
h : xn

j ≈ x(ξ j, tn), j = 1, ...,N

is available at time tn, where

T c
h : ξ j =

j−1
N−1

, j = 1, ...,N

is the uniform computational mesh. Using a backward Euler-type time discretization
of (2.59), we obtain
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ξ
n+1
j −ξ n

j

∆ t
=

2
τ(xn

j+1− xn
j−1)

( ξ
n+1
j+1 −ξ

n+1
j

xn
j+1− xn

j

2
ρn

j+1 +ρn
j

−
ξ

n+1
j −ξ

n+1
j−1

xn
j − xn

j−1

2
ρn

j +ρn
j−1

)
, (2.60)

which combined with the boundary conditions ξ
n+1
1 = 0 and ξ

n+1
N = 1 gives a sys-

tem of equations for the new computational mesh

T c,n+1
h : ξ

n+1
j , j = 1, ...,N.

Since the mesh density function is computed at t = tn, i.e., ρn
j = ρ(xn

j , tn), the system
is linear, but as a consequence there is a time lagging problem with this scheme (see
discussion on time lagging in §1.5.3 and §2.6).

By construction, the new computational mesh T c,n+1
h is related to the physical

mesh T n
h by

ξ
n+1
j ≈ ξ (xn

j , tn+1), j = 1, ...,N

or
xn

j ≈ x(ξ n+1
j , tn+1), j = 1, ...,N (2.61)

where ξ = ξ (x, t) denotes the inverse of the coordinate transformation x = x(ξ , t).
From this relation, one can see that the function x = x(ξ , tn+1) can be approximated
by the piecewise linear polynomial interpolating the paired points (ξ n+1

j ,xn
j) formed

by the nodes of meshes T c,n+1
h and T n

h , viz.,

x(ξ , tn+1)≈ x(ξ ) = Π1(T
c,n+1

h ,T n
h ;ξ ), (2.62)

where Π1 denotes the piecewise linear polynomial. Recalling that the desired new
physical mesh T n+1

h is related to the uniform computational mesh T c
h by

xn+1
j ≈ x(ξ j, tn+1), j = 1, ...,N (2.63)

from (2.62) one can obtain the new physical mesh as

xn+1
j = Π1(T

c,n+1
h ,T n

h ;ξ j), j = 1, ...,N. (2.64)

Linear interpolation is employed because it is relatively easy to implement and pre-
serves the monotonicity of the coordinate transformation, preventing mesh-point
crossover.

One advantage of having used the mesh equation (2.31) or (2.40) is that the dis-
cretization (2.60) is linear in the ξ mesh so no nonlinear iteration was needed in
computing it. The x mesh is simply computed using linear interpolation in (2.64)
instead of having to consider an iterative scheme like those in §2.2. This can work
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Table 2.4 The number of time steps NT S required to achieve max j |xn+1
j − xn

j | ≤ 10−8 using dis-
cretization (2.60) for MMPDE5xi for Example 2.3.2.

∆ t \ N 11 21 41 81 161 321 641

1 N.Cnvg 35 19 18 17 16 16
0.1 112 90 84 83 82 82 81

0.01 799 701 652 627 627 625 625
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modified MMPDE5
MMPDE5xi

Fig. 2.5 The number of time steps required to achieve max j |xn+1
j − xn

j | ≤ 10−8 for MMPDEs
(2.59) and (2.53) with N = 641 is plotted against ∆ t for Example 2.3.2.

well since one has a good approximation for the mesh from the previous time step.
Experience indicates that these mesh equations tend to produce a mesh closer to the
equidistributing one than the algorithms like (2.28), which involve a mesh equation
formulation in terms of x(ξ ), largely because the nonlinear nature of the equidistri-
bution process has been taken into consideration in such a simple way.

Example 2.3.2 The computation in Example 2.3.1 is repeated using the above-
described scheme with τ = 1 and an initial uniform mesh. The number of time steps
(NT S) required to achieve max j |xn+1

j − xn
j | ≤ 10−8 is listed in Table 2.4 for three

choices of ∆ t and plotted as a function of ∆ t in Figure 2.5. Once again, NT S is
of the order O(∆ t−0.9) for relatively small ∆ t and decreases slowly as N increases
for a fixed ∆ t. Interestingly, the results also show that modified MMPDE5 works
better for small ∆ t whereas MMPDE5xi is better for large ∆ t. Moreover, as can
be seen in Figure 2.6, for large ∆ t the difference between two consecutive meshes,
max j |xn+1

j − xn
j |, oscillates more significantly for modified MMPDE5 than MM-

PDE5xi.

To conclude this section, we remark that MMPDEs involving x = x(ξ , t) are more
convenient to use when the simultaneous solution procedure for the coupled system
of mesh and physical equations is desired (cf. §1.2 and §1.3). On the other hand,
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Fig. 2.6 Example 2.3.1. The difference between two consecutive meshes, max j |xn+1
j −xn

j |, is plot-
ted as function of n (iteration number) for discretization of the modified MMPDE5 (2.53) and
MMPDE5xi (2.59) with N = 81.

MMPDEs in terms of either x = x(ξ , t) or ξ = ξ (x, t) can be used with an alternate
solution procedure – see §2.6 for further discussion.

2.4 Mesh density functions based on interpolation error

A key to the success of mesh equidistribution for the adaptive numerical solution of
differential equations lies in the selection of an appropriate mesh density function.
Here we give an error analysis for the basic adaptive equidistribution problem intro-
duced in the previous sections. For the novice, the functional analysis tools required
for this analysis may seem technical and the task of interpreting the results daunting.
Nevertheless, such a study is invaluable: it provides an understanding of the prac-
tical principles needed to design and actually implement algorithms on computers,
as well as a knowledge of the inherent advantages and limitations of different mesh
adaptation strategies.

Our error analysis for the problem is based on error estimates for polynomial
interpolation. There are several reasons why this is the case. First, interpolation er-
ror estimates are simple to use, economical to compute, and most of all, problem
independent. As a consequence, adaptive mesh generation codes based on interpo-
lation error are used for a large class of problems. Second, the use of interpolation
error can be theoretically justified for the important case of finite element approxi-
mation of elliptic partial differential equations. This is because such an error often
dominates the finite element error. Third, estimates of other errors, such as the trun-
cation error for a finite difference discretization of a differential equation, can often
be written in a similar form to that of interpolation error estimates. When this is
the case, the procedure based on interpolation error for defining the mesh density
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function can be straightforwardly applied to these errors. Finally, it is often hard to
obtain reliable estimates for the error for complicated and/or highly nonlinear prob-
lems. Fortuitously, interpolation error estimates, used almost out of necessity, turn
out to frequently be the most reliable ones.

2.4.1 Interpolation error estimates

Here we consider estimates of interpolation error in the Sobolev space Hk+1(a,b),
where k≥ 0 will throughout denote the degree of interpolating piecewise polynomi-
als. A purpose here is to familiarize the reader with and motivate these estimates in
a simple setting. Results in multi-dimensions and in a more general Sobolev space
W l,p(Ω) are given in Chapter 4.

Given a mesh Th : x1 = a < x2 < ... < xN = b on [a,b], let

h j = x j− x j−1, I j = (x j−1, x j), j = 2, ...,n; h = max
j

h j.

Denote by Πk an interpolation or approximation operator preserving piecewise poly-
nomials of degree ≤ k on Th. Then a standard interpolation error bound (e.g., see
Ciarlet [104]) is the following: for 0≤ m≤ k,

|u−Πku|2Hm(a,b) ≤C
N

∑
j=2

h1+2(k−m+1)
j 〈u〉2Hk+1(I j)

, ∀u ∈ Hk+1(a,b) (2.65)

where C is a constant independent of the mesh Th and the function u, and the scaled
Hk+1 semi-norm of u on I j is

〈u〉Hk+1(I j) =
[

1
h j

∫ x j

x j−1

|u(k+1)|2dx
] 1

2
.

On a uniform mesh, (2.65) reduces to the classic result

|u−Πku|Hm(a,b) ≤CN−(k−m+1)|u|Hk+1(a,b) for 0≤ m≤ k. (2.66)

To help familiarize the reader with (2.65), a proof for the special case where
interpolation is done with Taylor polynomials is given below. It uses Taylor’s basic
expansion theorem. (Another special case is given in Exercise Problem 9.)

Theorem 2.4.1 (Taylor’s Theorem) Suppose that u∈Cn[a,b] and u(n+1) exists
on [a,b] for some integer n≥ 0. Then for x,x0 ∈ [a,b], u(x) can be expanded about
x0 as
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u(x) =
n

∑
j=0

(x− x0) j

j!
u( j)(x0)+Rn(x)≡ Tn(u)+Rn(x),

where the remainder term for the Taylor polynomial Tn(u) is given by

Rn(x) =
1
n!

∫ x

x0

(x− t)nu(n+1)(t)dt =
(x− x0)n+1

(n+1)!
u(n+1)(ξ )

for some ξ between x0 and x.

Proof of (2.65). For an arbitrary function u ∈ Hk+1(a,b), consider the interpola-
tion error from the kth Taylor polynomial on the subinterval I j (2≤ j ≤ N). Taking
x0 := x j−1 and n := k in Theorem 2.4.1 and differentiating the remainder term m
times (m≤ k) gives

R(m)
k (x) =

1
(k−m)!

∫ x

x j−1

(x− t)k−mu(k+1)(t)dt.

From Schwarz’s inequality,∫ x j

x j−1

|R(m)
k (x)|2dx

=
1

(k−m)!2

∫ x j

x j−1

∣∣∣∣∫ x

x j−1

(x− t)k−mu(k+1)(t)dt
∣∣∣∣2 dx

≤ 1
(k−m)!2(2(k−m)+1)

∫ x j

x j−1

(x− x j−1)2(k−m)+1dx
∫ x j

x j−1

|u(k+1)(t)|2dt

= Ch2(k−m+1)
j

∫ x j

x j−1

|u(k+1)(t)|2dt,

where C = ((k−m)!2(2(k−m)+1)2(k−m+1))−1. Thus,

|u−Tk(u)|2Hm(I j) ≤Ch1+2(k−m+1)
j 〈u〉2Hk+1(I j)

. (2.67)

Summing (2.67) from j = 2 to N yields

N

∑
j=2
|u−Tk(u)|2Hm(I j) ≤C

N

∑
j=2

h1+2(k−m+1)
j 〈u〉2Hk+1(I j)

,

which gives (2.65).

In practical computation, piecewise constant interpolation (k = 0) and linear in-
terpolation (k = 1) are commonly used. For the latter case, the error can be measured
in either the L2 norm (m = 0) or the H1 semi-norm (m = 1).
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2.4.2 Optimal mesh density functions

Based on the interpolation error inequality (2.65), the best mesh would be the one
minimizing the bound on the right-hand side. Minimizing this directly is usually
impractical since the highly nonlinear and non-convex nature of the error bound
gives a nasty minimization problem. Instead, an indirect approach is considered,
namely, an equidistribution approach where an optimal mesh which equidistributes
an appropriately defined mesh density function is sought.

The optimal mesh density function can be obtained using Theorem 2.1.2 where
the optimality property for the equidistributing mesh is given. To this end, we rewrite
(2.65) as

|u−Πku|2Hm(a,b) ≤C
N

∑
j=2

(
h j 〈u〉

2
1+2(k−m+1)

Hk+1(I j)

)1+2(k−m+1)

. (2.68)

Since 〈u〉Hk+1(I j) may vanish locally, we regularize (2.68) using a positive constant
αh (to be specified) to define a strictly positive mesh density function, i.e.,

|u−Πku|2Hm(a,b) ≤ C
N

∑
j=2

(
h j

[
αh + 〈u〉2Hk+1(I j)

] 1
1+2(k−m+1)

)1+2(k−m+1)

= C αh

N

∑
j=2

(
h j

[
1+

1
αh
〈u〉2Hk+1(I j)

] 1
1+2(k−m+1)

)1+2(k−m+1)

.(2.69)

The mesh- and solution-dependent factor in this bound is

E(Th) = (N−1)2(k−m+1)
αh

×
N

∑
j=2

(
h j

[
1+

1
αh
〈u〉2Hk+1(I j)

] 1
1+2(k−m+1)

)1+2(k−m+1)

. (2.70)

From Theorem 2.1.2, if the (optimal) mesh density function is defined as

ρ j =
[

1+
1

αh
〈u〉2Hk+1(I j)

] 1
1+2(k−m+1)

, j = 2, ...,N (2.71)

then the right-hand side of (2.69) attains its minimum asymptotically for the equidis-
tributing mesh. Thus,

|u−Πku|2Hm(a,b) ≤C N−2(k−m+1)
αh σ

1+2(k−m+1)
h , (2.72)

where
σh = ∑

j
h jρ j.



2.4 Mesh density functions based on interpolation error 57

The optimal mesh density function can also be obtained with a slightly more di-
rect optimization approach. Notice that the error bound (2.70) can be regarded as a
function of the mesh density function since an equidistributing mesh of N elements
is determined uniquely by ρ through proper boundary conditions and the equidistri-
bution relation

h jρ j =
σh

N−1
, j = 2, ...,N. (2.73)

Then the optimal mesh density function is obtained by minimizing the error bound
among all possible ρ , viz.,

min
admissible ρ

E(Th(ρ)).

Once again, direct solution of this minimization problem is impractical. Following
the proof of Theorem 2.1.2, we can first find a lower bound of E(Th) and then
show that the lower bound can be attained with an equidistributing mesh for an
appropriately chosen (optimal) mesh density function. Indeed, from the arithmetic-
mean geometric-mean inequality (cf. Theorem B.0.11) we have

E(Th)≥ αh

(
N

∑
j=2

h j

[
1+

1
αh
〈u〉2Hk+1(I j)

] 1
1+2(k−m+1)

)1+2(k−m+1)

. (2.74)

One can easily see that when the mesh density function is chosen as in (2.71), equal-
ity in (2.74) holds for any mesh equidistributing ρ and

E(Th) = αhσ
1+2(k−m+1)
h ,

which, combined with (2.69), gives (2.72).

Clearly, the size of αh determines the level of impact the derivatives of u have on
the adaptation, and for this reason αh is often referred to as the (adaptation) intensity
parameter. From the above derivation, we see that αh plays at least two important
roles:

(i) to define a strictly positive mesh density function ρ (a necessity to guarantee the
asymptotic optimality of the equidistributing mesh), and

(ii) appropriately chosen, to ensure that the equidistributing mesh has the property

h = max
j

h j→ 0 as N→ ∞. (2.75)

Following [175, 193, 195], there are two additional criteria for choosing αh:

(a) to ensure that the mesh density function defined in (2.71) is invariant under a
scaling transformation of u (i.e., multiplying u by a constant scaling parameter
should not change the mesh distribution), and

(b) to ensure that σh ≡ ∑ j h jρ j ≤ 2(b−a).
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The bound 2(b−a) in Criterion (b) can be changed to a different value, which in
turn affects the distribution of mesh points between regions of large and small ρ . To
see this, we first show that the ratio

∑ j h j(ρ j−1)
∑ j h jρ j

(2.76)

is a reasonable indicator of the percentage of the mesh points concentrated in
the regions with relatively large ρ . Denote by Ω

′
the union of intervals where

〈u〉Hk+1(I j) � αh or from (2.71), ρ j ≈ 1. Then, the complement of Ω
′
, Ω ′′ =

[a,b]\Ω ′
, represents the union of intervals where 〈u〉Hk+1(I j) > αh or 〈u〉Hk+1(I j)≈αh

(i.e., ρ j > 2 or ρ j ≈ 2), or the regions with relatively large ρ . From the equidistribu-
tion condition (2.73), ρ j ∝ 1/h j; in other words, the mesh density function provides
a measure of the mesh density d(x j) = 1/h j. Thus, the number of the mesh points
contained in Ω ′′ is proportional to

∑
I j∈Ω ′′

ρ jh j = ∑
j

ρ jh j− ∑
I j∈Ω

′
ρ jh j

≈∑
j

ρ jh j− ∑
I j∈Ω

′
h j

= ∑
j

ρ jh j−|Ω
′ |

≈∑
j

ρ jh j− (|Ω ′ |+ |Ω ′′|)

= ∑
j

ρ jh j−∑
j

h j

= ∑
j

h j(ρ j−1).

Here, we have assumed |Ω ′′| ≈ 0, i.e., the regions of large ρ are small. This is true
in many practical problems where Ω ′′ corresponds to layer regions. Since the total
number of mesh points is proportional to ∑ j ρ jh j, we see that the ratio (2.76) is a
reasonable indicator for the percentage of the mesh points contained in the region
with relatively large ρ .

The reason for choosing αh such that ∑ j h jρ j ≤ 2(b−a) is that then

∑ j h j(ρ j−1)
∑ j h jρ j

= 1− (b−a)
∑ j h jρ j

≥ 0.5,

so that at least 50% of the mesh points are concentrated in the regions with relatively
large ρ (where ρ j > 2 or ρ j ≈ 2).

Defining αh to satisfy Criterion (b) is straightforward: From Jensen’s inequality
(Theorem B.0.12),
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σh ≡∑
j

h jρ j ≤∑
j

h j

[
1+
(

1
αh
〈u〉2Hk+1(I j)

) 1
1+2(k−m+1)

]

≤ (b−a)+α
− 1

1+2(k−m+1)
h ∑

j
h j 〈u〉

2
1+2(k−m+1)

Hk+1(I j)
,

so Criterion (b) is satisfied by simply setting

αh =

[
1

b−a ∑
j

h j 〈u〉
2

1+2(k−m+1)

Hk+1(I j)

]1+2(k−m+1)

. (2.77)

Clearly, Criterion (a) is also satisfied with this choice.
Inserting (2.77) into (2.72), we have proved the following theorem:

Theorem 2.4.2 Suppose that u ∈ Hk+1(a,b). If the mesh density function and
intensity parameter are chosen by (2.71) and (2.77), respectively, then for 0≤m≤ k
the interpolation error for the corresponding equidistributing mesh satisfies

|u−Πku|Hm(a,b) ≤ C N−(k−m+1)

[
∑

j
h j 〈u〉

2
1+2(k−m+1)

Hk+1(I j)

] 1+2(k−m+1)
2

= C N−(k−m+1)(b−a)
1+2(k−m+1)

2 α
1
2

h . (2.78)

We shall see that using the term N−(k−m+1)(b− a)
1+2(k−m+1)

2 α
1
2

h allows one to
get a computable error estimate on an equidistributing mesh. The reliability of this
estimate is seen for a number of examples in §2.5.4.

Since the equidistributing mesh satisfies (2.73) for the mesh density function
(2.71), the facts that σh ≤ 2(b−a) and ρ j ≥ 1 imply

h j ≤
2(b−a)

N−1
, j = 2, ...,N. (2.79)

Thus, the desired condition (2.75) is satisfied as well. It follows from the L2 integra-
bility of u(k+1) and Theorem 2.4.2 that

lim
N→∞

αh =
[

1
b−a

∫ b

a
|u(k+1)|

2
1+2(k−m+1) dx

]1+2(k−m+1)

(2.80)

and

lim
N→∞

N(k−m+1) |u−Πku|Hm(a,b) ≤ C
∥∥∥u(k+1)

∥∥∥
L

2
1+2(k−m+1) (a,b)

. (2.81)
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The convergence rate of the limits (2.80) and (2.81) can be obtained under some
additional conditions on u. To this end, we need the following two lemmas first
proven in He and Huang [170].

Lemma 2.4.1 For any real number 0 < γ ≤ 1 and any mesh Th for Ω ≡ (a,b),

‖v‖2γ

L2γ (Ω) ≤∑
j

h1−γ

j ‖v‖
2γ

L2(I j)
≤ |Ω |1−γ‖v‖2γ

L2(Ω) ∀v ∈ L2(Ω). (2.82)

Proof. Using Theorems A.0.3 and B.0.11, the estimates follow from

∑
j

h j 〈v〉2γ

L2(I j)
= ∑

j
h j

(
1
h j

∫
I j

|v|2dx
)γ

≥∑
j

h j

(
1
h j

∫
I j

|v|2γ dx
)

= ‖v‖2γ

L2γ (Ω),

(
1
|Ω |∑j

h j

(
1
h j
‖v‖2

L2(I j)

)γ
) 1

γ

≤ 1
|Ω |∑j

h j

(
1
h j
‖v‖2

L2(I j)

)
=

1
|Ω |
‖v‖2

Ω .

Lemma 2.4.2 For any real number 0 < γ ≤ 1
2 and any mesh Th for Ω ≡ (a,b),

there holds, for any v ∈ L2(Ω)∩W 1,1(Ω),

‖v‖2γ

L2γ (Ω) ≤∑
j

h1−γ

j ‖v‖
2γ

L2(I j)
≤ ‖v‖2γ

L2γ (Ω) +2h2γ |Ω |1−2γ‖v′‖2γ

L1(Ω), (2.83)

where h = max j h j.

Proof. The left inequality is a consequence of Lemma 2.4.1.
To prove the right inequality, define the element-wise average of v as

vI j =
1
h j

∫
I j

vdx.

From Corollary B.0.1 and Theorem A.0.3 it follows that
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∑
j

h1−γ

j ‖v‖
2γ

L2(I j)
−‖v‖2γ

L2γ (Ω)

= ∑
j

h1−γ

j ‖v− vI j + vI j‖
2γ

L2(I j)
−∑

j

∫
I j

|v|2γ dx

≤∑
j

h1−γ

j ‖v− vI j‖
2γ

L2(I j)
+∑

j
h1−γ

j ‖vI j‖
2γ

L2(I j)
−∑

j

∫
I j

|v|2γ dx

= ∑
j

h1−γ

j ‖v− vI j‖
2γ

L2(I j)
+∑

j

∫
I j

(|vI j |
2γ −|v|2γ)dx

≤∑
j

h1−γ

j ‖v− vI j‖
2γ

L2(I j)
+∑

j

∫
I j

|vI j − v|2γ dx

≤∑
j

h1−γ

j ‖v− vI j‖
2γ

L2(I j)
+∑

j
h j

(
1
h j

∫
I j

|vI j − v|2dx
)γ

≤ 2∑
j

h1−γ

j ‖v− vI j‖
2γ

L2(I j)
. (2.84)

Generally speaking, the term ‖v− vI j‖L2(I j) can be estimated using Poincaré’s in-
equality (cf. Theorem A.0.9). However, for the current 1D situation a sharper bound
can be obtained. Indeed, from the assumption v ∈W 1,1(Ω) we have

‖v− vI j‖
2
L2(I j)

=
∫

I j

∣∣∣∣v(x)− 1
h j

∫
I j

v(t)dt
∣∣∣∣2 dx

=
1
h2

j

∫
I j

∣∣∣∣∫I j

(v(x)− v(t))dt
∣∣∣∣2 dx

=
1
h2

j

∫
I j

∣∣∣∣∫I j

∫ x

t
v′(s)dsdt

∣∣∣∣2 dx

≤ h j‖v′‖2
L1(I j)

. (2.85)

Combining (2.85) with (2.84) and using Hölder’s inequality we obtain

∑
j

h1−γ

j ‖v‖
2γ

L2(I j)
−‖v‖2γ

L2γ (Ω) ≤ 2∑
j

h j‖v′‖2γ

L1(I j)

≤ 2h2γ
∑

j
h1−2γ

j ‖v′‖2γ

L1(I j)

≤ 2h2γ

(
∑

j
h

(1−2γ)· 1
1−2γ

j

)1−2γ

·

(
∑

j
‖v′‖

2γ· 1
2γ

L1(I j)

)2γ

= 2h2γ |Ω |1−2γ‖v′‖2γ

L1(Ω),

which gives the right inequality of (2.83).
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Using Lemma 2.4.2 we can obtain in following theorem giving the convergence
rate of αh to α as N→ ∞.

Theorem 2.4.3 Suppose that u ∈ Hk+1(a,b). If the mesh density function and
intensity parameter are chosen by (2.71) and (2.77), respectively, then for 0≤m≤ k
the interpolation error for the corresponding equidistributing mesh satisfies

lim
N→∞

N(k−m+1) |u−Πku|Hm(a,b) ≤C
∥∥∥u(k+1)

∥∥∥
L

2
1+2(k−m+1) (a,b)

. (2.86)

If u further satisfies u(k+2) ∈ L1(a,b), then

|u−Πku|Hm(a,b)

≤C N−(k−m+1)
(∥∥∥u(k+1)

∥∥∥
L

2
1+2(k−m+1) (a,b)

+
1
N
‖u(k+2)‖L1(a,b)

)
. (2.87)

Proof. (2.86) is simply (2.81). (Inequality (2.86) can also be proven using (2.87)
and the fact that functions satisfying u(k+2) ∈ L1(a,b) are dense in Hk+1(a,b); e.g.,
see [170].)

Applying Lemma 2.4.2 to (2.77) and using (2.79) we get∥∥∥u(k+1)
∥∥∥ 2

1+2(k−m+1)

L
2

1+2(k−m+1) (a,b)
≤ α

1
1+2(k−m+1)

h (b−a)

≤
∥∥∥u(k+1)

∥∥∥ 2
1+2(k−m+1)

L
2

1+2(k−m+1) (a,b)
+2(b−a)

(
2‖u(k+2)‖L1(a,b)

N−1

) 2
1+2(k−m+1)

.

Inequality (2.87) now follows by combining the above inequality, the definition for
αh (in (2.77)), and (2.78).

As discussed in §2.2, only approximate equidistributing meshes are found in
practical computation because the integrals involved in the equidistribution rela-
tionship must generally be calculated numerically. As a result, we wish to ex-
tend the global interpolation error bounds in Theorems 2.4.2 and 2.4.3 to more
general meshes. A natural generalization of the equidistributing mesh is a quasi-
equidistributing mesh satisfying

(N−1) h jρ j

σh
≤ κeq j = 2, ...,N (2.88)

for some constant κeq ≥ 1 independent of j and N. Here, σh = ∑ j h jρ j. Note that
when κeq = 1, one has an exact equidistributing mesh. Moreover, if we define a
discrete analog to the continuous equidistribution quality measure (2.25) by
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Qeq(I j) =
(N−1) h jρ j

σh
, j = 2, ...,N, (2.89)

equation (2.88) gives
max

j
Qeq(I j)≤ κeq.

Furthermore, when ρ and αh are chosen as in (2.71) and (2.77), respectively, (2.88)
implies that a quasi-equidistributing mesh has the property

h j ≤
2(b−a)κeq

N−1
, j = 2, ...,N. (2.90)

With these properties of quasi-equidistributing meshes, we can prove the fol-
lowing analogue to Theorems 2.4.2 and 2.4.3 about equidistributing meshes using
similar techniques.

Theorem 2.4.4 Suppose that u ∈ Hk+1(a,b). If the mesh density function and
intensity parameter are chosen by (2.71) and (2.77), respectively, then for 0 ≤
m ≤ k the interpolation error for a quasi-equidistributing mesh satisfying (2.88)
is bounded by

|u−Πku|Hm(a,b) ≤C N−(k−m+1)
κ

k−m+1
eq

[
∑

j
h j 〈u〉

2
1+2(k−m+1)

Hk+1(I j)

] 1+2(k−m+1)
2

(2.91)

and

lim
N→∞

N(k−m+1) |u−Πku|Hm(a,b) ≤C κ
k−m+1
eq

∥∥∥u(k+1)
∥∥∥

L
2

1+2(k−m+1) (a,b)
. (2.92)

Furthermore, if u satisfies u(k+2) ∈ L1(a,b), then

|u−Πku|Hm(a,b) ≤ C N−(k−m+1)
κ

k−m+1
eq

×
(∥∥∥u(k+1)

∥∥∥
L

2
1+2(k−m+1) (a,b)

+
κeq

N
‖u(k+2)‖L1(a,b)

)
. (2.93)

This brings us to the heart of the matter: What is the advantage of an adaptive
mesh over a uniform one? The answer can be seen by comparing the respective
error bounds (2.86) and (2.66) for equidistributing and uniform meshes. Their main
difference lies in the solution dependent factors ‖u(k+1)‖

L
2

1+2(k−m+1) (a,b)
in (2.86)

and |u|Hk+1(a,b) ≡ ‖u(k+1)‖L2(a,b) in (2.66). They are of the same size when u(k+1)

is smooth. However, the former is much smaller than the latter when u(k+1) is not
smooth. Thus, the main advantage of an adaptive mesh is that when the solution is
not smooth, the error bound on an adaptive mesh contains a much smaller solution-
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dependent factor and overall is much smaller than the bound on a uniform mesh
with the same number of elements. This also suggests that a smoothness indicator
of the solution be defined as [178]

Qsoln(u) ≡

〈
u(k+1)

〉
L2(a,b)〈

u(k+1)
〉

L
2

1+2(k−m+1) (a,b)

=

(
1

b−a
∫ b

a |u(k+1)|2dx
) 1

2

(
1

b−a
∫ b

a |u(k+1)|
2

1+2(k−m+1) dx
) 1+2(k−m+1)

2

. (2.94)

Roughly speaking, Qsoln(u) = O(1) indicates that the solution is smooth, while
Qsoln(u)� 1 implies that it is not smooth.

Finally, it is useful to note that ρ j and αh have the continuous forms

ρ(x) =
[

1+
1
α
|u(k+1)(x)|2

] 1
1+2(k−m+1)

, (2.95)

α =
[

1
b−a

∫ b

a
|u(k+1)|

2
1+2(k−m+1) dx

]1+2(k−m+1)

. (2.96)

2.4.3 Error bounds for commonly used non-optimal mesh density
functions

Here we consider interpolation error bounds for meshes equidistributing some com-
monly used non-optimal mesh density functions. (See §2.4.4 for comparison of these
bounds with those for optimal mesh density functions.) Recall the equidistribution
relation

h jρ j =
σh

N−1
, j = 2, ...,N

where σh = ∑h jρ j. From (2.65), an interpolation error bound for such a mesh is

|u−Πku|2Hm(a,b) ≤ C
N

∑
j=2

h j

(
σh

Nρ j

)2(k−m+1)

〈u〉2Hk+1(I j)

=
Cσ

2(k−m+1)
h

N2(k−m+1)

N

∑
j=2

h j

〈u〉2Hk+1(I j)

ρ
2(k−m+1)
j

.

Assuming that max j h j→ 0 as N→∞, we can take the limit in the above inequality
and obtain
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lim
N→∞

Nk−m+1 |u−Πku|Hm(a,b)

≤C

[∫ b

a

|u(k+1)(x)|2

ρ(x)2(k−m+1) dx

] 1
2 [∫ b

a
ρ(x)dx

]k−m+1

, (2.97)

where we have used σh ≈ σ =
∫ b

a ρ(x)dx.

It is instructive to look at several special cases.
(i) The first choice is ρ = 1. For this case, a uniform mesh results and (2.97)

becomes

lim
N→∞

Nk−m+1 |u−Πku|Hm(a,b) ≤C
[∫ b

a
|u(k+1)|2dx

] 1
2

,

which is essentially the classical bound (2.66) for interpolation error on a uniform
mesh.

(ii) The second choice is the optimal mesh density function (2.95). It is not diffi-
cult to show that (2.97) reduces to (2.86).

(iii) The third choice is the arc-length mesh density function

ρ =
√

1+ |u′|2, (2.98)

which is aimed at equidistributing the arc-length of the solution curve over the mesh
points. This has proven to be fairly popular in the moving mesh community for sev-
eral reasons. First, a discrete approximation to the first-order derivative of the solu-
tion is often smoother than those for higher-order derivatives, and the corresponding
mesh equation is thus easier to solve. Second, obtaining a discrete approximation is
easier for the first-order derivative than higher-order ones. Finally, and more im-
portantly, the arc-length mesh density function has proven successful for certain
classes of problems. (Comparison of the performances of this and some second-
order derivative based mesh density functions can be seen in §2.4.5 and 2.5.1 in this
and the next sections, as well as in the work of Blom and Verwer [52].) For a mesh
equidistributing (2.98), the error bound is

lim
N→∞

Nk−m+1 |u−Πku|Hm(a,b)

≤ C

[∫ b

a

|u(k+1)|2

(1+ |u′|2)(k−m+1) dx

] 1
2 [∫ b

a

(
1+ |u′|2

) 1
2 dx
]k−m+1

. (2.99)

If the first integral on the right-hand side is bounded, then the interpolation error
can basically be bounded by ‖u′‖L2(a,b). This may explain why the arc-length mesh
density function works well for certain applications.

(iv) The final choice is the curvature mesh density function
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ρ =
(
1+ |u′′|2

) 1
4 , (2.100)

which has also been often used in practice. It can be motivated by the fact that
the second-order derivative should be used for mesh adaptation related to linear
interpolation. For a mesh equidistributing (2.100), the bound (2.97) reduces to

lim
N→∞

Nk−m+1 |u−Πku|Hm(a,b)

≤ C

[∫ b

a

|u(k+1)|2

(1+ |u′′|2)(k−m+1)/2 dx

] 1
2 [∫ b

a

(
1+ |u′′|2

) 1
4 dx
]k−m+1

. (2.101)

2.4.4 Summary of mesh density functions and error bounds

For easy reference as well as comparison purposes, we list here the mesh density
functions described in the preceding two subsections and their corresponding er-
ror bounds for equidistributing meshes in the commonly used cases of piecewise
constant and piecewise linear interpolation.

These error bounds are examined for an analytical example in §2.4.5 and several
numerical examples in §2.5.4.

(a) Piecewise constant interpolation (k = 0 and m = 0).

• Uniform mesh (2.66):

N ‖u−Π0u‖L2(a,b) ≤C
[∫ b

a
|u′|2dx

] 1
2

. (2.102)

• Optimal mesh density function (2.95), (2.96), and (2.86):

ρ =
(

1+
1
α
|u′|2

) 1
3
, α =

[
1

b−a

∫ b

a
|u′|

2
3 dx
]3

, (2.103)

lim
N→∞

N ‖u−Π0u‖L2(a,b) ≤C
[∫ b

a
|u′|

2
3 dx
] 3

2

. (2.104)

• Arc-length mesh density function (2.98) and (2.99):

ρ =
(
1+ |u′|2

) 1
2 ,

lim
N→∞

N ‖u−Π0u‖L2(a,b) ≤C
[∫ b

a

|u′|2

1+ |u′|2
dx
] 1

2
[∫ b

a

(
1+ |u′|2

) 1
2 dx
]
. (2.105)

From Hölder’s inequality, it can be shown (see Problem 12) that
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a
|u′|

2
3 dx
] 3

2

≤
[∫ b

a

|u′|2

1+ |u′|2
dx
] 1

2
[∫ b

a

(
1+ |u′|2

) 1
2 dx
]
. (2.106)

Therefore, ignoring the generic constants in the bounds, the error bound in (2.104)
is smaller than that in (2.105).

(b) Piecewise linear interpolation with error measured in the L2 norm (k = 1
and m = 0).

• Uniform mesh (2.66):

N2 ‖u−Π1u‖L2(a,b) ≤C
[∫ b

a
|u′′|2dx

] 1
2

. (2.107)

• Optimal mesh density function (2.95), (2.96), and (2.86):

ρ =
(

1+
1
α
|u′′|2

) 1
5
, α =

[
1

b−a

∫ b

a
|u′′|

2
5 dx
]5

, (2.108)

lim
N→∞

N2 ‖u−Π1u‖L2(a,b) ≤C
[∫ b

a
|u′′|

2
5 dx
] 5

2

. (2.109)

• Arc-length mesh density function (2.98) and (2.99):

ρ =
(
1+ |u′|2

) 1
2 ,

lim
N→∞

N2 ‖u−Π1u‖L2(a,b)

≤ C
[∫ b

a

|u′′|2

(1+ |u′|2)2 dx
] 1

2
[∫ b

a

(
1+ |u′|2

) 1
2 dx
]2

. (2.110)

• Curvature mesh density function (2.100) and (2.101):

ρ =
(
1+ |u′′|2

) 1
4 ,

lim
N→∞

N2 ‖u−Π1u‖L2(a,b)

≤ C
[∫ b

a

|u′′|2

1+ |u′′|2
dx
] 1

2
[∫ b

a

(
1+ |u′′|2

) 1
4 dx
]2

. (2.111)

From Hölder’s inequality we have[∫ b

a
|u′′|

2
5 dx
] 5

2

≤
[∫ b

a

|u′′|2

1+ |u′′|2
dx
] 1

2
[∫ b

a

(
1+ |u′′|2

) 1
4 dx
]2

, (2.112)

so the error bound (2.111) is larger than (2.109) ignoring the generic constants.
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(c) Piecewise linear interpolation with error measured in the H1 semi-norm
(k = 1 and m = 1).

• Uniform mesh (2.66):

N ‖(u−Π1u)′‖L2(a,b) ≤C
[∫ b

a
|u′′|2dx

] 1
2

. (2.113)

• Optimal mesh density function (2.95), (2.96), and (2.86):

ρ =
(

1+
1
α
|u′′|2

) 1
3
, α =

[
1

b−a

∫ b

a
|u′′|

2
3 dx
]3

, (2.114)

lim
N→∞

N ‖(u−Π1u)′‖L2(a,b) ≤C
[∫ b

a
|u′′|

2
3 dx
] 3

2

. (2.115)

• Arc-length mesh density function (2.98) and (2.99):

ρ =
(
1+ |u′|2

) 1
2 ,

lim
N→∞

N ‖(u−Π1u)′‖L2(a,b)

≤ C
[∫ b

a

|u′′|2

1+ |u′|2
dx
] 1

2
[∫ b

a

(
1+ |u′|2

) 1
2 dx
]
. (2.116)

• Curvature mesh density function (2.100) and (2.101):

ρ =
(
1+ |u′′|2

) 1
4 ,

lim
N→∞

N ‖(u−Π1u)′‖L2(a,b)

≤ C
[∫ b

a

|u′′|2

(1+ |u′′|2)1/2 dx
] 1

2
[∫ b

a

(
1+ |u′′|2

) 1
4 dx
]
. (2.117)

Once again, from Hölder’s inequality we have[∫ b

a
|u′′|

2
3 dx
] 3

2

≤
[∫ b

a

|u′′|2

(1+ |u′′|2)1/2 dx
] 1

2
[∫ b

a

(
1+ |u′′|2

) 1
4 dx
]
, (2.118)

implying that error bound (2.117) is larger than (2.115) when ignoring generic con-
stants.

Note that assuming α = 1, the curvature mesh density function ρ ∼ |u′′| 12 lies be-
tween those for the optimal mesh density functions (2.108) (ρ ∼ |u′′| 25 ) and (2.114)
(ρ ∼ |u′′| 23 ). Thus, it is not unreasonable to expect these mesh density functions to
perform comparably to each other for most applications.
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2.4.5 Error bounds for a function with boundary layer

In this subsection we examine error bounds for piecewise linear interpolation of the
function

u(x) = tanh(Rx), x ∈ (−1,1) (2.119)

where R is a parameter. This function, having a sharp layer near x = 0 for large R, is
representative of solutions having sharp layers with exponential growth or decay.

First consider the case where the interpolation error is measured in the H1 semi-
norm. For k = 1 and m = 1, the optimal mesh density function is calculated using
(2.114). Bounds on the interpolation error for uniform and various equidistributing
meshes are then found from (2.113), (2.115), (2.116), and (2.117). Since

u′ = R(1− tanh2(Rx)), u′′ =−2R2 tanh(Rx) (1− tanh2(Rx)), (2.120)

for large R the derivatives u′ and u′′ are essentially zero in (−1,1) except for an
interval (denoted by I) where

u′ = O(R), u′′ = O(R2).

It is not difficult to see that I is centered at x = 0 and has a length of O(1/R). It
follows that ∫ 1

−1
|u′′|2dx =

∫
I
O(R4)dx = O(R3),∫ 1

−1
|u′′|

2
3 dx =

∫
I
O(R

4
3 )dx = O(R

1
3 ),∫ 1

−1

(
1+ |u′|2

) 1
2 dx = 2+

∫
I
O(R)dx = O(1),∫ 1

−1

|u′′|2

(1+ |u′′|2)1/2 dx =
∫

I
O(R2)dx = O(R),∫ 1

−1

(
1+ |u′′|2

) 1
4 dx = 2+

∫
I
O(R)dx = O(1).

The first integral on the right-hand side of (2.116) must be estimated in a different
way because u′ and u′′ reach their maxima at different locations. Define the function
γ(x)≥ 0 implicitly through the equation

1− tanh2(Rx) = R−γ(x).

Since from (2.120)

u′(x) = O(R1−γ(x)), u′′(x) = O(R2−γ(x)),
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Table 2.5 Function (2.119). Error bounds on uniform and equidistributing meshes for piecewise
linear interpolation with N→ ∞ and R held fixed.

Mesh ‖u−Π1u‖L2 ‖(u−Π1u)′‖L2

Uniform mesh O(R1.5N−2) O(R1.5N−1)

Mesh for optimal ρ (2.108) (k = 1, m = 0) O(R−0.5N−2)
Mesh for optimal ρ (2.114) (k = 1, m = 1) O(R0.5N−1)

Mesh for arc-length ρ (2.98) O(R0.5N−2) O(R0.5N−1)
Mesh for curvature ρ (2.100) O(R−0.5N−2) O(R0.5N−1)

we have

|u′′|2

1+ |u′|2
(x) =

O(R2(2−γ(x)))
1+O(R2(1−γ(x)))

=
{

O(R2), for 0≤ γ(x)≤ 1
O(R4−2γ(x)), for 1 < γ(x)

implying that the maximum of the integrand is O(R2). Since the length of the inter-
val where the integrand reaches this magnitude is O(1/R),∫ 1

−1

|u′′|2

1+ |u′|2
dx = O(R).

Inserting the above estimates of the integrals into (2.113), (2.115), (2.116), and
(2.117), we find the error bounds on uniform and equidistributing meshes. These
are summarized in the right column of Table 2.5. The middle column shows the
corresponding results for the case k = 1 and m = 0. One can see that the error bounds
for adaptive meshes have a much weaker R-dependence (R0.5 for H1 semi-norm and
R−0.5 for L2 norm) than that for a uniform mesh (R1.5). The R-dependence is the
same for all mesh density functions except for the case (k,m) = (1,0), where the
arc-length mesh density function yields a stronger dependence (R0.5). This indicates
that the arc-length mesh density function may produce an adaptive mesh that is
better than a uniform mesh but inferior to those generated using the optimal and
curvature mesh density functions.

Some caution should be taken when interpreting the R-dependence of the error
bounds because they involve the two parameters N and R, and they can have different
limits for R large but fixed and N → ∞ versus for N fixed and R→ ∞. The error
bounds in Table 2.5 are valid in the limit as N→ ∞ and thus characterize the error
behavior correctly only for sufficiently large N, say N ≥ N0(R) for some number N0

depending upon R. This can be seen in Figure 2.7 where the L2 norm of the actual
error of linear interpolation on a uniform mesh shows the second order convergence
only after N ≥ 81 for R = 100 and N ≥ 161 for R = 200. A typical region in the N-R
plane where an asymptotic error bound might give a correct characterization of the
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Fig. 2.7 Function (2.151). The L2 norm of linear interpolation error on uniform meshes is plotted
as function of N for R = 100 and R = 200.
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Fig. 2.8 Function (2.151). A sketch for the (shadowed) region in the N-R plane where an asymp-
totic bound characterizes error behavior correctly.
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Fig. 2.9 Function (2.151). The L2 norm and H1 semi-norm of linear interpolation error on uniform
meshes are plotted as function of R for N = 81, 161, and 321.

error behavior is sketched in Figure 2.8. A different interpretation of this region is
that for a given N, the error bound has the correct R-dependence for small R, viz.,
R < R0(N) for some value R0 depending upon N. This is illustrated in Figure 2.9,
where both the L2 norm and H1 semi-norm of the actual error on a uniform mesh
show the O(R1.5) behavior only for relatively small R.
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The actual error behavior with N fixed and R→ ∞ can be estimated as follows:
For large R, both the exact solution u and u′, and the piecewise linear interpolant
Π1u and (Π1u)′, are essentially zero away from x = 0. When the mesh is uniform,
assume without loss of generality that there is only one mesh interval I j∗ where these
functions are not all zero. Also assume that R is sufficiently large that I, the interval
where u′ = O(R), is contained in I j∗ . The length of I j∗ is constant since N is fixed,
and it is not difficult to show that

u = O(1), u′ = O(R), Π1u = O(1), (Π1u)
′
= O(1) on I j∗ .

It follows that ∫ 1

−1
|u−Π1u|2dx =

∫
I j∗

O(1)dx = O(1)

and ∫ 1

−1
|(u−Π1u)′|2dx =

∫
I j∗
|u′−O(1)|2dx = O(1)+

∫
I j∗
|u′|2dx = O(R).

Thus, on a uniform mesh we have

‖u−Π1u‖L2(−1,1) = O(1), as R→ ∞ (2.121)

‖(u−Π1u)′‖L2(−1,1) = O(R0.5), as R→ ∞. (2.122)

In the case of an equidistributing mesh for a mesh density function, we need to
estimate the length of I j∗ , now the union of the subintervals Ik where u′ = O(R).
Consider the arc-length mesh density function as an example. The equidistribution
relation implies

∑
k

ρkhk ≤∑
j

ρ jh j = σh = O(1).

Since ρk =
√

1+(u′)2 = O(R) implies hk = O( 1
R ) for each subinterval I j∗ , its length

H j∗ satisfies

H j∗ = O(
1
R

). (2.123)

Similar results can be obtained for the other mesh density functions considered here.
It is now straightforward to estimate the interpolation error. Since

u = O(1), u′ = O(R), Π1u = O(1), (Π1u)
′
= O(R)

on I j∗ , it follows that∫ 1

−1
|u−Π1u|2dx =

∫
I j∗

O(1)dx = O(R−1)
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Table 2.6 Function (2.119). Error bounds on uniform and equidistributing meshes for piecewise
linear interpolation as R→ ∞ with N held fixed.

Mesh ‖u−Π1u‖L2 ‖(u−Π1u)′‖L2

Uniform mesh O(1) O(R0.5)

Mesh for optimal ρ (2.108) (k = 1, m = 0) O(R−0.5)
Mesh for optimal ρ (2.114) (k = 1, m = 1) O(R0.5)

Mesh for arc-length ρ (2.98) O(R−0.5) O(R0.5)
Mesh for curvature ρ (2.100) O(R−0.5) O(R0.5)

and ∫ 1

−1
|(u−Π1u)′|2dx =

∫
I j∗
|(u−Π1u)′|2dx = O(R).

Thus, on a mesh equidistributing the optimal, arc-length, or curvature mesh density
function we have

‖u−Π1u‖L2(−1,1) = O(R−0.5), as R→ ∞ (2.124)

‖(u−Π1u)′‖L2(−1,1) = O(R0.5), as R→ ∞. (2.125)

These error estimates for R→∞ are summarized in Table 2.6. They are confirmed
by the actual error shown in Figure 2.9 for a uniform mesh and Figure 2.13 (of
Example 2.5.1) for adaptive meshes.

It is interesting to note that the error bounds as N → ∞ and as R→ ∞ (cf. Ta-
bles 2.5 and 2.6) exhibit the same R-dependence for the optimal and the curvature
mesh density functions. It leads one to conjecture that this is always the case when
a proper adaptive mesh is used to approximate a function with sharp layers like that
for tanh(Rx).

These various cases illustrate the subtlety required to properly interpret the error
bounds. One of the remarkable properties of adaptive meshes is that for fixed N, the
L2 norm of the solution actually decreases as R→ ∞ (i.e., as the problem becomes
more difficult). In contrast, note that when R is not large, all of the error bounds
have the same asymptotic form, and a uniform mesh strategy is as good as any
other as N → ∞. This is not surprising, since it is a case where adaptivity is not
needed, as would be seen from examining the smoothness measure or indicator
(2.94). However, interpreting its size as “large” in turn varies from one situation
to the next, depending upon what values of N are being used in practice.
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2.5 Computation of mesh density functions and examples

2.5.1 Recovery of solution derivatives

As we have seen in the preceding section, the discrete forms of the optimal mesh
density function (2.71) and intensity parameter (2.77) cannot generally be computed
exactly because they involve integrals which must be approximated numerically.
On the other hand, the continuous forms, (2.95) and (2.96), are simpler, and they
give the same asymptotic error bound for the corresponding equidistributing mesh.
For this reason, these continuous forms for ρ and α are recommended for use in
practical computation.

Another issue for the computation of the mesh density functions is how to com-
pute the requisite derivatives of u. This is not a problem when an analytical expres-
sion for u is available, as has been assumed thus far. However, in most practical
applications only approximations to the nodal values of the solution are known,
so the problem arises of how to compute approximate derivative values in terms
of these nodal values. A simple way is to use finite difference approximations, as
shown in (1.22) of Chapter 1. Other methods include gradient (and Hessian) recov-
ery techniques, e.g., the ones developed by Zienkiewicz and Zhu [354, 355] and
Zhang and Naga [353]. These techniques generally produce fairly reliable and ac-
curate results, although theoretical proofs of convergence have usually been given
only for quasi-uniform meshes. indexmesh!quasi-uniform

A gradient recovery technique adopted from [353] is considered here. Suppose
that the solution values u j, j = 1, ...,N, defined on a mesh x1 = a < x2 < · · ·< xN = b
are known. Given an integer p≥ 1, let x ji , i = 1, ...,2p+1 be the 2p+1 neighboring
mesh points closest to x j (including x j itself), and let their center be x̂ j. Define

H j = max
i=1,...,2p+1

|x ji − x̂ j|.

Using the first three orthogonal Legendre polynomials P0(x) = 1, P1(x) = x, and
P2(x) = (3x2−1)/2, one determines the quadratic polynomial

q(x) =
2

∑
k=0

akPk

(
x− x̂ j

H j

)
which is a least squares fit to this data, i.e., one solves

min
a0,a1,a2

∑
i=1,...,2p+1

(q(x ji)−u ji)
2 .

The value of the first derivative of this quadratic polynomial at x j is then used as the
approximation to u′(x j), i.e., u′(x j)≈ q′(x j).
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The approximation to the second derivative can be calculated by differentiat-
ing the quadratic polynomial q(x) twice and using u′′(x j) ≈ q′′(x j). It can also be
calculated using the same procedure for the first derivative but based on the nodal
approximations to the values u′(x j). The same procedure can be repeated until the
(k +1)st derivative is computed.

Having computed the (k + 1)st derivative (for convenience, denoted simply by
u(k+1)), the parameter α defined in (2.96) can be approximated using a quadrature
rule such as the trapezoidal rule,

α ≈
[ 1

b−a

N

∑
j=2

h j

2

(
|u(k+1)(x j−1)|

2
1+2(k−m+1)

+ |u(k+1)(x j)|
2

1+2(k−m+1)
) ]1+2(k−m+1)

, (2.126)

and the mesh density function in (2.95) computed at the nodes in the obvious way.
The choice of α from the definition (2.96) can be modified as in (1.17) of Chap-

ter 1 to ensure that α ≥ 1. Indeed, the cases of arc-length and curvature mesh density
functions, (2.98) and (2.100), can be considered as similar instances of this. The in-
tegral definition (2.96) generally results in a more balanced distribution of mesh
points between the smooth and rough regions of the physical solution than simply
choosing α = 1; e.g., see Figure 2.10, where mesh trajectories obtained with two
different choices of α are shown. It also eliminates the need for fine tuning the pa-
rameter for each application. On the other hand, there are disadvantages with the
integral definition of α . One is that it leads to a denser Jacobian matrix for the mesh
equation (cf. (1.25)), which is often more expensive to approximate and invert. The
other is that it may cause ρ (and thus the mesh adaptation) to be extremely sensitive
to the changes in u(k+1). This is especially true when α is small. In that situation a
small error introduced in approximating u(k+1) will be amplified and cause wrong
mesh concentration. The above compromise of bounding α away from zero helps
to avoid this difficulty. More generally, one can choose

α = max

{
γ,

[
1

b−a

∫ b

a
|u(k+1)|

2
1+2(k−m+1) dx

]1+2(k−m+1)
}

, (2.127)

where γ is a positive number. Intuitively, the idea is to concentrate mesh points only
in regions where |u(k+1)|� γ . There is once again the question of how to best choose
γ , but in practice the simple choice γ = 1 often suffices.
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(a) α defined in (2.127).
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Fig. 2.10 Mesh trajectories obtained for model problem (1.1)–(1.3) using the mesh density func-
tion (1.16) with α = 1 and with (2.127) (a = 0, b = 1, and k = m = γ = 1) or (1.17).

2.5.2 Smoothing of mesh density functions and smoothed
MMPDEs

The approximate derivatives computed as above are often non-smooth, especially
the higher order ones. As shown by Pryce [277], lack of smoothness may affect the
convergence of the iteration for computing an equidistributing mesh. A smoother
mesh density function can be obtained using a large value of p for the gradient re-
covery technique (as outlined in the preceding subsection) or by simply using a di-
rect smoothing technique such as the averaging scheme given in (1.23). In practice,
a successful strategy for most problems is to consecutively repeat the smoothing
procedure three or four times.

More precisely, direct smoothing of the mesh density function is commonly
based on use of an elliptic differential operator (especially the Laplace operator)
or an approximation to it. For example, for a given ρ (viewed as a function of ξ

through some coordinate transformation) a mesh density function having higher
regularity or a smoother mesh density function, ρ̃ , can be obtained as the solution
of the BVP (I−β−2 d2

dξ 2 )ρ̃ = ρ, ∀ξ ∈ (0,1)
dρ̃

dξ
(0) = dρ̃

dξ
(1) = 0,

(2.128)

where β > 0 is a parameter and I is the identity operator. Indeed, we have the fol-
lowing theorem.

Theorem 2.5.1 Suppose that ρ , when viewed as a function of ξ , is continuous
on [0,1] and satisfies

0 < ρ ≤ ρ(ξ )≤ ρ < ∞, ∀ξ ∈ [0,1] (2.129)
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for some constants ρ and ρ . Then, for any β > 0 the solution ρ̃ to BVP (2.128)
exists and has the following properties:

0 < ρ ≤ ρ̃(ξ )≤ ρ < ∞, ∀ξ ∈ [0,1] (2.130)

1
ρ̃

∣∣∣∣dρ̃

dξ

∣∣∣∣≤ β , ∀ξ ∈ [0,1]. (2.131)

Proof. The differential equation in (2.128) is a second-order, constant coefficient,
non-homogeneous ODE, and its solution can readily be found as

ρ̃(ξ ) =
βeβξ

2

(
c−

∫
ξ

0
e−β s

ρ(s)ds
)

+
βe−βξ

2

(
c+

∫
ξ

0
eβ s

ρ(s)ds
)

,

where

c =
1

eβ − e−β

(
eβ

∫ 1

0
e−β s

ρ(s)ds+ e−β

∫ 1

0
eβ s

ρ(s)ds
)

.

Then (2.130) and (2.131) can be verified by observing that c > 0 and

c−
∫

ξ

0
e−β s

ρ(s)ds =
1

eβ − e−β

(
eβ

∫ 1

ξ

e−β s
ρ(s)ds

+ e−β

∫ 1

0
eβ s

ρ(s)ds+ e−β

∫
ξ

0
eβ s

ρ(s)ds
)

> 0.

The property (2.131) indicates that the relative rate of change in ρ̃ is bounded by
β . This can be seen more clearly in a discrete form (as we see in (2.134) below).
Consider a central finite difference discretization of BVP (2.128) on a uniform mesh
of N points,ρ̃ j−

1
β 2∆ξ 2

(
ρ̃ j+1−2ρ̃ j + ρ̃ j−1

)
= ρ j, j = 2, ...,N−1

ρ̃1 = ρ̃2, ρ̃N−1 = ρ̃N ,
(2.132)

where ∆ξ = 1/(N − 1). The following theorem is a discrete analog to Theorem
2.5.1 and can be proved similarly. (The interested reader is referred to [188] for the
proof.)

Theorem 2.5.2 Suppose that the assumption of Theorem 2.5.1 is satisfied. Then
the solution to the difference equation (2.132) satisfies

0 < ρ ≤min
k

ρk ≤ ρ̃ j ≤max
k

ρk ≤ ρ < ∞, j = 1, ...,N−1 (2.133)
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ν ≤
ρ̃ j

ρ̃ j−1
≤ ν

−1, j = 2, ...,N (2.134)

where

ν =

√
1+ 4

β 2∆ξ 2 −1√
1+ 4

β 2∆ξ 2 +1
. (2.135)

The smoothing defined by (2.128) or (2.132) is global in the sense that a differ-
ential equation or a linear system of algebraic equations must be solved for ρ̃ . For
efficiency, however, local smoothing is often sufficient. To develop local smoothing
schemes, we can use the formal expansion

ρ̃ = (I−β
−2 d2

dξ 2 )−1
ρ

=
[

I +(β−2 d2

dξ 2 )+(β−2 d2

dξ 2 )2 + · · ·
]

ρ (2.136)

for large β . Truncating the expansion and approximating (d2)/(dξ 2) with a central
finite difference we obtain

ρ̃ j =
1

β 2∆ξ 2 ρ j+1 +(1− 2
β 2∆ξ 2 )ρ j +

1
β 2∆ξ 2 ρ j−1, j = 2, ...,N−1 (2.137)

which is an averaging if β is chosen such that β 2∆ξ 2 ≥ 2. In particular, when
β 2∆ξ 2 = 4 and the boundary condition is taken properly, (2.137) reduces to the
averaging scheme (1.23).

A generalization is to use more terms in the expansion (2.136) or involve more
neighboring points. For a given integer p > 0 and parameter γ ∈ (0,1), we can use

ρ̃ j =

min(N, j+p)
∑

k=max(1, j−p)
γ | j−k|ρk

min(N, j+p)
∑

k=max(1, j−p)
γ | j−k|

, j = 1, ...,N. (2.138)

Interestingly, the smoothing of the mesh density function can be incorporated
directly into the equidistribution principle to give “smoothed” MMPDEs. Notice
that the equidistributing coordinate transformation for ρ̃ satisfies

d
dξ

(
ρ̃

dx
dξ

)
= 0

or
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d
dξ

(
(S−1

ρ)
dx
dξ

)
= 0,

where S is the smoothing operator, i.e., S = (I − β−2 d2

dξ 2 ). Integrating the above
equation yields

(S−1
ρ)

dx
dξ

= θ ,

where θ is a constant. Dividing both sides by (dx)/(dξ ) and applying S, we obtain

ρ = θS

(
1
dx
dξ

)
,

which in turn leads to
1
θ

=
1
ρ

S

(
1
dx
dξ

)
.

Differentiating with respect to ξ yields the smoothed equidistribution equation

d
dξ

(
1
ρ

S

(
1
dx
dξ

))
= 0, (2.139)

or
d

dξ

(
1
ρ

(I−β
−2 d2

dξ 2 )

(
1
dx
dξ

))
= 0. (2.140)

Similarly, the smoothed version of (2.31) is given by

d
dx

(
1
ρ

S
dξ

dx

)
= 0. (2.141)

The same procedure can be used for MMPDEs. With the continuous measure of
mesh density defined as d(ξ , t) = 1/((∂x)/(∂ξ )), the smoothed MMPDE

∂

∂ξ

(
1
ρ

(I−β
−2 ∂ 2

∂ξ 2 )dt

)
=−1

τ

∂

∂ξ

(
1
ρ

(I−β
−2 ∂ 2

∂ξ 2 )d
)

(2.142)

is studied in [188]. This fourth-order PDE is augmented with the standard boundary
conditions

x(0, t) = a, x(1, t) = b (2.143)

and the additional ones
∂d
∂ξ

(0, t) =
∂d
∂ξ

(1, t) = 0. (2.144)

Using a central finite difference semi-discretization of (2.142) on a uniform mesh
with N points and denoting
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y j+ 1
2

=−
∆ξ ( dx j+1

dt −
dx j
dt )

(x j+1− x j)2 +
1
τ

∆ξ

x j+1− x j
,

discretization of (2.142) gives, for j = 1, ...,N−1,

1
ρ j+ 1

2

[
y j+ 1

2
− 1

β 2∆ξ 2

(
y j+ 3

2
−2y j+ 1

2
+ y j− 1

2

)]
− 1

ρ j− 1
2

[
y j− 1

2
− 1

β 2∆ξ 2

(
y j+ 1

2
−2y j− 1

2
+ y j− 3

2

)]
= 0, (2.145)

with the discrete boundary conditions

x0 = a, xN = b, y− 1
2

= y 1
2
, yN− 1

2
= yN+ 1

2
, (2.146)

which approximate (2.143) and (2.144). The following theorem is proven in [188].

Theorem 2.5.3 Suppose that the assumptions of Theorem 2.5.1 are satisfied.

(i) The solution to (2.142), (2.143), and (2.144) satisfies∣∣∣∣∣
(

∂x
∂ξ

(ξ , t)
)−1

∂ 2x
∂ξ 2 (ξ , t)

∣∣∣∣∣≤ β , ∀ξ ∈ (0,1), t > 0 (2.147)

if the inequality holds for t = 0.
(ii) The solution to (2.145) and (2.146) satisfies

ν ≤
x j+1(t)− x j(t)
x j(t)− x j−1(t)

≤ ν
−1, j = 2, ...,N−1, t > 0 (2.148)

if the inequality holds initially. Here ν is given in (2.135).

Inequality (2.148) can be shown to be a discrete analog of (2.147). A mesh satis-
fying (2.148) is said to be locally quasi-uniform, and such meshes normally lead to
an approximation error of the same (asymptotic) order as a uniform one – e.g., see
Kautský and Nichols [208, 209].

A different way of deriving smoothed MMPDEs is to combine MPPDE5 (2.52)
and MMPDE6 (2.55) in such a way as to give

(I−β
−2 ∂ 2

∂ξ 2 )xt =
1
τ

∂

∂ξ

(
ρ

∂x
∂ξ

)
. (2.149)

This method of smoothing has also been used in the parabolic Monge-Ampère
method proposed by Budd and Williams [71]; see Chapter 6 for discussion of the
method.
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2.5.3 Mesh density functions for solutions with multicomponents

The mesh density function has thus far been considered for the case where the solu-
tion u(x) has only a single component. When the solution has multi-components ul ,
l = 1, ...,L , a simple way to define ρ(x) is to replace |u(k+1)|2 with ∑

L
l=1 |u

(k+1)
l |2 in

(2.95), i.e., simply use

ρ(x) =

[
1+

1
α

L

∑
l=1
|u(k+1)

l |2
] 1

1+2(k−m+1)

(2.150)

for a suitable constant α . This technique, which treats all components equally, can
be too limiting. A more sophisticated alternative would be to use ∑l wl |u

(k+1)
l |2 with

user selected weights wl > 0, l = 1, ...,L. Yet another option would be to compute
the mesh density function for each individual component with its own regularization
parameter, and then to suitably combine these mesh density functions (for example,
by taking their maximum). The interested reader is referred to [93, 332] for discus-
sion on this issue.

2.5.4 Examples with analytical functions

We now present some illustrative examples for which the adaptive meshes are gener-
ated from known functions and MMPDE5xi (2.59) is then integrated for a relatively
small ∆ t. The derivatives in the mesh density functions are approximated using the
quadratic least squares fit described earlier in this section. No smoothing is applied
to the mesh density functions here because we want to understand the impact of
linear interpolation on the accuracy. (A smoothed mesh density function can often
lead not only to a more efficient computation, but also to a more accurate computed
solution.) Also, the definition (2.96) for α is utilized without any modification such
as setting a floor, or minimum value.

Example 2.5.1 Consider the function defined in (2.119), i.e.,

u(x) = tanh(Rx), x ∈ (−1,1) (2.151)

where R is a parameter. For R = 100, a typical adaptive mesh and its density d(x)
are shown in Figure 2.11. Figure 2.12 shows the L2 norm and H1 semi-norm of the
linear interpolation error as a function of N for a uniform mesh and for the meshes
equidistributing the optimal, arc-length, and curvature mesh density functions. The
numerical results confirm that the convergence orders are O(N−2) for the L2 norm
and O(N−1) for the H1 semi-norm as N→∞ for all but the arc-length mesh density
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function, where the error has not yet reached the full convergence rates (given in
Table 2.5) for the range of values of N considered. The results also show that all
adaptive meshes produce smaller error than a uniform mesh does, while the opti-
mal and curvature mesh density functions perform comparably to each other and
significantly better than arc-length.

The linear interpolation error is shown in Figure 2.13 as a function of R for
N = 321. The results agree with the theoretical predictions given in Tables 2.5 and
2.6. In particular, the interpolation error shows different R-dependence behaviors for
small and large R for the uniform mesh case and the case with the arc-length mesh
density function (with the L2 error norm). For the other cases, the error behaves the
same for both small and large R.

Figure 2.14 shows the minimal spacing as a function of R for meshes equidis-
tributing the optimal, arc-length, and curvature mesh density functions. It is easy to
see that min j h j = O(1/R), once again confirming the theoretical prediction (2.123).

Recall from Theorem 2.4.2 that the interpolation error is bounded by

|u−Πku|Hm(a,b) ≤CN−(k−m+1)√
αh,

where αh can be estimated during the process of computing the mesh density
function from the computed solution. To study the relation between the bound
N−(k−m+1)√αh and the actual error, we show the quantities

‖u−Π1u‖L2(Ω)

N−2√αh
and

|u−Π1u|H1(Ω)

N−1√αh

as functions N in Figure 2.15 (a) and (b), respectively. These quantities correspond
to the optimal mesh density functions with (k,m) = (1,0) and (1,1). From the fig-
ures we can see that both ratios quickly tend to constant values. This suggests that
the bound N−(k−m+1)√αh can serve as a reliable error indicator in error monitoring,
or in error control using mesh refinement with addition or deletion of mesh points.

Example 2.5.2 Consider the function

u(x) = x
11
10 , x ∈ [0,1].

Since u(x) is not in H2(0,1), the classical estimate (2.66) on a uniform mesh is not
valid, whereas the estimate (2.86) is bounded.

A typical adaptive mesh for N = 21 and its mesh density function d(x) are shown
in Figure 2.16. Convergence histories of the error on uniform and adaptive meshes
are shown in Figure 2.17. It can be seen that the error on an adaptive mesh is not
only smaller than that on a uniform mesh, but also has a better convergence rate.
Indeed, the L2 norm and H1 semi-norm of the error converge of the order O(N−2)
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Fig. 2.11 Example 2.5.1. Using N = 41, R = 100, and the optimal mesh density function with
k = 1 and m = 1, the function u and a converged adaptive mesh and its density d(x) are shown.
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Fig. 2.12 Example 2.5.1. Using R = 100, the L2 norm and H1 semi-norm of linear interpolation
error are plotted as functions of N for various mesh density functions.
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Fig. 2.13 Example 2.5.1. Using N = 321, the L2 norm and H1 semi-norm of linear interpolation
error are plotted as functions of R for various mesh density functions.

and O(N−1), respectively. This is consistent with what is predicted in the analysis
in the preceding section. The error for a uniform mesh only converges of the order
O(N−1.6) for the L2 norm and O(N−0.6) for the H1 semi-norm, although reasons for
this particular rate of convergence remain to be investigated.
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Fig. 2.14 Example 2.5.1. Using N = 321, the minimal spacing is plotted as function of R for
various mesh density functions.
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Fig. 2.15 Example 2.5.1. Ratio of the error estimate in (2.78) to the actual error for the optimal
mesh density functions with (k,m) = (1,0) and (1,1) is plotted as function of N.

This difference in convergence rate becomes greater when the singularity of the
function becomes stronger. For example, Figure 2.18 shows that the L2 norm of the
linear interpolation error for the function u = x1/10 is O(N−2) on an adaptive mesh
but only O(N−0.6) on a uniform mesh. The reliability of the error estimate in (2.78)
is shown in Figure 2.19 (by comparing this error estimate with the actual error).

Example 2.5.3 Finally, we take an example with the solution having two com-
ponents,

u1(x) = tanh(100(x−0.3)), u2(x) =− tanh(150(x−0.6)) x ∈ [0,1]. (2.152)

The numerical results are given in Figure 2.20 and 2.21. The benefit from using
an adaptive mesh for this multicomponent problem is more striking. The converged
equidistributed mesh is able to resolve the steep fronts, as seen in Figure 2.20, which
results in an order of magnitude improvement over the uniform mesh results. Prac-
tically speaking, there are substantial savings in computation time to achieve a pre-
scribed accuracy for the adaptive solution approximation. The reliability of the error
estimate in (2.78) is shown in Figure 2.22.
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Fig. 2.16 Example 2.5.2. Using N = 21 and the optimal mesh density function with k = 1 and
m = 1, the function u and a converged adaptive mesh and its density function d(x) are shown.
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Fig. 2.17 Example 2.5.2. Convergence histories for the L2 norm and H1 semi-norm of the linear
interpolation error is shown for uniform and adaptive meshes.
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Fig. 2.18 Example 2.5.2. Convergence history for the L2 norm of the linear interpolation error for
function u = x1/10 is shown for uniform and adaptive meshes.

2.6 Alternate solution procedures

In this chapter we have until now dealt mainly with strategies for mesh adaptation
and movement. We turn next to the problem of solving a physical PDE. Recall that
a moving mesh method has three major components: the moving mesh strategy, the
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Fig. 2.19 Example 2.5.2. Ratio of the error estimate in (2.78) to the true error for the optimal mesh
density functions with (k,m) = (1,0) and (1,1) is plotted as function of N.
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Fig. 2.20 Example 2.5.3. Using N = 41 and the mesh density function with k = 1 and m = 1, the
components u1 and u2, a converged adaptive mesh, and its density function d(x) are shown.
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Fig. 2.21 Example 2.5.3. Convergence histories for the L2 norm and H1 semi-norm of the linear
interpolation error are shown for uniform and adaptive meshes.

method used to discretize the physical PDE, and the procedure employed to solve
the coupled system of physical and mesh equations. A brief discussion of these
components has been given in §1.5. In particular, finite difference and finite element
methods are used there for spatial discretization of PDEs on a moving mesh (see
also §1.2 and §1.3). The effect caused by mesh movement needs special treatment
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Fig. 2.22 Example 2.5.3. Ratio of the error estimate in (2.78) to the actual error for the optimal
mesh density functions with (k,m) = (1,0) and (1,1) is plotted as function of N.

in the temporal discretization, and this typically involves taking either the quasi-
Lagrange approach or the rezoning approach. With the quasi-Lagrange approach,
the mesh is considered to move continuously in time (see Figure 1.11), and physical
time derivatives are often transformed to time derivatives along mesh trajectories
during the discretization process. The approach can be used along with simultaneous
or alternate solution of the coupled system of the physical and mesh equations.
On the other hand, with the rezoning approach the mesh is considered to move
in an intermittent manner in time (cf. Figure 1.12), and the physical solution is
interpolated from the old mesh to the new one. As a consequence, this approach is
employed only with an alternate solution procedure.

The simultaneous solution procedure, along with the quasi-Lagrange treatment
of mesh movement, has been used and explained in detail in Chapter 1. We focus our
discussion in this section on alternate solution procedures with the quasi-Lagrange
and the rezoning approaches for mesh movement in the temporal discretization of
PDEs. While our interest here is in investigating these procedures in their own right
for solving 1D problems, the understanding gained proves useful for solving higher
dimensional problems, whose increased complexity normally necessitates resorting
to some sort of alternate solution approach.

2.6.1 Alternate solution with quasi-Lagrange treatment of mesh
movement

Consider first the quasi-Lagrange approach for mesh movement, along with an al-
ternate solution procedure to solve the coupled system of physical and mesh equa-
tions. We illustrate this using the finite difference discretizations (1.13) of Burgers’
equation and the modified MMPDE5 (1.18). One possible alternate temporal dis-
cretization procedure is the following:
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The MP alternate solution procedure:

xn+1
j − xn

j

∆ tn
=

1
ρn

j τ∆ξ 2

[
ρn

j+1 +ρn
j

2
(xn+1

j+1− xn+1
j )

−
ρn

j +ρn
j−1

2
(xn+1

j − xn+1
j−1)

]
, j = 2, ...,N−1 (2.153)
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,

j = 2, ...,N−1 (2.154)

where xn
j ≈ x(ξ j, tn), un

j ≈ u(x(ξ j, tn), tn), ρn
j = ρ(un

j), and ẋn+1/2
j = (xn+1

j −xn
j)/∆ tn.

This is referred to as the MP procedure because the mesh equation (M) is integrated
for one time step, followed by a one-step integration of the physical PDE (P).

Note that with this procedure the mesh density function is calculated using the
solution approximation at t = tn, which decouples the mesh equation from the physi-
cal one at the price of introducing a time lag in mesh movement. Moreover, the mesh
equation is linearized by freezing the mesh density function at time t = tn. As we see
below, the linearization has a significant impact on the choice of the integration time
step size. The M step of this MP procedure serves to generate the new mesh, T n+1

h ,
and non-parabolic-type strategies such as de Boor’s algorithm described in §2.2,
an algorithm based on MMPDE5xi (2.59), or one based on direct optimization of
some error bound can be used for the same purpose. The backward Euler and mid-
point discretizations are used in (2.153) and (2.154), respectively. A more accurate
scheme may not be worthwhile for integrating the mesh equation because in gen-
eral the location of mesh points does not need to be determined highly accurately.
On the other hand, a higher order scheme is useful for improving the accuracy and
efficiency of the integration of the physical PDE. The mesh and mesh speed needed
in this computation can be calculated using linear interpolation in time, viz.,

x j(t) =
t− tn
∆ tn

xn+1
j +

tn+1− t
∆ tn

xn
j , j = 1, ...,N (2.155)

ẋ j(t) =
xn+1

j − xn
j

∆ tn
, j = 1, ...,N (2.156)
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Table 2.7 The H1 semi-norm of the error at t = 1 is listed for the Burgers’ equation example in
§1.4. The optimal mesh density function (2.114) for k = 1 and m = 1 is used for adaptive mesh
movement.

MP M10P MvP
N ∆ t = 10−4 ∆ t = 10−5 ∆ t = 10−4 ∆ t = 10−5 ∆ t = 10−3 ∆ t = 10−4

41 25.19 34.35 35.90 35.87 36.00 35.64
81 25.05 0.845 0.856 0.845 1.533 0.858

161 23.95 0.384 0.714 0.390 0.830 0.401
321 24.95 9.929 18.45 0.189 0.471 0.195

PMP PM10P PMvP
N ∆ t = 10−4 ∆ t = 10−5 ∆ t = 10−4 ∆ t = 10−5 ∆ t = 10−3 ∆ t = 10−4

41 25.75 34.35 36.22 35.88 34.90 35.79
81 25.49 0.846 0.841 0.845 0.905 0.844

161 23.75 0.384 0.753 0.390 0.402 0.391
321 23.81 22.90 21.28 0.189 0.195 0.189

where ∆ tn = tn+1− tn.
The main advantage of an alternate solution procedure is that by decoupling the

solution of the physical equation and the mesh equation, each can be solved ef-
ficiently. Here, (2.153) is simply a tridiagonal system of linear equations for the
unknown mesh locations xn+1

j , while the equation (2.154) for the solution approx-
imations un+1

j is similar to the one resulting from discretization on a fixed mesh.
Unfortunately, this advantage comes with a cost: a relatively small time step size
has to be used with the MP procedure to avoid sacrificing accuracy. This can be
seen in the upper left portion of Table 2.7 where the H1 semi-norm of the solution
error for this MP procedure using ∆ t = 10−4 and ∆ t = 10−5 and various values of
N is listed for the Burgers’ equation example in §1.4. The MP and several other
alternate solution procedures described below are employed for the integration of
the system of mesh and physical equations. The physical PDE is integrated using
a third-order SDIRK (Singly Diagonally Implicit Runge-Kutta) scheme (e.g., see
[164, 165]) with a fixed time step.

The small time step size is attributable to the linearization of the mesh equation
and the decoupling of the mesh movement from the physical PDE. The former re-
sults in a mesh T n+1

h not closely satisfying the (nonlinear) equidistribution principle
if ∆ t is large, while the latter introduces a time lag in the mesh movement.

One way to obtain a mesh more closely satisfying the equidistribution principle
is to integrate the MMPDE from tn to tn + ∆ tn over a number of substeps. A mesh
movement step with K fixed substeps of size ∆ tn,k = ∆ tn/K is given as follows.
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The mesh movement step of the MKP procedure:

(i) Let T n+1,1
h = T n

h .
(ii) For k = 1, ...,K do:

(a) Compute ρn+1,k using piecewise linear interpolation for the mesh density
function ρn on mesh T n

h , i.e.,

ρ
n+1,k
j = Π1(T n

h ,ρn;xn+1,k
j ), j = 1, ....,N.

(b) Smooth the computed mesh density function by applying, e.g., the weighted
averaging (1.23), several times.

(c) Compute T n+1,k+1
h by solving the system consisting of

xn+1,k+1
j − xn+1,k

j

∆ tn,k
=

1

ρ
n+1,k
j τ∆ξ 2

[
ρ

n+1,k
j+1 +ρ

n+1,k
j

2
(xn+1,k+1

j+1 − xn+1,k+1
j )

−
ρ

n+1,k
j +ρ

n+1,k
j−1

2
(xn+1,k+1

j − xn+1,k+1
j−1 )

]
,

j = 2, ...,N−1 (2.157)

and the corresponding boundary conditions.

(iii) Set T n+1
h = T n+1,K+1

h .

Note that interpolation of the mesh density function from the mesh T n
h to the

mesh T n+1,k
h is needed in each substep of this procedure. Piecewise linear interpo-

lation is chosen because it preserves the monotonicity and creates no extra extrema
for the mesh density function. Incidentally, while one may be tempted to interpolate
ρ from the latest mesh T n+1,k−1

h to the current one T n+1,k
h , experience has shown

that this is a much less stable process than the one implemented above.
Numerical results obtained using this solution procedure with K = 10 are listed

in Table 2.7. The improvement of the M10P procedure over the MP procedure is
clear: the former now works well with ∆ t = 10−5 for all N considered (aside from
the fact that N = 41 is an insufficient number of mesh points) whereas the latter fails
with the same time step size for N = 321.

The situation improves further when a variable substep size is used for integrating
the mesh equation. Strategies for the substep size selection can be derived from local
error control and/or stability considerations. However, a natural heuristic strategy is
simply to require that the new mesh points xn+1,k+1

j move not too far from their

original locations xn+1,k
j in each substep. For example, we may require, for j =

2, ...,N−1,

1
2
(xn+1,k

j + xn+1,k
j−1 )≤ xn+1,k+1

j ≤ 1
2
(xn+1,k

j+1 + xn+1,k
j ),
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or

xn+1,k
j − 1

2
(xn+1,k

j − xn+1,k
j−1 )≤ xn+1,k+1

j ≤ xn+1,k
j +

1
2
(xn+1,k

j+1 − xn+1,k
j ). (2.158)

This is equivalent to

∆ tn,k ≤


1
2

(xn+1,k
j+1 −xn+1,k

j )∣∣∣xn+1,k+1
j −xn+1,k

j

∣∣∣/∆ tn,k
, if (xn+1,k+1

j − xn+1,k
j ) > 0

1
2

(xn+1,k
j −xn+1,k

j−1 )∣∣∣xn+1,k+1
j −xn+1,k

j

∣∣∣/∆ tn,k
, if (xn+1,k+1

j − xn+1,k
j ) < 0

(2.159)

for j = 2, ...,N−1. Letting

∆ tn,k = min
j


1
2

(xn+1,k
j+1 −xn+1,k

j )∣∣∣xn+1,k+1
j −xn+1,k

j

∣∣∣/∆ tn,k
, if (xn+1,k+1

j − xn+1,k
j ) > 0

1
2

(xn+1,k
j −xn+1,k

j−1 )∣∣∣xn+1,k+1
j −xn+1,k

j

∣∣∣/∆ tn,k
, if (xn+1,k+1

j − xn+1,k
j ) < 0

 , (2.160)

then the constraint on the time step size (2.159) can be written as

∆ tn,k ≤ ∆ tn,k. (2.161)

The mesh movement step of this variable substepping control procedure (denoted
by MvP) is given in the following.

The mesh movement step of the MvP procedure.

(i) Let T n+1,1
h = T n

h . Set t = tn and ∆ tn,1 = ∆ tn.
(ii) For k = 1,2, ... do:

(a) Compute ρn+1,k using piecewise linear interpolation for the mesh density
function ρn on mesh T n

h , i.e.,

ρ
n+1,k
j = Π1(T n

h ,ρn;xn+1,k
j ), j = 1, ....,N.

(b) Smooth the computed mesh density function by applying, e.g., the weighted
averaging (1.23), several times.

(c) Compute T n+1,k+1
h by solving the system consisting of (2.157) and the corre-

sponding boundary conditions.
(d) Compute ∆ tn,k according to (2.160).
(e) If ∆ tn,k > ∆ tn,k, set ∆ tn,k = ∆ tn,k/2, reject the current step, and go to (c).

Otherwise, accept the current step, set t = t +∆ tn,k and ∆ tn,k+1 = ∆ tn,k.
(f) If t ≥ tn +∆ tn, go to Step (iii). Otherwise, continue.

(iii) Set T n+1
h = T n+1,k+1

h .
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Numerical results in Table 2.7 show significant improvement with this procedure,
particularly for a relatively large fixed step size ∆ t = 10−3, where first order con-
vergence of the error in the H1 semi-norm is observed when N ≥ 81.

The time lagging problem can be overcome by iterating the alternate solutions
of the mesh and physical equations several times. Such a strategy is motivated
by the fact that if the iteration is continued until convergence (assuming that it is
convergent), the procedure (called (MP)∞) will ultimately become a simultaneous
solution procedure. Indeed, Beckett et al. [45, 46] have shown that for an initial-
boundary value problem for Burgers’ equation, the (MP)2 and (MP)4 procedures
allow a larger time step size to be used in the integration of the coupled system
without sacrificing accuracy. The goal is to find a balance between too many itera-
tions, which sacrifice efficiency since each iteration requires about the same amount
of work for the MP procedure, and too few iterations, which will not gain suffi-
cient improvement. Unfortunately, the optimal number of iterations is very much
application-dependent, and it is unclear how to choose it in practical computation.

To explain the basic iteration strategy, we consider a simple procedure called
PMP: the physical equation is integrated on the mesh T n

h (which is held fixed over
the time step), followed by the MP procedure. The physical solution obtained on T n

h
can be regarded as a prediction to the solution at t = tn+1, which hopefully produces
a better new mesh T n+1

h in the mesh movement step. For completeness, the details
of this PMP procedure are given below.

The PMP alternate solution procedure:

ũn+1
j −un

j

∆ tn
=

ε

(xn
j+1− xn

j−1)

[
(ũn+1

j+1− ũn+1
j )

(xn
j+1− xn

j)
−

(ũn+1
j − ũn+1

j−1)

(xn
j − xn

j−1)

]

+
ε

(xn
j+1− xn

j−1)

[
(un

j+1−un
j)

(xn
j+1− xn

j)
−

(un
j −un

j−1)

(xn
j − xn

j−1)

]

− 1
4

(ũn+1
j+1)

2− (ũn+1
j−1)

2

(xn
j+1− xn

j−1)
− 1

4

(un
j+1)

2− (un
j−1)

2

(xn
j+1− xn

j−1)
,

j = 2, ...,N−1 (2.162)

xn+1
j − xn

j

∆ tn
=

1
ρ̃

n+1
j τ∆ξ 2

[ ρ̃
n+1
j+1 + ρ̃

n+1
j

2
(xn+1

j+1− xn+1
j )

−
ρ̃

n+1
j + ρ̃

n+1
j−1

2
(xn+1

j − xn+1
j−1)

]
, j = 2, ...,N−1 (2.163)
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un+1
j −un

j

∆ tn
− 1

2

[
(un+1

j+1−un+1
j−1)

(xn+1
j+1− xn+1

j−1)
+

(un
j+1−un

j−1)

(xn
j+1− xn

j−1)

]
ẋn+1/2

j

=
ε

(xn+1
j+1− xn+1

j−1)

[
(un+1

j+1−un+1
j )

(xn+1
j+1− xn+1

j )
−

(un+1
j −un+1

j−1)

(xn+1
j − xn+1

j−1)

]

+
ε

(xn
j+1− xn

j−1)

[
(un

j+1−un
j)

(xn
j+1− xn

j)
−

(un
j −un

j−1)

(xn
j − xn

j−1)

]

− 1
4

(un+1
j+1)

2− (un+1
j−1)

2

(xn+1
j+1− xn+1

j−1)
− 1

4

(un
j+1)

2− (un
j−1)

2

(xn
j+1− xn

j−1)
,

j = 2, ...,N−1 (2.164)

where ũn+1
j ≈ u(xn

j , tn+1) and ρ̃
n+1
j = ρ(ũn+1

j ). The equations (2.163) and (2.164)
are basically the same as (2.153) and (2.154) except that the mesh density function
is now calculated using the solution ũn+1

j . Moreover, (2.162) can be obtained by
setting xn+1

j := xn
j in (2.164), so a code for solving (2.162) can also be used for

solving (2.164).
The prediction step can also be combined with other alternate solution proce-

dures, such as MKP and MvP. Numerical results obtained with these procedures are
listed in Table 2.7. Interestingly, this prediction step fails to allow larger time steps
with PMP and PM10P, but improvements are observed for PMvP, where a mesh
more closely satisfying the equidistribution principle is obtained.

Another issue the alternate solution procedure faces is the automatic selection of
time integration steps for the the coupled system. A typical practice is to select the
step size based on the accuracy of the physical solution. (See [164, 165] for time-
control in Runge-Kutta schemes.) This is largely motivated by the observations that
the ultimate goal of adaptive computation is to obtain an accurate physical solution
instead of an accurate mesh, and the belief that it is generally unnecessary to deter-
mine the mesh at the same level of accuracy as the physical solution. Still, a major
drawback of this time-step control mechanism is the complete lack of accuracy con-
siderations for the mesh point locations. Modifications to remedy this lack of control
of mesh accuracy are proposed by Blom et al. [51] and Beckett et al. [45, 46].

The time-step history is shown in Figure 2.23 for several alternate solution pro-
cedures combined with a time-step control mechanism based solely on the accuracy
of the physical solution. One can see that MvP yields a much larger time step than
MP, indicating the importance of obtaining a mesh at each time step that is close to
the equidistributing mesh. Moreover, the prediction step shows significant improve-
ments only for the MvP procedure.
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Table 2.8 The H1 semi-norm of the error at t = 1 is listed for the Burgers’ equation example
in §1.4. The methods are the same as for Table 2.7 except that MMPDE5xi is used for mesh
adaptation.

MP M2P MvP
N ∆ t = 10−3 ∆ t = 10−4 ∆ t = 10−3 ∆ t = 10−4 ∆ t = 10−3 ∆ t = 10−4

41 32.10 34.45 35.48 34.69 21.26 34.43
81 34.51 0.869 3.198 1.074 1.505 0.852

161 23.83 0.394 0.903 0.437 0.815 0.397
321 5.612 0.195 0.457 0.200 0.444 0.194

PMP PM2P PMvP
N ∆ t = 10−3 ∆ t = 10−4 ∆ t = 10−3 ∆ t = 10−4 ∆ t = 10−3 ∆ t = 10−4

41 29.58 34.53 31.31 34.78 29.75 33.99
81 35.57 0.852 34.54 1.055 0.913 0.833

161 33.70 0.381 0.766 0.425 0.400 0.386
321 2.400 0.186 0.200 0.192 0.194 0.186

An interesting comparison (although not rigorous, since different integration
schemes are used) can be made between the simultaneous solution in Figure 1.8
and the alternate solution in Figure 2.23(f). One can see that the time step associ-
ated with the alternate solution procedure is slightly smaller but much more erratic
than that associated with the simultaneous solution procedure. This erratic time step-
ping behavior is partially attributed to the lack of control over mesh accuracy with
the control mechanism used in the alternate solution procedure. It also causes er-
ratic mesh movement, as seen in Figure 2.24. Relatively speaking, the mesh points
within the layers move rather steadily (Figure 2.24(b)), and the error is not affected
significantly by the rapid mesh oscillation (Figure 2.25 and Figure 2.26).

Recall that any algorithm based on MMPDE5xi (2.59) instead of MMPDE5 can
also be used for meshing for an alternate solution procedure. Table 2.8 shows the re-
sults obtained using the algorithm described in §2.3.2. MMPDE5xi generally leads
to larger time steps than MMPDE5 for the integration of the coupled system of mesh
and physical PDEs. This can be partly explained by the fact that the algorithm based
on MMPDE5xi produces a mesh that more accurately approximates the equidistri-
bution relation.

To demonstrate the efficiency or cost-effectiveness of alternate solution proce-
dures, we plot the H1 semi-norm of the solution error at t = 1 as a function of the
scaled CPU time in Figure 2.27. The PMvP procedures with the modified MMPDE5
and MMPDE5xi are much more efficient than a uniform mesh method in terms of
accuracy of the computed solution for a given amount of CPU time or in terms of
the amount of CPU time required to reach the same level of error. In this sense, the
disadvantages of smaller and more erratic time steps for alternate solution are more
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Fig. 2.23 The time step size is shown as function of time for several alternate solution procedures
for the Burgers’ equation example in §1.4. Absolute and relative tolerances atol = 10−4 and rtol =
10−6 are used in the automatic selection of time step size for the SDIRK (order 3) integration of
Burgers’ equation. The number of mesh points is N = 61.

than compensated for by the increased accuracy in the mesh and physical solution
approximations at each time step. The curves in Figure 2.27 are similar to those in
Figure 1.10 obtained with a simultaneous solution procedure.
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(a) Mesh trajectories
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Fig. 2.24 Mesh trajectories with N = 61 are obtained with the PMvP alternate solution procedure.
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Fig. 2.25 The local and global H1 semi-norms of the error are plotted as functions of time. The
global H1 semi-norm of error is defined as

∫ t
0 |e|H1(0,1)(s)ds.
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Fig. 2.26 Solutions at various time instants are computed with the PMvP alternate solution proce-
dure.

2.6.2 Rezoning treatment of mesh movement

We now turn our attention to the rezoning approach for temporal discretization.
With this approach, the mesh moves in an intermittent manner. As a consequence,
it is typically employed with an alternating solution procedure, and both parabolic
and non-parabolic-type mesh movement strategies can be used for the adaptive mesh
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Fig. 2.27 H1 semi-norm of error at t = 1 is plotted against CPU time scaled by time required for
the computation in the case of 100 uniform mesh points. Alternate solution procedures are used to
solve the coupled system of the mesh equation and Burgers’ equation with ε = 10−4.

computation. Once a new mesh is generated, the physical PDE is integrated for the
current step with that mesh held fixed. For Burgers’ equation, we solve

du j

dt
=

2ε

(xn+1
j+1− xn+1

j−1)

[
(u j+1−u j)

(xn+1
j+1− xn+1

j )
−

(u j−u j−1)
(xn+1

j − xn+1
j−1)

]

− 1
2

(u2
j+1−u2

j−1)

(xn+1
j+1− xn+1

j−1)
, j = 2, ...,N−1 (2.165)

where u j(t) ≈ u(xn+1
j , t) for t ∈ (tn, tn+1]. Integration of this equation requires the

initial data u j(tn) = ũn
j ≈ u(xn+1

j , tn). Since the solution approximation at t = tn
is available only on the old mesh {xn

j}, it is necessary to interpolate the solution
approximation from the old mesh to the new one. Interpolation between moving
meshes is discussed in the next subsection.

2.6.3 Interpolation on moving meshes

Denote the old and new meshes by T 0
h = {x0

j} and T 1
h = {x1

j}, respectively. Assume
that the physical solution u = u(x) is available at the mesh points of T 0

h , i.e., u0
j =

u(x0
j). The task is to find approximations u1

j ≈ u(x1
j) using interpolation.

A natural choice for interpolation is to use a piecewise linear or higher-degree
polynomial interpolation scheme. For example, if for any mesh point x1

j an inte-
ger k can be found such that x1

j ∈ [x0
k ,x

0
k+1], then the linear interpolant of u can be

expressed as

u1
j =

x1
j − x0

k

x0
k+1− x0

k
u0

k+1 +
x0

k+1− x1
j

x0
k+1− x0

k
u0

k . (2.166)
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On the other hand, the interpolation problem on a moving mesh can be formu-
lated as an equivalent problem of solving a differential equation. Define a time con-
tinuation from the old mesh to the new one by

Th(t) : x j(t) = (1− t)x0
j + tx1

j , t ∈ [0,1]. (2.167)

Then the interpolation of u = u(x) from T 0
h to T 1

h is equivalent to finding on the
moving mesh Th(t) the solution v = v(x, t) of the differential equation

∂v
∂ t

= 0, t ∈ (0,1] (2.168)

subject to the initial condition v(x j(0),0) = u0
j , j = 1, ...,N. The sought values u1

j
( j = 1, ...,N) are related to v by u1

j = v1
j ≈ v(x j(1),1).

For the solution of (2.168) on moving mesh Th(t), it is often convenient to trans-
form it into the computational coordinate. From (1.12) we have 2

v̇− ẋ
xξ

vξ = 0, (2.169)

where v̇ = ∂

∂ t v(x(ξ , t), t)
∣∣∣
ξ fixed

and from (2.167) the mesh speed ẋ is given by

ẋ j = x1
j − x0

j , j = 1, ...,N. (2.170)

It can be verified that (2.169) can also be cast in the conservative form

˙(xξ v)− (ẋv)ξ = 0. (2.171)

Thus, (2.168) becomes a hyperbolic equation on the computational domain
where a fixed, uniform mesh is normally used. These equations can be discretized
using finite differences, finite elements, finite volumes, or other methods. However,
caution should be taken for the solution of these equations. While the total effect
of the convection term in moving mesh methods is not well understood, a use of
upwinding is often recommended to avoid a possible stability problem. It is well-
known that an explicit, central finite difference scheme (or a finite-element equiva-
lent) applied to a convection equation such as (2.169) or (2.171) is unconditionally
unstable.

Moreover, numerical experience shows that a conservative interpolation scheme
which preserves some physical solution quantity is often necessary, especially when
the physical problem exhibits a strong hyperbolic feature; e.g., see Tang and Tang
[316]. Consequently, a conservative scheme should generally be used for solving

2 The composite function v̂(ξ , t) = v(x(ξ , t), t) is for convenience also denoted simply by v without
causing confusion.
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the interpolation PDE (2.168), (2.169), or (2.171). Such a scheme can more easily
be derived from the conservative form (2.171) (for a more general form, see (3.25)).
Indeed, integrating (2.171) over computational interval [ξ j,ξ j+1] and changing vari-
ables we get

d
dt

∫ x j+1(t)

x j(t)
vdx = ẋv|x j+1(t)− ẋv|x j(t) .

Using the forward temporal discretization and approximation∫ x j+1(t)

x j(t)
vdx≈ v j+ 1

2
(t)(x j+1(t)− x j(t)),

we have

(xn+1
j+1− xn+1

j )vn+1
j+ 1

2
= (xn

j+1− xn
j)v

n
j+ 1

2
+∆ tn((ẋv)n

j+1− (ẋv)n
j), (2.172)

where n indicates the n-th step for the continuation parameter time, and (ẋv) j and
(ẋv) j+1 are approximations of the “flux” ẋv at the cell faces x = x j and x j+1, respec-
tively. The first order upwind approximation of the flux takes the form

(ẋv) j =
ẋ j

2
(v j+ 1

2
+ v j− 1

2
)+
|ẋ j|
2

(v j+ 1
2
− v j− 1

2
). (2.173)

Higher order upwind approximations can also be used. The time step ∆ tn should be
chosen such that the Courant-Friedrichs-Lewy (CFL) condition [148] is satisfied:

∆ tn max

{
|ẋn

j |
(xn

j+1− xn
j)

,
|ẋn

j |
(xn+1

j+1− xn+1
j )

}
≤ 1, ∀ j = 1, ...,N−1. (2.174)

Scheme (2.172) defines an update for the cell centered variable v j+ 1
2
. It preserves

the mass, i.e.,
N−1

∑
j=1

(xn+1
j+1− xn+1

j )vn+1
j+ 1

2
=

N−1

∑
j=1

(xn
j+1− xn

j)v
n
j+ 1

2
.

This conservative interpolation scheme was proposed and used by Tang and Tang
[316] for finite volume computation of hyperbolic PDEs. The current derivation is
slightly different from the original one.

2.7 Examples of applications

In this section numerical results are presented for a selection of time-dependent
PDEs which are standard test problems for adaptive mesh methods. These problems
are solved using a moving finite difference method with the PMvP alternate solution
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procedure described in the previous section. The modified MMPDE5 (2.53) is used
with τ = 10−3 and the optimal mesh density function (2.114). The time integration
is carried out using the SDIRK (order 3) scheme (see [164, 165]) with a time step se-
lection procedure based only on the accuracy of the physical solution. The absolute
and relative tolerances are chosen as atol = rtol = 10−6.

Example 2.7.1 The first example is the advection-diffusion equation

∂u
∂ t

+V
∂u
∂x

= ε
∂ 2u
∂x2 , x ∈ (0,1) (2.175)

where ε > 0 is the diffusion coefficient or diffusivity and V is the flow velocity,
taken here as V = 1. Dirichlet boundary conditions at the endpoints x = 0 and x = 1
are chosen such that the exact solution of the problem is a traveling front given by

u(x, t) =
1
2

erfc
(

x− t√
4εt

)
+

1
2

exp
( x

ε

)
erfc

(
x+ t√

4εt

)
, (2.176)

where erfc(x) is the complementary error function. The smaller ε , the steeper the
traveling front and the more difficult the problem is to solve numerically. Moreover,
the exact solution is singular at t = 0. The integration starts at t = 10−4 to avoid this
singularity and stops at t = 1, when the steep front reaches the right endpoint. A
solution for ε = 10−5, computed with N = 61, is shown in Figure 2.28.

A closely related model is the advection-dispersion-reaction equation [195]

R
∂u
∂ t

+V
∂u
∂x

= ε
∂ 2u
∂x2 −λRu, (2.177)

where u is the concentration of a substance, ε the dispersivity, V the Darcy velocity,
R the retardation factor, and λ the reaction factor. This equation models mass in
the form of molecules or solid particles undergoing multiple processes in the sub-
surface, including advection, dispersion, and reaction. The physical parameters are
taken as ε = 10−5, V = 1, R = 1.1, and λ = 1.1 and the spatial domain is [0,1]. The
initial and Dirichlet boundary conditions are chosen such that the exact solution is

u(x, t) =
1
2

exp
(

V x
2ε

)[
exp

(
−x
√

V 2 +4ελR
2ε

)
erfc

(
x− (t/R)

√
V 2 +4ελR√

4εt/R

)

+ exp

(
x
√

V 2 +4ελR
2ε

)
erfc

(
x+(t/R)

√
V 2 +4ελR√

4εt/R

)]
. (2.178)

Results for the problem integrated from t = 10−4 to t = 1 with N = 61 are shown in
Figure 2.29.
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Fig. 2.28 Example 2.7.1. Computed solution of (2.175) (marked with symbols) is shown against
graph of exact solution at several time instants.
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Fig. 2.29 Example 2.7.1. Computed solution of (2.177) (marked with symbols) is shown against
graph of exact solution at several time instants.

Example 2.7.2 Richards’ equation models the movement of water through un-
saturated soil and has a dimensionless form in one dimension (e.g., see Cox and
Payne [107]) as

∂θ

∂ t
=

∂

∂ z

(
D(θ)

∂θ

∂ z

)
− ∂K(θ)

∂ z
, (2.179)

where z is the vertical coordinate, θ is the water content, D = D(θ) is the soil water
diffusivity, and K = K(θ) is the unsaturated hydraulic conductivity. We consider a
case studied in [107] where z ∈ [0,1], t ∈ [0,1], D = 2θ , and K = θ 3. The initial and
boundary conditions are chosen as{

θ(z,0) = 0.15+(0.3805−0.15)(1− tanh(1000z)),

θ(0, t) = 0.3805, ∂θ

∂ z (1, t) = 0.
(2.180)

The analytical exact solution for this problem is unavailable. A solution obtained
with N = 61 is shown in Figure 2.30.

A more difficult case where D = 2θ × 10−4, K = θ 3× 2.5, and there is a time-
dependent boundary condition θ(0, t) = (0.3805−0.15)e−t +0.15, is considered in
Huang et al. [195]. A solution computed with N = 61 is shown in Figure 2.31.
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Fig. 2.30 Example 2.7.2. Solution for D = 2θ , and K = θ 3 is shown at several time instants.
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Fig. 2.31 Example 2.7.2. Solution for D = 2θ ×10−4, and K = θ 3×2.5 is shown at several time
instants.

Example 2.7.3 In this example we consider a coupled system for flow and
brine transport in porous media. It models the interaction between flow and brine
concentration, with a high salt concentration affecting the fluid density, and the fluid
density having an impact on the fluid flow and brine transport. The governing equa-
tions for the isothermal, single-phase, two-component saturated flow model in one
dimension are given by

ωρβ
∂P
∂ t

+ωργ
∂C
∂ t

= −∂ (ρv)
∂x

,

ωρ
∂C
∂ t

= −ρv
∂C
∂x

+
∂

∂x

(
ρλ |v|∂C

∂x

)
, (2.181)

where P, ρ , and v are the flow pressure, density, and velocity, respectively, and C is
the salt concentration. The velocity is related to pressure through v =− κ

µ
( ∂P

∂x +ρg),
and the equation of state is ρ = ρ0 exp(β (P−P0) + γC). Here, ρ0 is the constant
reference density, P0 the constant reference pressure, ω the porosity, β the constant
compressibility coefficient, γ the constant salt coefficient, κ the permeability, g the
gravity, µ the viscosity, and λ the dispersion length. This problem has been studied
by Zegeling et al. [352] and Huang et al. [195] using moving mesh techniques.
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Fig. 2.32 Example 2.7.3. Computed solutions for P and C are shown at several time instants.

We consider the case where κ = 1, µ = 1, ω = 0.2, β = 10−5, γ = 0.1794,
λ = 10−3, g = 0.098, ρ0 = 1, and P0 = 1. The time and space domains are taken as
[0,0.5] and [0,1], respectively. The initial and boundary conditions are

P(x,0) = 1.7(1− x)+ x, C(x,0) = 0

and

P(0, t) = 1.7e−0.3t , P(1, t) = 1.0, C(0, t) = e−0.3t ,
∂C
∂x

(1, t) = 0.

Figure 2.32 shows the computed solution obtained with N = 61.

Example 2.7.4 This example, arising in the modeling of flame propagation,
involves the system of PDEs

∂u
∂ t

+ f (u,v) =
∂ 2u
∂x2 ,

∂v
∂ t
− f (u,v) =

∂ 2v
∂x2 , (2.182)

where f (u,v) = 3.52×106 ue−4/v and 0≤ x≤ 1. The boundary conditions are

ux(0, t) = 0, ux(1, t) = 0,

vx(0, t) = 0, v(1, t) = 1.2,

and the initial conditions are

u(x,0) = 1, v(x,0) = 1.2+ tanh(1000(x−1)).

This model is proposed by Dwyer and Sanders [130], where u(x, t) and v(x, t) corre-
spond to mass density and temperature, respectively. A constant value for the tem-
perature at the right boundary models a heat source which generates a steep flame
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Fig. 2.33 Example 2.7.4. Computed solutions for u and v are shown at several time instants.

front. The front propagates from right to left at a relatively high velocity and reaches
the left boundary slightly after t = 0.006. The problem is integrated up to this time,
and a solution obtained with N = 61 is shown in Figure 2.33.

Example 2.7.5 Sod’s shocktube problem [304] involves the one-dimensional
Euler equations of gas dynamics in conservation form

∂

∂ t

ρ

(ρu)
e

+
∂

∂x

 (ρu)
p+(ρu)2/ρ

(e+ p)(ρu)/ρ

= 0, (2.183)

subject to the initial conditionsρ

(ρu)
e

(x,0) =
{

(1.0,0.0,2.5)T , if x≤ 0.5
(0.125,0.0,0.25)T , if x > 0.5

where ρ is the gas density, u velocity, e total internal energy per unit volume, and p
pressure. The ideal gas equation of state is used,

p = 0.4(e− (ρu)2/(2ρ)). (2.184)

To solve this problem with a moving (centered) finite difference method, we intro-
duce some artificial viscosity by adding a diffusion term to each equation in (2.183),
giving

∂

∂ t

ρ

(ρu)
e

+
∂

∂x

 (ρu)
p+(ρu)2/ρ

(e+ p)(ρu)/ρ

= ε
∂ 2

∂x2

ρ

(ρu)
e

 , (2.185)

where the small diffusion coefficient ε > 0 is chosen as ε = 10−3. The initial con-
dition is also smoothed so that
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Fig. 2.34 Example 2.7.5. Computed solutions for ρ and e are shown at several time instants.

ρ(x,0) =− 7
16

tanh(1000(x−0.5))+
9

16
,

(ρu)(x,0) = 0,

e(x,0) =−9
8

tanh(1000(x−0.5))+
11
8

. (2.186)

These equations are solved over the time interval 0 ≤ t ≤ 0.35, using artificial
boundaries at x =−0.2 and x = 1.5. The boundary conditions are chosen as

ρx(−0.2, t) = ρx(1.5, t) = 0, (ρu)(−0.2, t) = (ρu)(1.5, t) = 0,

ex(−0.2, t) = ex(1.5, t) = 0.

A computed solution with N = 121 is shown in Figure 2.34.

Example 2.7.6 Radiation diffusion equations are used to model problems in
a variety of astrophysical and laboratory settings; e.g., see Mihalas and Mihalas
[250] and Bowers and Wilson [56]. The equations coupling radiative diffusion and
material temperature for matter at rest in the diffusion limit take a dimensionless
form [56, 210] in one dimension as

∂E
∂ t

= ε
∂

∂x

(
D

∂E
∂x

)
+

σa

δ
(T 4−E), (2.187)

∂T
∂ t

= −σa

δ
(T 4−E), (2.188)

where E is the dimensionless gray radiation energy density, T the dimensionless
material temperature, D = 1/(3σa) the dimensionless diffusion coefficient, σa =
T−3, and ε > 0 and δ > 0 are two dimensionless parameters. (Equations (2.187) and
(2.188) are often referred to in the literature as non-equilibrium radiation diffusion
equations.) A diffusion flux limiting is applied to the diffusion coefficient to avoid
unphysical speed of radiation propagation. For example, Larsen’s form for a flux-
limited diffusion coefficient is given by
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DL =

(
(3σa)2 + εδ

(
1
E

∂E
∂x

)2
)− 1

2

. (2.189)

Note that the sum of (2.187) and (2.188) gives the conservation equation

∂ (T +E)
∂ t

= ε
∂

∂x

(
D

∂E
∂x

)
. (2.190)

We consider a case where the physical domain is [0,1], ε = 1, and δ = 0.01. The
initial and boundary conditions are chosen as

E(x,0) = (1− tanh(1000x))(1−10−4)+10−4, T (x,0) = E(x,0)
1
4 ,

E(0, t) = 1, Ex(1, t) = 0.

A similar setting has been considered by Knoll et al. [210], where the solution repre-
sents a thermal wave driven by a fixed value of E on the left boundary. A computed
solution with N = 61 is shown in Figure 2.35.

An equilibrium situation has been studied by Lapenta and Chacón [225]. In this
case, the radiation diffusion equation that assumes equilibrium between the material
temperature T and radiation energy density E = T 4 takes the form

∂

∂ t
((1−α)T +αηE) = η

∂

∂x

(
D

∂E
∂x

)
, (2.191)

where α = 0 and η = 1 are chosen for a matter-dominated system. The flux-limited
diffusion coefficient is taken as

DL =
(

3σa +
1
E

∣∣∣∣∂E
∂x

∣∣∣∣)−1

. (2.192)

A computed solution with N = 61 is shown in Figure 2.36, where the initial and
boundary conditions are chosen as

E(x,0) = (1−0.8x)4, E(0, t) = 1, E(1, t) = 0.24.

Example 2.7.7 Nagumo’s equation [265] is used as a modeling tool in the
physical sciences for problems varying from the movement of solidification fronts
in material science to the propagation of action potentials in neuroscience. A dimen-
sionless form of the equation with a cubic nonlinear reaction term in one dimension
is given by

∂u
∂ t

= ε
∂ 2u
∂x2 +

1
δ

u(1−u)(u−a), (2.193)
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Fig. 2.35 Example 2.7.6. Computed solutions for E and T for non-equilibrium radiation diffusion
are shown at several time instants.
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Fig. 2.36 The computed solutions obtained with N = 61 are shown at several time instants for
equilibrium radiation diffusion in Example 2.7.6.

where ε > 0, δ > 0, and a ∈ [0,1] are dimensionless parameters. A major research
interest for (2.193) has been to study its traveling wave solutions (e.g., see Evans
[136]). One such solution is

u(x, t) =
1
2

[
1− tanh

(
x− ct√

8εδ

)]
, (2.194)

where

c = (1−2a)
√

ε

2δ
(2.195)

is the wave speed. Figure 2.37 shows a solution computed with N = 61, ε = 10−3,
δ = 10−3, and a = 0. The Dirichlet boundary conditions at x = 0 and x = 1 and the
initial condition are chosen from the exact solution given in (2.194).

A closely related system is the FitzHugh-Nagumo equations [146, 265] where
Nagumo’s equation is coupled with an ordinary differential equation. The equations
are a simplification of the Hodgkin-Huxley equation modeling the control of the
electrical potential across a cell membrane. A dimensionless form of the FitzHugh-
Nagumo equations in one dimension is
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Fig. 2.37 Example 2.7.7. Computed solution of Nagumo’s equation is shown at several time in-
stants.

∂u
∂ t

= ε
∂ 2u
∂x2 +

1
δ

(u(1−u)(u−a)−w) ,

∂w
∂ t

= β (u− γw), (2.196)

where the dimensionless parameters a ∈ [0,1], ε , δ , β , and γ are positive. We con-
sider two cases. In the first case, the parameters are taken as ε = 10−3, δ = 10−3,
a = 0.4, β = 0.1, and γ = 1.0. The boundary conditions for u are

ux(0, t) = ux(1, t) = 0, (2.197)

and the initial conditions are{
u(x,0) = 10(x−0.3) exp(−100(x−0.35)2),

w(x,0) = 0.1 exp(−100(x−0.3)2).
(2.198)

Figure 2.38 shows a solution computed with N = 321 that simulates a traveling pulse
solution.

In the second case, the parameters are taken as ε = 10−3, δ = 10−3, a = 0.1,
β = 1, and γ = 0.7. The initial conditions are

u(x,0) =
1
2

tanh(1000(x−0.48))− 1
2

tanh(1000(x−0.52)), w(x,0) = 0. (2.199)

Figure 2.39 shows a bi-directional pulse wave solution computed with N = 181.

Example 2.7.8 Stefan problems for phase change in matter are examples of
moving boundary problems where a phase boundary moves with time (e.g., see
Crank [109]). One scenario is icing (solidification) where the water at a uniform
temperature Ti > 0 is confined to a half space x > 0 and the boundary surface at x = 0
is cooled down initially and then maintained at a temperature T0 below the freezing
level. The solidification process starts at the surface x = 0, and the liquid-solid in-
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Fig. 2.38 Example 2.7.7. Computed solutions of FitzHugh-Nagumo equations are shown for
boundary and initial conditions (2.197) and (2.198).
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Fig. 2.39 Example 2.7.7. Computed solutions of FitzHugh-Nagumo equations are shown for
boundary and initial conditions (2.197) and (2.199).

terface x = s(t) moves in the positive x-direction. The one-dimensional governing
equations for the solidification process in dimensionless form are

∂T
∂ t

=
∂ 2T
∂x2 , 0 < x < ∞, x 6= s(t) (2.200)

T (s(t), t) = 0, (2.201)
ds
dt

=
∂T
∂x

(s(t)−, t)− ∂T
∂x

(s(t)+, t), (2.202)

where T is the dimensionless temperature. The equations are supplemented with the
constant initial condition and (initially inconsistent) boundary conditions

T (x,0) = Ti; T (0, t) = T0, T (∞, t) = Ti. (2.203)

The exact solution, often referred to as Neumann’s solution, is

T (x, t) =


T0

erf(λ )

[
erf(λ )− erf

(
x√
4t

)]
, for x≤ s(t)

− Ti
1−erf(λ )

[
erf(λ )− erf

(
x√
4t

)]
, for x > s(t),

(2.204)
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where λ is a constant satisfying

e−λ 2

√
π

[
T0

erf(λ )
+

Ti

1− erf(λ )

]
+λ = 0. (2.205)

The location of the interface is given by

s(t) = λ
√

4t. (2.206)

Direct numerical solution of (2.200)–(2.202) requires some form of front tracking
to determine the location of the liquid-solid interface. Alternative approaches have
been developed to avoid the need to explicitly track the moving front. We consider
two of these, one based on the enthalpy formulation and the other using the phase-
field equations.

The enthalpy formulation utilizes the enthalpy of the material, whose dimension-
less form is related to the temperature by

H =
{

T, for T < 0
T +1, for T > 0.

(2.207)

The governing equation

∂H
∂ t

=
∂ 2T
∂x2 , 0 < x < ∞ (2.208)

is supplemented by the initial and boundary conditions (2.203). With this formu-
lation, there is no need to explicitly impose (2.202) since the interface condition,
and thus the location of the interface, is implicitly defined by (2.207) and (2.208).
Indeed, (2.202) can be derived using the weak formulation of (2.208) and the fact
that the solution T (x, t) is smooth on the whole space-time domain except at the in-
terface, where T is continuous but not smooth. The derivation procedure is similar
to that used for deriving the Rankine-Hugoniot condition for a hyperbolic equation
(e.g., see Thomas [321]).

Artificial diffusion is needed for the numerical solution of (2.208). This can be
applied by regularizing the enthalpy function. An example of regularization given
by Egolf and Manz [131] leads to

Hε =

{
T + 1

2 e
T
ε , for T < 0

T +1− 1
2 e−

T
ε , for T > 0

(2.209)

where ε > 0 is a small parameter. Figure 2.40 shows a solution computed with
N = 81 for ε = 10−4, T0 = −0.06587, Ti = 0.06587, the spatial domain [0,4], and
the initial and Dirichlet boundary conditions consistent with Neumann’s solution
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(2.204). The integration is started from t = 10−4 to avoid the singularity of the exact
solution at t = 0.

For the phase-field approach, the governing equation (2.200) is coupled with a
so-called phase field equation for a phase order parameter p. When the Caginalp
free energy density [77] is used, the coupled system has the form

∂T
∂ t

+
1
2

∂ p
∂ t

=
∂ 2T
∂x2 , (2.210)

αl2 ∂ p
∂ t

= l2 ∂ 2 p
∂x2 −

1
2a

(p3− p)+2T, (2.211)

where α , l, and a are positive parameters. The solution for the phase-field model
has been shown to converge to the solution of the Stefan problem as a→ 0, l→ 0,
and σ ≡ 2l

3a → 0 while α is fixed (see Caginalp [76]). The thickness of the smeared
interface is related to a and l by ε = l

√
a.

We consider a case studied by Mackenzie and Robertson [247], who also use a
moving mesh technique. The parameters are taken as a = 0.0625, l = 0.002, and α =
1, which give ε = 5×10−4 and σ = 5.33×10−3. The spatial domain is again [0,4],
and the initial (at t0 = 10−4) and Dirichlet boundary conditions for T are chosen
consistent with the exact solution (2.204) with T0 = −0.06587 and Ti = 0.06587.
The boundary conditions for p are chosen as

p(0, t) = min
p

(
1

8a
(p2−1)2−2pT0

)
≈−1.0081, (closest to -1)

p(4, t) = min
p

(
1

8a
(p2−1)2−2pTi

)
≈ 1.0081, (closest to +1). (2.212)

The initial condition is chosen as

p(x, t0) =

{
p(0, t0) tanh( s(t0)−x

2ε
), for x≤ s(t0)

p(4, t0) tanh( x−s(t0)
2ε

), for x > s(t0).
(2.213)

The computed solution using N = 81 and a fixed time step ∆ t = 10−5 is shown in
Figure 2.41.

2.8 Mesh density functions based on scaling invariance

The mesh density function in §2.4 is defined to minimize an interpolation error
bound, but situations occur where it is useful to define the function motivated by
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Fig. 2.40 Example 2.7.8. Computed solution of Stephan problem is shown for the enthalpy for-
mulation.
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Fig. 2.41 Example 2.7.8. Computed solution of Stephan problem is shown for the phase-field
formulation.

other considerations. A case in point is when solving physical PDEs having scaling
invariance, which we consider here.

Scaling invariance is an important property of a broad class of PDEs having solu-
tions that become unbounded or blow up in finite time. These PDEs arise from math-
ematical idealizations of models, e.g., describing combustion in chemicals, chemo-
taxis in cellular aggregates, and the formation of shocks in the inviscid Burgers’
equation and the space-charge equations; e.g., see Pao [270]. A blowup in the solu-
tion often represents an important change in the properties of the model, such as the
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ignition of a heated gas mixture, and it is important that it is reproduced accurately
in a numerical computation. Since a blowup typically occurs on increasingly small
length scales as well as time scales, it is essential to use an adaptive mesh for its
numerical simulation.

The study in this section focuses on the use of MMPDE5 in (2.52) for computing
a blowup solution for the classic model problem

ut = uxx +up, (2.214)

u(0, t) = u(1, t) = 0, (2.215)

u(x,0) = u0(x) > 0, (2.216)

where p > 1 is a physical parameter and u0(x) is a given initial solution. However,
the procedure itself is very general and has been used with a variety of MMPDEs for
studying a number of physical PDEs with blowup solutions; e.g., see [67, 66, 184].

When the initial solution is sufficiently large, the solution of this initial-boundary
value problem tends to infinity at a point x∗ ∈ (0,1) as t → T , for some finite time
T > 0. The quantities x∗ and T are referred to as the blowup point and time, respec-
tively.

A more precise description of the blowup profile of the solution is given in the
following theorem [41].

Theorem 2.8.1 Let β = 1
p−1 . If the initial solution is sufficiently large, then the

solution to the initial-boundary value problem (2.214), (2.215), and (2.216) satisfies

lim
t→T

(T − t)β u(x∗+ µ [(T − t)(α− log(T − t))]1/2 , t) = β
β

[
1+

µ2

4pβ

]−β

(2.217)

uniformly for all |µ| ≤C for a given constant C > 0, where α is a constant depend-
ing only upon the initial solution.

The theorem shows how both the time and length scales of blowup become in-
creasingly small as t→ T . It also implies that the blowup profile of the solution can
best be shown in the so-called kernel coordinate µ = µ(x, t), which is fixed as t→ T
and defined as

µ = (x− x∗) [(T − t)(α− log(T − t))]−1/2 . (2.218)

The primary purpose here is finding suitable conditions under which MMPDE5
works satisfactorily. An MMPDE is judged to be satisfactory if it generates a coor-
dinate transformation of the form

x(ξ , t) = x∗+(T − t)
1
2 [α− log(T − t)]

1
2 z(ξ , t), (2.219)

with the property
z(ξ , t) = z0(ξ )+o(1) (2.220)
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or
z(ξ , t) = z0(ξ )+o(1)+O(τ), (2.221)

where o(1) denotes terms tending to zero as t→ T and z0(ξ ) is a function depend-
ing only upon ξ . This is because, when the coordinate transformation is in the form
(2.219) with property (2.220) or (2.221), the computational coordinate ξ is a func-
tion of µ and from Theorem 2.8.1, the solution profile in the peak region of blowup
can be properly resolved in ξ .

2.8.1 Dimensional analysis, scaling invariance, and dominance of
equidistribution

The main tool used in the study is dimensional analysis (e.g., see Barenblatt [37]).
To begin with, we denote the dimensions of variables u, t, and x by [u], [t], and [x],
respectively. The dimensions of the terms ut , uxx, and up in the physical PDE (2.214)
are then given by

[ut ] =
[u]
[t]

, [uxx] =
[u]
[x]2

, [up] = [u]p.

The fact that all terms in the physical PDE are dimensionally homogeneous (i.e., all
terms in the equation are of the same order of magnitude) implies

[u]
[t]

=
[u]
[x]2

= [u]p.

This yields the dimension relations

[x] = [t]
1
2 , [u] = [t]−

1
p−1 = [t]−β . (2.222)

Thus, if the dimension of t is changed by a factor λ > 0, the dimensions of x and
u must change by factors λ 1/2 and λ−β , respectively, to keep the physical equation
dimensionally balanced. This suggests, and it is easy to verify, that the PDE (2.214)
be invariant under the scaling transformation

t −→ λ t,
x−→ λ

1
2 x,

u−→ λ−β u,

∀ λ > 0. (2.223)

A common feature of scaling invariant PDEs is that they often admit so-called
self-similar solutions. In the current situation, this type of solution satisfies the rela-
tion
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u(x− x∗,T − t) = λ
β u(λ 1/2(x− x∗),λ (T − t)), ∀ λ > 0. (2.224)

An example of a self-similar form is

u(x, t) = (T − t)−β f
(

x− x∗√
T − t

)
, (2.225)

for a sufficiently smooth function f . The blowup profile given in (2.217) can be
shown to be self-similar by using the self-similar form (2.225) and substituting the
similarity variables

s =−log(T − t), y = (x− x∗)(T − t)−1/2, w(s,y) = (T − t)β u(x, t)

into the PDE (2.214) (see Berger and Kohn [49]).
We now analyze the dimensions of MMPDE5 in (2.52). The computational do-

main for dimensional analysis can always be chosen as the unit interval, so the
computational coordinate is dimensionless. Denoting the dimension of τ by [τ], the
dimension equation for MMPDE5 is

[τ] [x]
[t]

= [ρ][x],

or simply
[τ]
[t]

= [ρ]. (2.226)

For the situation where τ is taken to be constant, [τ] = 1 and from (2.222),

[ρ] = [t]−1 = [u]
1
β . (2.227)

This implies that MMPDE5 is invariant under the scaling transformation (2.223) if
the mesh density function is chosen to be

ρ = u
1
β . (2.228)

This type of scaling invariance based mesh density function is first used and ana-
lyzed in [67].

A generalization of (2.228) is to consider a mesh density function of the form

ρ = uγ , (2.229)

where γ > 0 is a parameter. This form satisfies the objective of concentrating more
mesh points in the blowup region (where u is large) than in the rest of the domain,
and we shall investigate how much flexibility there is in the choice of γ . This is
motivated in part by the fact that for more complex problems, the choice of a mesh
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density function which gives scaling invariance is often far from straightforward.
From (2.222) and (2.226), the dimension equation for (2.229) reduces to

[τ] [t]βγ−1 = 1, (2.230)

which indicates that the magnitude of the left-hand-side term of MMPDE5 in (2.52)
is of order [τ] [t]βγ−1 relative to that of the right-hand-side term.

In the situation where τ is taken to be constant ([τ] = 1), since the time scale
of the underlying physical problem (2.214)–(2.220) can reasonably be taken as
[t] = T − t, the left-hand side term of (2.230) vanishes as t → T when βγ > 1.
In this case, MMPDE5 has the dominance of equidistribution, i.e., the equidistri-
bution term (the right-hand side of MMPDE5) dominates the other term(s) in the
equation. Obviously, this will not happen when βγ < 1. The critical case is βγ = 1,
for which (2.230) is balanced, so MMPDE5 is dimensionally homogeneous and in-
variant under the scaling transformation (2.223). Thus, the MMPDE can be made to
be equidistribution dominant by choosing constant τ sufficiently small.

The situation where τ is solution-dependent is sightly more complicated. It is
discussed in §2.8.3.

2.8.2 MMPDE5 with constant τ

The dimensional analysis in the previous subsection shows that MMPDE5 has dom-
inance of equidistribution when τ is a sufficiently small constant and the mesh den-
sity function is chosen in the form (2.229) with γβ > 1 or γβ = 1. We consider
now whether or not this property is indeed sufficient to guarantee that MMPDE5 in
(2.52) performs satisfactorily in practice.

When an MMPDE has the dominance of equidistribution, compared to the
equidistribution term any other term is small or even vanishing as t → T . It is thus
reasonable when investigating blowup to only consider the equidistribution term
when analyzing the MMPDE. For MMPDE5, this gives

∂

∂ξ

(
ρ

∂x
∂ξ

)
≈ 0, (2.231)

which is essentially the equidistribution relation (2.28). The approach of [67] is
adopted here: treated as an equality, (2.231) is solved analytically using the ex-
act form (2.217) for the solution u(x, t). Since in practice the physical solution is
what is sought by the computation, this approach is used for theoretical analysis
only. Nevertheless, it determines what the “optimal” mesh is for the underlying
initial-boundary value problem. In actual computation the mesh density function is
approximated using the computed solution and the resulting mesh is thus truly adap-
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tive. Later in this section, numerical results obtained this way are used to verify the
theoretical findings.

Expanding the derivative on the left-hand side of (2.231) gives

ρ
∂ 2x
∂ξ 2 +

∂ρ

∂ξ

∂x
∂ξ
≈ 0. (2.232)

We seek a coordinate transformation in the form (2.219). Differentiating it with
respect to ξ gives

xξ = (T − t)
1
2 [α− log(T − t)]

1
2 zξ , (2.233)

xξ ξ = (T − t)
1
2 [α− log(T − t)]

1
2 zξ ξ . (2.234)

Using the exact form (2.217) for the solution u(x, t), from (2.219) and (2.229) we
have

u(x, t) = (T − t)−β
β

β

[
1+

z2

4pβ

]−β

+o
(
(T − t)−β

)
, (2.235)

ρ = (T − t)−βγ
β

βγ

[
1+

z2

4pβ

]−βγ

+o
(
(T − t)−βγ

)
, (2.236)

ρξ = − γ

2p
(T − t)−βγ

β
βγ

[
1+

z2

4pβ

]−βγ−1

z zξ +o
(
(T − t)−βγ

)
. (2.237)

Inserting these into (2.232) yields

d2z
dξ 2 ≈

γ

2p
z

1+ z2

4pβ

(
dz
dξ

)2

. (2.238)

To determine suitable boundary conditions for z(ξ ), observe that from Theorem
2.8.1 and the form of the coordinate transformation (2.219), for any given constant
C > 0, the mesh points (x(ξ , t), t) with |z(ξ , t)| and |ż(ξ , t)| ≤ C will eventually
fall in the blowup peak of the solution as t approaches T . This implies that the
boundary conditions for the coordinate transformation, x(0, t) = 0 and x(1, t) = 1,
must correspond to the limits of large |z|. Consequently, it is reasonable to choose
the boundary conditions as

z(ξ , t)→−∞ as ξ → 0; z(ξ , t)→+∞ as ξ → 1. (2.239)

The boundary value problem (2.238) and (2.239) can be solved by viewing
dz/dξ and z as new dependent and independent variables. The solution is

z√
4pβ

F(
1
2
,βγ;

3
2

;− z2

4pβ
)≈
√

π Γ (βγ− 1
2 )

Γ (βγ)
(ξ − 1

2
), (2.240)
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where F(a,b;c;z) is the Gauss hypergeometric function with scalar parameters
a, b, c, and z. It has the properties

∫ z

0

(
1+

s2

4pβ

)−βγ

ds = z F(
1
2
,βγ;

3
2

;− z2

4pβ
),

lim
z→∞

z√
4pβ

F(
1
2
,βγ;

3
2

;− z2

4pβ
) =
√

π

2
Γ (βγ− 1

2 )
Γ (βγ)

,

where Γ is the Gamma function.
For the special case βγ = 3

2 ,

F(
1
2
,

3
2

;
3
2

;− z2

4pβ
) =

1√
1+ z2

4pβ

and Γ (
3
2
) =
√

π

2
.

From (2.240) we get
z√

1+ z2

4pβ

≈ 2
√

4pβ (ξ − 1
2
),

or

z(ξ )≈
4
√

pβ (ξ − 1
2 )√

1−4(ξ − 1
2 )2

. (2.241)

From (2.219), we obtain the form

x(ξ , t) = x∗+(T − t)
1
2 [α− log(T − t)]

1
2

 4
√

pβ (ξ − 1
2 )√

1−4(ξ − 1
2 )2

+o(1)

 (2.242)

for the coordinate transformation in the peak region of blowup. The solution in this
region can be expressed in terms of the computational coordinate by

u(x(ξ , t), t) = (T − t)−β
β

β

[(
1−4(ξ − 1

2
)2
)β

+o(1)

]
. (2.243)

Arguing similarly, for the scaling invariance case γβ = 1 (and τ sufficiently
small), the coordinate transformation and the physical solution in the peak region of
blowup have the expressions

x(ξ , t) = x∗+(T − t)
1
2 [α− log(T − t)]

1
2

×
(√

4pβ tan(π(ξ − 1
2
))+O(τ)+o(1)

)
, (2.244)

u(x(ξ , t), t) = (T − t)−β
β

β

[
cos2β (π(ξ − 1

2
))+O(τ)+o(1)

]
. (2.245)
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2.8.3 MMPDE5 with variable τ

Instead of being kept constant, there can be advantages to choosing the parameter τ

as a solution-dependent function. In particular, it can be chosen such that the MM-
PDE is dimensionally homogeneous, even when the mesh density function has the
general form (2.229). From the dimension equations (2.230) and (2.222), MMPDE5
is dimensionally balanced when τ is chosen as

τ = κuγ− 1
β , (2.246)

where κ > 0 is any dimensionless parameter. With this choice of τ , all of the terms in
MMPDE5 are of the same order of magnitude, and the equation has the dominance
of equidistribution for κ chosen sufficiently small. In this case, for any choice of
γ > 0, MMPDE5 reduces essentially to the equidistribution relation (cf. (2.232)) ,
and the corresponding solution is given in (2.240).

2.8.4 Numerical results

We now use MMPDE5 to solve (2.214)–(2.216) with the initial solution

u0(x) = 20sin(πx).

The physical PDE is discretized on moving meshes using a cubic spline collocation
method, with the coupled system of the physical and mesh PDEs solved simultane-
ously (see Huang and Russell [187]). A moving mesh with N = 41 points is used
for all of the computations.

To verify the theoretical results, the scaled solution profile, u/‖u‖∞, is plotted
as a function of ξ for several values of ‖u‖∞. Note that different values of ‖u‖∞

correspond to different instants in time. We also plot |xi − x∗| against ‖u‖∞ in a
logarithmic scale. When MMPDE5 works satisfactorily, the results can be explained
from (2.242) and (2.243). Specifically, as t→ T ,

‖u‖∞ ≈ (T − t)−β
β

β or (T − t)≈ β‖u‖
− 1

β

∞ ,

u
‖u‖∞

→
(

1−4(ξ − 1
2
)2
)β

,
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Fig. 2.42 MMPDE5, M = u1.5(p−1), p = 3, τ = 102, βγ = 1.5. Reprinted from Huang et al. [184],
with permission from Elsevier.

log |xi− x∗| → − 1
2β

log‖u‖∞ + log
4
√

pβ (ξi− 1
2 )√

1−4(ξi− 1
2 )2

+
1
2

logβ +
1
2

log
[

α +
1
β

log‖u‖∞− logβ

]
∼ − 1

2β
log‖u‖∞ + ci,

where ci is a constant depending upon ξi. Thus, in the limit t→ T the computed solu-
tion u/‖u‖∞ converges to the steady-state profile (1−4(ξ− 1

2 )2)β , while log |xi−x∗|
becomes linear in log‖u‖∞.

The numerical results shown in Figs 2.42–2.44 can be seen to be consistent with
the theoretical predictions. Most of mesh points stay in the peak region of blowup
while u/‖u‖∞ converges to a limit profile. The numerical results indicate that MM-
PDEs in general work satisfactorily when they have the dominance of equidistribu-
tion. For completeness, two unsatisfactory situations (not covered by the analysis
in this section) are shown in Figs 2.45 and 2.46. For these, fewer and fewer mesh
points are concentrated in the peak region of blowup (which is getting narrower as
t→ T ) and u/‖u‖∞ becomes more like a delta function as t→ T . MMPDE5 does not
have the dominance of equidistribution for these two cases. Nevertheless, as shown
in [184], dominance of equidistribution is a sufficient but generally not a necessary
condition for an MMPDE to perform satisfactorily.

2.9 Mesh density functions based on a posteriori error estimates

Mesh density functions can be advantageously defined from a posteriori error esti-
mates using basically the same procedure as that used in §2.4, except that we now
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Fig. 2.43 MMPDE5, M = up−1, p = 3, τ = 10−5, βγ = 1. Reprinted from Huang et al. [184], with
permission from Elsevier.
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Fig. 2.44 MMPDE5, M = u1.5(p−1), p = 3, τ = κuγ− 1
β , κ = 10−5, βγ = 1.5. Reprinted from

Huang et al. [184], with permission from Elsevier.

use a posteriori error estimates instead of estimates for interpolation error. While
this procedure is applicable to a wide range of problems, it is illustrated here for a
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Fig. 2.45 MMPDE5, M = up−1, p = 2, τ = 102, βγ = 1. Reprinted from Huang et al. [184], with
permission from Elsevier.
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Fig. 2.46 MMPDE5, M = u2(p−1)/3, p = 3, τ = κuγ− 1
β , κ = 1, βγ = 2/3. Reprinted from Huang

et al. [184], with permission from Elsevier.

very simple linear elliptic differential equation. In this way, the essential features of
the procedure are more easily understood in a simple context. The other reason is
that theoretical tools for doing a rigorous theoretical analysis of convergence for a
more general PDE have yet to be developed.

We consider the linear finite element solution of the differential equation

−(au′)′+bu′+ cu = f , in Ω = (0,1) (2.247)

subject to the homogeneous Dirichlet boundary conditions

u(0) = u(1) = 0. (2.248)

Here, we suppose that the coefficients a(x), b(x), c(x), and f (x) satisfy

a,b ∈W 1,∞(Ω), c ∈ L∞(Ω), f ∈ L2(Ω) (2.249)

and
a(x)≥ a0 > 0, c(x)− 1

2
b′(x)≥ 0, ∀x ∈Ω (2.250)

for some constant a0, where W 1,∞(Ω) is the Sobolev space of functions whose
derivatives are in L∞(Ω).

The variational formulation of BVP (2.247) and (2.248) is to find u∈V ≡H1
0 (Ω)

such that
B(u,v) = ( f ,v), ∀v ∈V (2.251)

where

B(u,v) =
∫

Ω

(au′v′+bu′v+ cuv)dx, ( f ,v) =
∫

Ω

f vdx. (2.252)
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From Schwarz’s inequality and assumptions (2.250), it is not difficult to show that
the bilinear form B(·, ·) has the properties

a0|v|2H1(Ω) ≤ B(v,v)≤C|v|2H1(Ω) ∀v ∈V (2.253)

and
B(w,v)≤C|w|H1(Ω)|v|H1(Ω), ∀w,v ∈V (2.254)

where C is a positive constant.
For a given mesh Th of N elements, one defines the linear basis functions φ j, j =

1, ...,N, as in (1.28) and the linear finite element space as V h = span{φ2, ...,φN−1}.
The linear finite element solution uh ∈V h satisfies

B(uh,vh) = ( f ,vh) ∀vh ∈V h. (2.255)

Let eh = u− uh, where u is the exact solution of the continuous problem (2.251).
Subtracting (2.255) from (2.251), a direct calculation gives the orthogonality prop-
erty

B(eh,vh) = 0 ∀vh ∈V h (2.256)

and the error equation

B(eh,v) = ( f ,v)−B(uh,v) ∀v ∈V. (2.257)

2.9.1 An a priori error estimate

For comparison purpose, we derive an a priori error estimate for the finite element
solution uh as well. For this, we use a basic result for piecewise linear interpolation
whose proof can be found in most finite element textbooks, e.g., [62, 104].

Lemma 2.9.1 Denote by Πh the operator for the piecewise linear interpolation
associated with V h, viz.,

(Πhv)(x) =
N

∑
j=1

v(x j)φ j(x) ∀v ∈ H1(Ω). (2.258)

Then, for any j (2≤ j ≤ N),

‖v−Πhv‖L2(I j) ≤Ch j|v−Πhv|H1(I j), ∀v ∈ H1(I j) (2.259)

|v−Πhv|H1(I j) ≤Ch j|v|H2(I j), ∀v ∈ H2(I j) (2.260)

|v−Πhv|H1(I j) ≤C|v|H1(I j), ∀v ∈ H1(I j). (2.261)
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Theorem 2.9.1 If the solution of BVP (2.251) satisfies u∈H2(Ω) and the mesh
Th has the property

h≡max
j

h j ≤
C1

N
(2.262)

for some positive constant C1, then the error for the finite element solution uh is
bounded by

|u−uh|H1(Ω) ≤
C
N
|u|H2(Ω), (2.263)

where C is a positive constant independent of u and the mesh.

Proof. From (2.253), (2.254), and the orthogonality property (2.256) it follows
that

a0|eh|2H1(Ω) ≤ B(eh,eh)

= B(eh,u−Πhu)

≤ C|eh|H1(Ω)|u−Πhu|H1(Ω).

From this, (2.260), and (2.262) we have

|eh|2H1(Ω) ≤ C|u−Πhu|2H1(Ω)

= C
N

∑
j=2
|u−Πhu|2H1(I j)

≤ C
N

∑
j=2

h2
j |u|2H2(I j)

≤ C
N2 |u|

2
H2(Ω),

which gives (2.263).

Note that one obvious example of a mesh satisfying (2.262) is a uniform one, so
the error bound (2.263) holds in this case.

2.9.2 An a posteriori error estimate

We can now derive a residual-based a posteriori error bound to be used to define the
mesh density function. A general procedure for this type of error estimation can be
found, for example, in [8, 26, 335].

Lemma 2.9.2 The error for the finite element solution uh is bounded by
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|u−uh|2H1(Ω) ≤Cη
2
h ≡C

N

∑
j=2

h2
j‖rh‖2

L2(I j)
, (2.264)

where rh is the residual function, i.e.,

rh = f +a′(uh)′−b(uh)′− cuh. (2.265)

Proof. From the orthogonality property (2.256) and the error equation (2.257),
for any v ∈V we have

B(eh,v) = B(eh,v−Πhv) = ( f ,v−Πhv)−B(uh,v−Πhv).

From (2.252) it follows that

B(eh,v) =
∫

Ω

( f −b(uh)′− cuh)(v−Πhv)dx−
∫

Ω

a(uh)′(v−Πhv)′dx

= ∑
j

∫
I j

( f −b(uh)′− cuh)(v−Πhv)dx−∑
j

∫
I j

a(uh)′(v−Πhv)′dx

= ∑
j

∫
I j

rh(v−Πhv)dx,

where the second term has been integrated by parts in the last step. Using Schwarz’s
inequality and Lemma 2.9.1 we get

B(eh,v) ≤∑
j
‖rh‖L2(I j)‖v−Πhv‖L2(I j)

≤ C∑
j
‖rh‖L2(I j)h j|v|H1(I j)

≤ C

(
∑

j
h2

j‖rh‖2
L2(I j)

) 1
2

|v|H1(Ω).

Then (2.264) follows by taking v = eh in the above inequality and using (2.253).

2.9.3 Optimal mesh density function and convergence results

Once the a posteriori error bound (2.264) has been obtained, the procedure used in
§2.4.2 can be used for defining the optimal mesh density function and establishing
the corresponding convergence results (as in Theorems 2.4.2 and 2.4.4). Specifi-
cally, we can regularize the bound ηh as
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η
2
h ≡

N

∑
j=2

h2
j‖rh‖2

L2(I j)
≤ αh

N

∑
j=2

h3
j

(
1+

1
αh
〈rh〉2L2(I j)

)
,

where 〈rh〉L2(I j) is the L2 average of rh over I j and αh > 0 is the regularization
parameter. The optimal mesh density function and αh can be found to be

ρ j =
(

1+
1

αh
〈rh〉2L2(I j)

) 1
3
, j = 2, ...,N (2.266)

αh =

(
∑

j
h j 〈rh〉

2
3
L2(I j)

)3

. (2.267)

The following theorem [170] can be proved in a similar fashion as Theorems
2.4.2 and 2.4.4.

Theorem 2.9.2 Suppose that the solution of BVP (2.251) satisfies u ∈ H2(Ω).
Define the mesh density function and αh as in (2.266) and (2.267), respectively. For
any equidistributing mesh satisfying

h jρ j =
σh

N−1
, j = 2, ...,N (2.268)

the error for the linear finite element solution uh is bounded by

|u−uh|H1(Ω) ≤
C
√

αh

N
, (2.269)

where αh satisfies
lim

N→∞

√
αh = ‖r‖

L
2
3 (Ω)

(2.270)

and r is the continuous residual function defined as

r = f +a′u′−bu′− cu. (2.271)

If further r ∈ L2(Ω)∩W 1,1(Ω), there exists a constant c such that, for N > c,

√
αh ≤

(
1−
( c

N

) 2
3
)− 3

2

‖r‖ 2
3

L
2
3 (Ω)

+

(
c‖r′‖L1(Ω)

N

) 2
3


3
2

. (2.272)

It is interesting to point out that the residual function r is proportional to u′′,
i.e., r = −au′′ ∼ u′′. This observation shows that the results in this theorem and
those in Theorems 2.4.2 and 2.4.4 (with k = 1 and m = 1) are in good agreement
although they are based on different bounds on interpolation error and solution error.
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This could also be explained from the dominance of interpolation error in the finite
element solution of elliptic differential equations.

2.9.4 Iterative algorithm for computing equidistributing meshes
and numerical examples

The mesh density function and αh defined in (2.266) and (2.267) depend only
upon the (computable) residual, and their computation requires recovery of solution
derivatives. However, the finite element solution uh also depends upon the mesh,
so uh and Th cannot be solved separately. Indeed, they are coupled through equa-
tions (2.255) and (2.268) (and the boundary conditions x1 = 0 and xN = 1). He and
Huang [170] give a proof of the existence of the equidistributing mesh and propose
the following iterative scheme to compute it.

Iterative algorithm for computing equidistributing mesh. Given an integer N > 0
and an initial mesh Th(0) , for k = 0,1, ..., do:

(i) Find the finite element solution uh(k)
using mesh Th(k) :

B(uh(k)
,vh) = ( f ,vh) ∀vh ∈V h(k)

.

(ii) Generate the new mesh Th(k+1) using the equidistribution relation:

ρ
(k)
j h(k+1)

j =
σh(k)

N−1
, j = 2, ...,N

where ρ(k) is calculated as in (2.266) based on uh(k)
and Th(k) .

The stopping criteria are

max
j
|x(k+1)

j − x(k)
j | ≤ TOL

and

max
j

Q(k)
eq, j ≡max

j

(N−1)ρ(k)
j h(k)

j

σh(k)
≤ TOLeq

for some prescribed tolerances TOL > 0 and TOLeq > 1. The numerical results
presented below are obtained with TOL = 10−5 and TOLeq = 1.01.

Example 2.9.1 The first example is a reaction-diffusion equation

−εu′′+u =−2ε− x(1− x)−1 (2.273)
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Table 2.9 Example 2.9.1. Iter is the number of iterations required to reach the stopping criterion
maxi Qeq,i ≤ 1.01 or the maximum allowed number (1000 for these computations). |uh− u|H1(Ω)
is the error obtained for the final mesh in each case.

N 21 41 81 161 321 641
Iter 1000 1000 39 4 3 2

|uh−u|H1(Ω) 3.07 1.41 6.86e-1 3.39e-1 1.69e-1 8.46e-2
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Fig. 2.47 Example 2.9.1. (a) An adaptive mesh of N = 161 points is plotted on the graph of
the computed solution. (b) The difference between consecutive meshes (‖T (k+1)

h −T
(k)

h ‖∞), the
equidistribution quality measure (maxi(Qeq,i−1)), and the solution error (|uh−u|H1(Ω)) are plotted
against the number of iterations k.

subject to the boundary condition (2.248). Using ε = 10−5, the exact solution given
by

u =
1

1− e−
2√
ε

(
e−

1−x√
ε − e−

1+x√
ε + e−

x√
ε − e−

2−x√
ε

)
− x(1− x)−1 (2.274)

exhibits boundary layers at both ends of interval [0,1].
Numerical results are shown in Table 2.9 and Figure 2.47. One can see that the

iterative algorithm for computing the equidistributing mesh is convergent, at least
for relatively large N. Moreover, it converges faster for larger N. This is consis-
tent with algorithms in §2.2 for computing equidistributing meshes for an analytical
mesh density function. Furthermore, the numerical results confirm the theoretical
prediction that the error in the H1 semi-norm decreases at the rate of O( 1

N ) as N
increases.

Example 2.9.2 The second example is a convection-dominated differential
equation

−εu′′+(1− 1
2

ε)u′+
1
4

(
1− 1

4
ε

)
u = e−

x
4 , (2.275)
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Table 2.10 Example 2.9.2. Iter is the number of iterations required to reach the stopping criterion
maxi Qeq,i ≤ 1.01 or the maximum allowed number (1000). |uh−u|H1(Ω) is the error obtained for
the final mesh in each case.

N 21 41 81 161 321 641
Iter 1000 327 83 9 5 3

|uh−u|H1(Ω) 1.20 5.07e-1 2.54e-1 1.20e-1 5.95e-2 2.96e-2
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Fig. 2.48 Example 2.9.2. (a) An adaptive mesh of N = 161 points is plotted on the graph of
the computed solution. (b) The difference between consecutive meshes (‖T (k+1)

h −T
(k)

h ‖∞), the
equidistribution quality measure (maxi(Qeq,i−1)), and the solution error (|uh−u|H1(Ω)) are plotted
against the number of iterations k.

where ε = 2×10−3. For boundary conditions (2.248), the exact solution is given by

u = e−
x
4

(
x− e−

1−x
ε − e−

1
ε

1− e−
1
ε

)
, (2.276)

which has the boundary layer at x = 1 when ε is small. Numerical results are shown
in Table 2.10 and Figure 2.48.

Example 2.9.3 This example, used by Babus̆ka and Rheinboldt [25], has the
form

−((x+α)pu′)′+(x+α)qu = f , (2.277)

where f is chosen such that the exact solution of the boundary value problem (with
boundary condition (2.248)) is

u = (x+α)r− (αr(1− x)+(1+α)rx) . (2.278)

In our computation, the parameters are taken as p = 2, q = 1, r = −1, and α =
1/100. Numerical results are shown in Table 2.11 and Figure 2.49.
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Table 2.11 Example 2.9.3. Iter is the number of iterations required to reach the stopping criterion
maxi Qeq,i ≤ 1.01 or the maximum allowed number (1000). |uh−u|H1(Ω) is the error obtained for
the final mesh in each case.

N 21 41 81 161 321 641
Iter 4 3 3 2 2 2

|uh−u|H1(Ω) 2.15e2 1.13e2 5.73e1 2.88e1 1.44e1 7.20
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Fig. 2.49 Example 2.9.3. An adaptive mesh of N = 161 points is plotted on the graph of the
computed solution.

2.10 Biographical notes

The concept of equidistribution is first introduced by Burchard [73] for finding
variable nodes for optimal spline approximations. Some early studies of equidis-
tribution, mostly in one spatial dimension, can be found in Rice [284], de Boor
[115, 116], Dodson [121], Sacks and Ylvisaker [290, 291, 292], Pereyra and Sewell
[273], Babus̆ka and Rheinboldt [24], and Russell and Christiansen [285]. In par-
ticular, Babus̆ka and Rheinboldt [24] lay much of the early groundwork for mesh
optimality.

Approaches similar to that in §2.1.4 are used by D’Azevedo and Simpson [112],
Huang and Sloan [192], and Huang [176] for developing multi-dimensional equidis-
tribution relations.

The simplest algorithm for computing an equidistributing mesh is attributed to
de Boor [116]. Various discrete and continuous forms of equidistribution, the asso-
ciated two-point boundary value problem method, as well as the MMPDE approach
can be found in Ren and Russell [282] and Huang, Ren, and Russell [185, 186].
The reader’s attention is also brought to the relation between the MMPDE ap-
proach and the DAE approach using Baumgarte regularization [39] and the im-
plications of solving DAEs. Furthermore, a number of MMPDEs are derived in
[186] under the unifying framework of the MMPDE approach, with some of them
being closely related to previous 1D moving mesh methods. For example, MM-
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PDE5 (2.52) is used by Anderson [11] while the methods of Adjerid and Flaherty
[5, 6], Madsen [248], and Greenberg [158], which are based on attraction and repul-
sion pseudo-forces, can be recast into the form of MMPDE6 (2.55). The method of
Hyman and Larrouturou [197, 198] also simulates attraction and repulsion pseudo-
forces but is linked to MMPDE4 (2.54). Other related methods include those of
[10, 108, 124, 147, 172, 281, 282].

A group of 1D methods has been motivated by the Lagrange method in fluid dy-
namics. They are typically formulated by minimizing convection or convection-like
terms; e.g., see the review article [169] and Chapter 7 (for discussion of velocity-
based methods in multi-dimensions). The method of Petzold [174] defines the mesh
velocity by minimizing the time variation of both the unknown variable and the
spatial coordinate in computational coordinates.

Error estimates for interpolation have been frequently used for mesh adaptation
in the past, e.g., see [9, 162] and the early works [73, 115, 116, 121, 284]. In addi-
tion, Dinh and Carey [87] define adaptive coordinate transformations as minimizers
of interpolation error bounds, Chen [97] obtains mesh density functions by minimiz-
ing some error estimates, and Ji [206] determines optimal mesh density functions to
minimize the error in approximating integrals. A systematic study of optimal mesh
density functions in multi-dimensions is given by Huang and Sun [193] and Huang
[178, 179]. Overall mesh quality measures are introduced in [178].

Beckett and Mackenzie [42] appear to be the first to use a global or integral defi-
nition of the adaptation intensity parameter α . It is extensively studied and extended
to multi-dimensions in [175, 195].

The issue of the efficiency or the cost-effectiveness of moving mesh methods is
addressed in a large number of works; e.g., see Huang [175], Beckett et al. [45],
Huang et al. [195], and the more extensive study by Lapenta and Chacón [225]. The
efficiency of a moving mesh method can be improved by using a two-level-mesh
strategy [175, 195] where the physical PDE is solved on a fine mesh obtained by
interpolating a coarser, moving mesh.

A rezoning approach has been developed and used by Tang and his coworkers
for discretizing physical PDEs; e.g., see [228, 229, 316, 318].

The first works on the numerical simulation of solution blowup are Nakagawa
[266] and Nakagawa and Ushijima [267], where finite difference and finite element
schemes on a uniform mesh are employed and analyzed for blowup for PDE (2.214)
with p = 2. A mesh refinement strategy is proposed by Berger and Kohn [49] and
a moving mesh method is presented by Budd et al. [67] for the numerical solution
of blowup problems. A key idea in [67] is to define the mesh density function using
the scaling invariance argument. The concept is generalized in Huang et al. [184]
where dominance of equidistribution is introduced and shown to be sufficient for an
MMPDE to work satisfactorily. An early survey on the topic is given by Bandle and
Brunner [34]. Other recent works include [3, 59, 65, 66, 71].
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In addition to (2.214), a variety of PDEs with blowup solution have been solved
using moving mesh methods. They include other reaction-diffusion type PDEs [67],
degenerate parabolic problems [67], porous medium equations [64, 67, 151, 152,
352], nonlinear Schrödinger equations [63, 65, 280], chemotaxis equations [66],
and Ginzburg-Landau equations [70].

Convergence analysis for moving mesh methods is still in the very early stages,
and most results have been limited to the situation where the mesh is known a
priori. For example, Qiu and Sloan [278] and Qiu et al. [279] study the conver-
gence of finite difference schemes for singularly perturbed two-point boundary
value problems on equidistributing meshes generated using a singular part of the
exact solution. The approach is adopted by a number of other researchers; e.g., see
[42, 43, 44, 100, 177, 244].

There are a few convergence analyses where a posteriori equidistributing meshes,
or equidistributing meshes determined by the computed solution, are considered.
Most noticeably, Babus̆ka and Rheinboldt [25] consider the linear finite element
solution of a 1D linear elliptic problem and determine the optimal coordinate trans-
formation as a minimizer of a functional derived from a residual-based a posteri-
ori error estimate using asymptotic approximation. Using such a coordinate trans-
formation, they show that a mesh is asymptotically optimal if the residual-based
error estimate is evenly distributed among the mesh elements. Kopteva and Stynes
[219] study an upwind finite difference discretization of 1D quasi-linear convection-
diffusion problems without turning points and develop a convergence analysis for
the discretization where the mesh is determined by the computed solution through
the equidistribution principle and the arc-length mesh density function. The ap-
proach used in §2.9 is adopted from He and Huang [170] where equidistributing
meshes are determined and the corresponding convergence is analyzed based on a
posteriori error bounds for the linear finite element solution of 1D linear elliptic
problems.

A general framework for convergence analysis for parabolic problems on mov-
ing meshes can be seen in Dupont [127], Bank and Santos [35], Ferreira [143], and
Liu et al. [128, 242], where moving meshes are assumed to satisfy certain smooth-
ness conditions. The stability issue is investigated by Ferreira [143], Formaggia and
Nobile [149], and Mackenzie and Mekwi [245].

In addition to finite difference and finite element methods, collocation, finite vol-
ume, and spectral methods have also been used for moving mesh methods. Examples
include Huang and Russell [187] and Russell et al. [286] (collocation), Farhat et al.
[140, 141] and Wang et al. [336] (finite volume), and Mulholland et al. [263], Wang
and Shen [338], Feng et al. [142], and Tee and Trefethen [320] (spectral).
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2.11 Exercises

1. Find the equidistributing coordinate transformation for the mesh density function

ρ(x) =
1

π
√

1− x2
on [−1,1].

Show that the maximal and minimal spacings for an equidistributing mesh gen-
erated using the coordinate transformation on a uniform mesh of N +1 points in
ξ are of the orders O(N−1) and O(N−2). Where do these spacings occur? Verify
your answers using the graphs of the coordinate transformation and its inverse.

2. Prove Theorems B.0.11 and B.0.12 for the case where m = 2, w1 = w2 = 1/2,
s = 1, and t = 2.

3. (Ji [206]) Consider a composite k-point Gauss quadrature for approximating∫ b
a f (x)dx by applying the k-point Gauss quadrature to each subinterval of a non-

uniform mesh of N points. It can be shown that, assuming that f (x) is sufficiently
smooth, the quadrature error is estimated by

EN,k( f )≤Ck

N

∑
j=2

h2k+1
j

∣∣∣ f (2k)(x̄ j)
∣∣∣ ,

where Ck is a constant, h j = x j− x j−1, and x̄ j ∈ (x j−1,x j). Show that the error
bound can formally be written in an asymptotic form as

Ck

(N−1)2k

∫ b

a

(
dx
dξ

)2k ∣∣∣ f (2k)
∣∣∣dx.

If
∣∣∣ f (2k)

∣∣∣ does not vanish on (a,b), use Theorem 2.1.1 to find the optimal mesh
density function and the corresponding optimal error bound. Discuss what can
be done if

∣∣∣ f (2k)
∣∣∣ vanishes at some points in (a,b).

4. Solve the BVP (2.31) and (2.32) for ρ(x) = 4
π(1+x2) defined on (0,1).

5. For the functional (2.38), i.e.,

I[ξ ] =
1
2

∫ b

a

1
ρ(x, t)

(
∂ξ

∂x

)2

dx,

show that its functional derivative is

δ I
δξ

=− ∂

∂x

(
1
ρ

∂ξ

∂x

)
.

6. Show that (2.31) is the Euler-Lagrange equation for the functional (2.33).
7. Derive (2.49) and (2.50) by differentiating the relation x = x(ξ (x, t), t) with re-

spect to x and t.
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8. Transform (2.31) into (2.28) by interchanging the roles of dependent and inde-
pendent variables.

9. Given a non-uniform mesh x1 = a < x2 < · · · < xN−1 < xN = b, consider the
piecewise constant interpolation defined by

Π1u(x) =
1
h j

∫ x j

x j−1

u(x̃)dx̃, ∀x ∈ (x j−1,x j), j = 2, ...,N, ∀u ∈ H1(a,b).

Show that the L2 interpolation error is bounded by

‖u−Π1u‖2
L2(a,b) ≤C

N

∑
j=2

h3
j 〈u〉

2
H1(x j−1,x j) .

(Hint: Use Poincaré’s inequality (A.10).)
10. Assume that the quantities 〈u〉H1(x j−1,x j), j = 2, ...,N in the error bound of Prob-

lem 9 do not vanish. Find the optimal mesh density function for the error bound.
What is the error bound for the equidistributing mesh corresponding to the opti-
mal mesh density function? Compare it with the error bound on a uniform mesh
of the same number of mesh points.

11. Define αh such that
σh ≡∑

j
h jρ j = 2(b−a),

where ρ j is defined in (2.71). Prove that the αh defined this way exists and is
unique provided that 〈u〉Hk+1(I j) ( j = 2, ...,N) are not all zero. Give the tightest
possible lower and upper bounds on αh.

12. Prove (2.106) using Hölder’s inequality.
13. For piecewise linear interpolation with uniform and adaptive meshes for function

u(x) = e−
x
ε on [0,1], find the asymptotic error bounds (m = 0 and m = 1) in terms

of small ε . (Hint: See Example 2.5.1.)
14. Derive (2.171) from (2.169).
15. Consider the reaction-diffusion equation

ut = uxx + eu.

Show that the equation can be transformed into

vt = vxx−
1
v

v2
x + v2,

where v = eu. If MMPDE5 (2.52) with mesh density function ρ = vγ and a small
constant τ > 0 is used for solving this equation, determine via dimensional anal-
ysis for what values of γ MMPDE5 has dominance of equidistribution.

16. Consider the differential equation
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ut = uxx +
1

1−u
,

which can have a quenching solution – the solution approaches one at a point in
a finite time T ; e.g., see Pao [270]. Let v = 1/(1−u). Show that the equation can
be transformed into

vt = vxx−
2
v

v2
x + v3.

Use dimensional analysis and dominance of equidistribution to explain how to
choose the mesh density function of the form ρ = vγ for MMPDE5 applied to
the numerical solution of the transformed equation.





Chapter 3
Discretization of PDEs on Time-Varying Meshes

We have seen in the previous chapters for the 1D case that the formulation of mesh
movement strategies (such as for MMPDEs) is generally independent of the spe-
cific type of physical PDE being solved, and their connection to the physical solu-
tion is through the mesh density function. As well, the discretization of the physical
PDE and the overall solution procedure can to a large extent be described separately
from mesh movement strategies by generally assuming that a moving mesh is avail-
able. This separation is also true for multidimensional moving mesh methods. For
these reasons, we assume in this chapter that a moving mesh is given and consider
the problem of discretizing PDEs and overall solution procedures in the higher di-
mensional case. The later chapters then return to an examination of the theory and
applications of multidimensional moving mesh methods.

Generally speaking, discretization of a PDE on a moving mesh can be carried
out using either the quasi-Lagrange or the rezoning approach. For the former, the
mesh is considered to move continuously in time, and time derivatives are typically
transformed to derivatives along mesh trajectories. For the latter, the mesh is consid-
ered to change intermittently at various time levels, and the physical solution must
be interpolated from one mesh to the next. These two approaches for discretization
shall be described here for finite difference and finite element methods for a general
parabolic PDE

ut +∇ · fff = ∇ · (a∇u)+ s, in Ω (3.1)

subject to the Dirichlet boundary condition

u = g, on ∂Ω (3.2)

where a = a(xxx, t) ≥ α > 0, fff = fff (u,xxx, t), s = s(u,xxx, t), and g = g(xxx, t) are given
functions. Equation (3.1) involves terms modeling diffusion, convection, and reac-
tion processes.
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It is important to emphasize that the discretization of the physical PDE and the
overall solution procedure depend upon the type of PDE being solved. Through-
out this chapter (and the book as a whole), moving mesh methods are normally
described for parabolic types of PDEs; nevertheless, it can be relatively straightfor-
ward to apply them to other types of PDEs with appropriate discretization schemes.

3.1 Coordinate transformations

3.1.1 Coordinate transformation as a mesh

Although the mesh generation problem is an inherently discrete one, the approach
taken throughout this book is generally to consider it in relation to the computa-
tion of a continuous coordinate transformation. For the higher dimensional case,
suppose that Ω is an open, simply connected physical domain in 3D and Ωc is a
computational domain chosen for the purpose of mesh generation. From the contin-
uous viewpoint, a mesh is generated as the image of a computational (or reference)
mesh under an invertible coordinate transformation xxx = xxx(ξξξ ) : Ωc→ Ω . The com-
putational mesh is typically taken to be uniform or quasi-uniform – see Figure 3.1
for the 2D case.

In the sense that generating the mesh is straightforward after determining the
coordinate transformation – one simply evaluates xxx(ξξξ ) at the stationary fixed points
in Ωc – a coordinate transformation is viewed as being equivalent to a mesh. An
implication of this interpretation of adaptivity is that it is necessary to incorporate
the coordinate transformation into the discretization of the physical PDE. As well,
a facility at switching between dependent and independent variables consisting of
the physical variables xxx and the computational variables ξξξ will be required so that
the physical PDE can be written in terms of either set of variables. Preliminary to
this, it is useful to first review some basic background material on transformation
relations.

3.1.2 Transformation relations

For a coordinate transformation xxx = xxx(ξξξ ) : Ωc → Ω and its inverse ξξξ = ξξξ (xxx) :
Ω → Ωc, denote the physical and computational coordinates by xxx = (x1,x2,x3)T

and ξξξ = (ξ1,ξ2,ξ3)T , respectively. The Jacobian matrix and its determinant (called
simply the Jacobian) are denoted by
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Ωc

€ 

x = x(ξ)

€ 

ξ = ξ(x)

Ω

Fig. 3.1 A mesh on Ω is generated as the image of a computational mesh on Ωc under coordinate
transformation xxx = xxx(ξξξ ).

JJJ =
∂xxx
∂ξξξ

, J = det(JJJ).

The covariant and contravariant base vectors are defined as

aaai =
∂xxx
∂ξi

=
∂

∂ξi

 x1

x2

x3

 , aaai = ∇ξi =


∂

∂x1
∂

∂x2
∂

∂x3

ξi, i = 1,2,3 (3.3)

where ∇ is the gradient operator with respect to the physical coordinates. To see the
relations between these base vectors, we express the Jacobian matrices as

JJJ ≡ ∂xxx
∂ξξξ

=
∂ (x1,x2,x3)
∂ (ξ1,ξ2,ξ3)

=


∂x1
∂ξ1

∂x1
∂ξ2

∂x1
∂ξ3

∂x2
∂ξ1

∂x2
∂ξ2

∂x2
∂ξ3

∂x3
∂ξ1

∂x3
∂ξ2

∂x3
∂ξ3

= [aaa1,aaa2,aaa3] (3.4)

and

∂ (ξ1,ξ2,ξ3)
∂ (x1,x2,x3)

=


∂ξ1
∂x1

∂ξ1
∂x2

∂ξ1
∂x3

∂ξ2
∂x1

∂ξ2
∂x2

∂ξ2
∂x3

∂ξ3
∂x1

∂ξ3
∂x2

∂ξ3
∂x3

=

 (aaa1)T

(aaa2)T

(aaa3)T

 . (3.5)

The chain rule implies

∂ (x1,x2,x3)
∂ (ξ1,ξ2,ξ3)

· ∂ (ξ1,ξ2,ξ3)
∂ (x1,x2,x3)

= I or
∂ (ξ1,ξ2,ξ3)
∂ (x1,x2,x3)

= JJJ−1, (3.6)

where I is the identity matrix. Notice that

JJJ−1 =
Adjoint(JJJ)

J
=

1
J

[aaa2×aaa3,aaa3×aaa1,aaa1×aaa2]
T ,

and J = det(JJJ) = aaa1 · (aaa2×aaa3). Thus, the base vectors are related by
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aaai =
1
J

aaa j×aaak, aaai = Jaaa j×aaak, aaai ·aaa j = δi, j, (i, j,k) cyclic (3.7)

where δi, j is the Kronecker delta (δi, j = 0 for i 6= j and δi, j = 1 for i = j).

Theorem 3.1.1 (Gradient operator in computational variables) The gradi-
ent operator can be expressed in the computational coordinate system as

∇ = ∑
i

aaai ∂

∂ξi
(non-conservative form) (3.8)

=
1
J ∑

i

∂

∂ξi
Jaaai. (conservative form) (3.9)

Consequently, the gradient of any function u = u(xxx) = u(xxx(ξξξ )) is

∇u = ∑
i

aaai ∂u
∂ξi

=
1
J ∑

i

∂

∂ξi
(Juaaai)

and the divergence of any vector field vvv = vvv(xxx) = vvv(xxx(ξξξ )) is

∇ ·vvv = ∑
i

aaai · ∂vvv
∂ξi

=
1
J ∑

i

∂

∂ξi
(Jaaai ·vvv).

Proof. Equation (3.8) follows from using the chain rule to determine each com-
ponent of ∇u, viz.,

∂u
∂x j

= ∑
i

∂u
∂ξi

∂ξi

∂x j

and ∂ξi/∂x j is just the j-th component of aaai. Equation (3.9) follows directly from
(3.8) and the identity

∑
i

∂

∂ξi

(
Jaaai)= 0, (3.10)

which in turn results from

∑
i

∂

∂ξi

(
Jaaai) = ∑

i

∂

∂ξi
(aaa j×aaak) (from (i, j,k) cyclic)

= ∑
i

∂ 2xxx
∂ξi∂ξ j

× ∂xxx
∂ξk

+∑
i

∂xxx
∂ξ j
× ∂ 2xxx

∂ξi∂ξk

= ∑
i

∂ 2xxx
∂ξi∂ξ j

× ∂xxx
∂ξk
−∑

i

∂ 2xxx
∂ξk∂ξi

× ∂xxx
∂ξ j

(from (i, j,k) cyclic)

= 0,

where the last step follows after relabeling indices in the second sum.
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It is often desirable for the analysis and/or practical computation to write PDEs
in conservative form. For this reason, throughout this chapter we typically have two
forms for the differential operators written in terms of the transformed variables, a
conservative form as in (3.9) and non-conservative form as in (3.8).

We now consider the time-dependent case, where the coordinate transformation
and its inverse depend upon time, i.e.,

t = τ, xxx = xxx(ξξξ ,τ) (3.11)

and
τ = t, ξξξ = ξξξ (xxx, t). (3.12)

The independent variables are transformed from (xxx, t) to (ξξξ ,τ), or vice versa. For
any function u = u(xxx, t) = u(xxx(ξξξ ,τ),τ), denote

ut =
∂u
∂ t

∣∣∣∣
xxx
, u̇ =

∂u
∂τ

∣∣∣∣
ξξξ

. (3.13)

That is, ut is the time derivative when the physical coordinate xxx is fixed (and is used
in the case where u is considered as a function of t and xxx) and u̇ is the time derivative
of u when the computational coordinate ξξξ is fixed (and is used in the case when u is
considered as a function of τ and ξξξ ). The time derivative u̇ is often referred to as a
time derivative along mesh trajectories.

In the next section, we write the physical PDE in terms of both the physical and
computational variables. To prepare for this, the next theorem gives the form of the
time derivative of the solution in terms of the computational variables.

Theorem 3.1.2 (Time derivative in computational variables) In terms of the
transformed variables (ξξξ ,τ), the time derivative ut is

ut = u̇
∂τ

∂ t
+∑

i

∂u
∂ξi

∂ξi

∂ t
= u̇+∇ξξξ u ·ξξξ t (non-conservative form) (3.14)

=
1
J

˙(Ju)+
1
J ∑

i

∂

∂ξi

(
Ju

∂ξi

∂ t

)
=

1
J

˙(Ju)+
1
J

∇ξξξ · (Juξξξ t) , (conservative form)

(3.15)

where ˙(Ju) denotes the time derivative of the product term Ju and ∇ξξξ is the gradient
operator with respect to the computational coordinate ξξξ .

Proof. The proof of (3.14) is obvious.
To prove (3.15), first note that from the chain rule

0 =
∂xxx
∂ t

= ẋxx
∂τ

∂ t
+

∂xxx
∂ξξξ

∂ξξξ

∂ t
= ẋxx+JJJξξξ t ,
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so the relation between ẋxx and ξξξ t is

ẋxx =−JJJξξξ t , ξξξ t =−JJJ−1ẋxx. (3.16)

Differentiating J = det(JJJ) = aaa1 · (aaa2×aaa3) with respect to time and using (3.7)
gives

J̇ = ∑
i

ȧaai · (aaa j×aaak) (i, j,k) cyclic

= J ∑
i

aaai · ȧaai

= J ∑
i

aaai · ∂ ẋxx
∂ξi

.

Since from (3.8) this implies
J̇ = J∇ · ẋxx, (3.17)

from (3.4), (3.7), (3.9), and (3.16) we obtain

J̇ = J∇ · ẋxx
= J∇ · (−JJJξξξ t)

= −∑
i

∂

∂ξi

(
Jaaai ·JJJξξξ t

)
= −∑

i

∂

∂ξi

(
J[aaai ·aaa1, aaai ·aaa2, aaai ·aaa3]ξξξ t

)
= −∑

i

∂

∂ξi

(
J

∂ξi

∂ t

)
.

Thus,

J̇ =−∑
i

∂

∂ξi

(
J

∂ξi

∂ t

)
=−∇ξξξ · (Jξξξ t) , (3.18)

which together with (3.14) implies (3.15).

It is also useful to express ut in terms of ẋxx. The following corollary can be ob-
tained from the above theorem and (3.16).

Corollary 3.1.1

ut = u̇−∇u · ẋxx (non-conservative form) (3.19)

=
1
J

˙(Ju)−∇ · (uẋxx) . (conservative form) (3.20)
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The identities (3.17) and (3.18) are frequently used when discretizing physical
PDEs. For easy reference we summarize them in the following lemma.

Lemma 3.1.1

J̇ = J∇ · ẋxx, (3.21)

J̇ =−∇ξξξ · (Jξξξ t) . (3.22)

The key identity (3.21) or (3.22) is a mathematical representation of the principle
of conservation of space (area in 2D, volume in 3D) under the mapping xxx(ξξξ , t), so
it is often referred to as a Geometric Conservation Law (GCL). To see this, con-
sider a fixed cell Ac in Ωc and the corresponding moving cell A(t) in Ω under the
transformation (3.11). Integrating (3.21) over Ac gives∫

Ac

J̇dξξξ =
∫

Ac

J∇ · ẋxxdξξξ .

Note that ∫
Ac

J̇dξξξ =
d
dt

∫
Ac

Jdξξξ =
d
dt

∫
A(t)

dxxx

and ∫
Ac

J∇ · ẋxxdξξξ =
∫

A(t)
∇ · ẋxxdxxx =

∫
∂A(t)

ẋxx ·nnndS,

where
∫

∂A(t) dS denotes a surface integral and nnn is the outward normal to the bound-
ary ∂A(t). Hence,

d
dt

∫
A(t)

dxxx =
∫

∂A(t)
ẋxx ·nnndS, (3.23)

a mathematical expression of the fact that the increase in the volume of the cell A(t)
is equal to the volume gain through the movement of the boundary. This will prove
important later, especially when considering the moving mesh methods in Chapter 7.

More generally, multiplying (3.20) by J and integrating the resulting equation
over Ac we get ∫

Ac

Jutdξξξ =
∫

Ac

˙(Ju)dξξξ −
∫

Ac

J∇ · (uẋxx)dξξξ .

Change of variables gives∫
A(t)

utdxxx =
d
dt

∫
A(t)

udxxx−
∫

A(t)
∇ · (uẋxx)dxxx

or
d
dt

∫
A(t)

udxxx =
∫

A(t)
(ut +∇ · (uẋxx))dxxx. (3.24)
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Applying Gauss’s Theorem to the second term on the right-hand side, we obtain the
following lemma.

Lemma 3.1.2 For any moving cell A(t) in Ω , there holds

d
dt

∫
A(t)

udxxx =
∫

A(t)
utdxxx+

∫
∂A(t)

uẋxx ·nnndS, (3.25)

where nnn denotes the outward normal to the boundary ∂A(t) of A(t).

Equation (3.25) is actually the Leibniz integral rule or Reynolds transport theo-
rem in calculus. It reduces to (3.23) when u = 1.

3.1.3 Transformed structure of PDEs

We now write the PDE (3.1) in terms of the computational coordinate system. From
(3.8) and (3.9), the diffusion term is transformed into

∇ · (a∇u) = ∇ ·

(
a∑

j
aaa j ∂u

∂ξ j

)

=
1
J ∑

i

∂

∂ξi

(
Jaaai ·a∑

j
aaa j ∂u

∂ξ j

)

=
1
J ∑

i, j

∂

∂ξi

(
aJaaai ·aaa j ∂u

∂ξ j

)
,

and the convection term becomes

∇ · fff =
1
J ∑

i

∂

∂ξi

(
Jaaai · fff

)
.

From (3.15), PDE (3.1) can be written in the conservative form

˙(Ju)+∑
i

∂

∂ξi

(
Jaaai · fff + Ju

∂ξi

∂ t

)
= ∑

i, j

∂

∂ξi

(
aJaaai ·aaa j ∂u

∂ξ j

)
+ J s. (3.26)

The GCL is enforced in this conservative form. We show this for the special uniform
flow case of (3.1) with fff = 0, s = 0 and the exact solution given by u(xxx, t) = 1 (also
see §3.2 for the concept of uniform flow reproduction). For this situation, (3.26)
reduces to (3.22) and thus reproduces the GCL.

In a similar fashion, one can derive the non-conservative form
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u̇+∑
i

(
aaai · ∂ fff

∂ξi
+

∂u
∂ξi

∂ξi

∂ t

)

= ∑
i, j

(
aaai ·aaa j) ∂

∂ξi

(
a

∂u
∂ξ j

)
+a∑

i

(
∑

j
aaa j · ∂aaai

∂ξ j

)
∂u
∂ξi

+ s. (3.27)

This does not reproduce the GCL. It is called the Chain Rule Conservative Law
Form (CRCLF) by Hindman [171], who shows that this non-conservative form can
capture shock waves even without enforcing the GCL.

3.1.4 Transformation relations in 2D

Since much of our attention shall focus on 2D problems, in this subsection we give
the simplified form of the transformation relations for this case. The principle for
obtaining the 2D transformation relations from the general 3D relations is fairly
easily: one simply sets the third base vector to be the unit vector aaa3 = aaa3 = [0,0,1]T

and drops the third component from the final results. For instance, if we denote the
2D physical and computational coordinates by xxx = (x,y)T and ξξξ = (ξ ,η)T and the
base vectors by

aaa1 =
[

xξ

yξ

]
, aaa2 =

[
xη

yη

]
, aaa1 =

[
ξx

ξy

]
, aaa2 =

[
ηx

ηy

]
,

we have

J = det

 xξ xη 0
yξ yη 0
∗ ∗ 1

= xξ yη − xη yξ .

From (3.7),

aaa1 =
1
J

aaa2×aaa3

=
1
J

(xηiii+ yη jjj +(∗)kkk)×kkk

=
1
J

(−xη jjj + yηiii)

=
1
J

[
yη

−xη

]
, (3.28)

and similarly,

aaa2 =
1
J

[
−yξ

xξ

]
. (3.29)



146 3 Discretization of PDEs on Time-Varying Meshes

Thus, we obtain the relation[
ξx ξy

ηx ηy

]
=

1
J

[
yη −xη

−yξ xξ

]
(3.30)

for the Jacobian and inverse Jacobian matrices

JJJ =
[

xξ xη

yξ yη

]
, JJJ−1 =

[
ξx ξy

ηx ηy

]
. (3.31)

The other transformation relations follow similarly. The gradient operator is

∇ =
[

ξx

ξy

]
∂

∂ξ
+
[

ηx

ηy

]
∂

∂η
(non-conservative form)

=
1
J

∂

∂ξ
J
[

ξx

ξy

]
+

1
J

∂

∂η
J
[

ηx

ηy

]
. (conservative form) (3.32)

For time derivatives, we have the relations[
ξt

ηt

]
=−

[
ξx ξy

ηx ηy

][
ẋ
ẏ

]
=−1

J

[
yη −xη

−yξ xξ

][
ẋ
ẏ

]
(3.33)

and

ut = u̇+
∂u
∂ξ

ξt +
∂u
∂η

ηt (non-conservative form) (3.34)

=
1
J

˙(Ju)+
1
J

∂

∂ξ
(Juξt)+

1
J

∂

∂η
(Juηt). (conservative form) (3.35)

Denoting fff = ( f1, f2)T , it follows from (3.26) and (3.27) that PDE (3.1) in con-
servative form is

˙(Ju)+
∂

∂ξ
(Jξx f1 + Jξy f2 + Juξt)+

∂

∂η
(Jηx f1 + Jηy f2 + Juηt)

=
∂

∂ξ

(
aJ(ξ 2

x +ξ
2
y )

∂u
∂ξ

)
+

∂

∂ξ

(
aJ(ξxηx +ξyηy)

∂u
∂η

)
+

∂

∂η

(
aJ(ξxηx +ξyηy)

∂u
∂ξ

)
+

∂

∂η

(
aJ(η2

x +η
2
y )

∂u
∂η

)
+ J s (3.36)

and in non-conservative form is
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u̇+
(

ξx
∂ f1

∂ξ
+ξy

∂ f2

∂ξ
+ξt

∂u
∂ξ

)
+
(

ηx
∂ f1

∂η
+ηy

∂ f2

∂η
+ηt

∂u
∂η

)
= (ξ 2

x +ξ
2
y )

∂

∂ξ

(
a

∂u
∂ξ

)
+(ξxηx +ξyηy)

∂

∂ξ

(
a

∂u
∂η

)
+(ξxηx +ξyηy)

∂

∂η

(
a

∂u
∂ξ

)
+(η2

x +η
2
y )

∂

∂η

(
a

∂u
∂η

)
+a
(

ξx
∂ξx

∂ξ
+ξy

∂ξy

∂ξ
+ηx

∂ξx

∂η
+ηy

∂ξy

∂η

)
∂u
∂ξ

+a
(

ξx
∂ηx

∂ξ
+ξy

∂ηy

∂ξ
+ηx

∂ηx

∂η
+ηy

∂ηy

∂η

)
∂u
∂η

+ s. (3.37)

Remark. In Riemannian geometry, JJJTJJJ is often called the metric tensor, or sim-
ply the metric, since it can be used to measure distance in the target space of the co-
ordinate transformation. As a consequence, we refer to terms involving derivatives
of the coordinate transformation, such as Jξx and ξxηx, as transformation metric
terms, or simply metric terms.

3.2 Finite difference methods

In this section, we describe in detail how to construct a central finite difference
discretization of a physical PDE for a structured moving rectangular mesh. Given a
computational domain Ωc which is a unit square, a rectangular mesh is defined by

T c
h : ξ j = ( j−1)∆ξ , ηk = (k−1)∆η , j = 1, ...,J, k = 1, ...,K

where ∆ξ = 1/(J−1), ∆η = 1/(K−1) and J and K are given positive integers. The
corresponding structured moving mesh is then determined from the given coordinate
transformation x = x(ξ ,η , t), y = y(ξ ,η , t) : Ωc→Ω by

Th(t) : x j,k(t) = x(ξ j,ηk, t), y j,k(t) = y(ξ j,ηk, t),

j = 1, ...,J, k = 1, ...,K. (3.38)

Since the mesh Th(t) is generally non-rectangular, a finite difference discretization
on it becomes quite awkward. As a consequence, the finite difference discretization
is typically constructed instead on the computational domain using the simple rect-
angular mesh T c

h . Unfortunately, this requires using the more complicated forms of
the transformed PDEs (3.36) and (3.37).
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3.2.1 The quasi-Lagrange approach

For the quasi-Lagrange approach the physical mesh is viewed as a continuous func-
tion of time, and the time derivative term ut in the PDE is transformed into a term
along mesh trajectories, u̇. The transformed PDE involves derivatives of the coordi-
nate transformations.

The conservative form. We first consider a central finite difference discretization
for the conservative form (3.36). Rewrite (3.36) as

˙(Ju)+Conv(I)+Conv(II) = Diff(I)+Diff(II)+Diff(III)+Diff(IV)+ J s, (3.39)

where 

Conv(I) = ∂

∂ξ
(Jξx f1 + Jξy f2 + Juξt) ,

Conv(II) = ∂

∂η
(Jηx f1 + Jηy f2 + Juηt) ,

Diff(I) = ∂

∂ξ

(
aJ(ξ 2

x +ξ 2
y ) ∂u

∂ξ

)
,

Diff(II) = ∂

∂ξ

(
aJ(ξxηx +ξyηy) ∂u

∂η

)
,

Diff(III) = ∂

∂η

(
aJ(ξxηx +ξyηy) ∂u

∂ξ

)
,

Diff(IV) = ∂

∂η

(
aJ(η2

x +η2
y ) ∂u

∂η

)
.

(3.40)

Denote by u j,k(t) the approximation to the solution at the node (x j,k(t),y j,k(t)),
i.e., u j,k(t) ≈ u(x j,k(t),y j,k(t), t). The convection and diffusion terms are approxi-
mated using central finite differences by

Conv(I) j,k =
1

∆ξ

[
(Jξx) j+ 1

2 ,k
f1, j,k + f1, j+1,k

2
− (Jξx) j− 1

2 ,k
f1, j,k + f1, j−1,k

2

+ (Jξy) j+ 1
2 ,k

f2, j,k + f2, j+1,k

2
− (Jξy) j− 1

2 ,k
f2, j,k + f2, j−1,k

2

+ (Jξt) j+ 1
2 ,k

u j,k +u j+1,k

2
− (Jξt) j− 1

2 ,k
u j,k +u j−1,k

2

]
, (3.41)

Conv(II) j,k =
1

∆η

[
(Jηx) j,k+ 1

2

f1, j,k + f1, j,k+1

2
− (Jηx) j,k− 1

2

f1, j,k + f1, j,k−1

2

+ (Jηy) j,k+ 1
2

f2, j,k + f2, j,k+1

2
− (Jηy) j,k− 1

2

f2, j,k + f2, j,k−1

2

+ (Jηt) j,k+ 1
2

u j,k +u j,k+1

2
− (Jηt) j,k− 1

2

u j,k +u j,k−1

2

]
, (3.42)
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Diff(I) j,k =
1

∆ξ 2

[
a j+ 1

2 ,k((Jξx)2 +(Jξy)2) j+ 1
2 ,k

J j+ 1
2 ,k

(u j+1,k−u j,k)

−
a j− 1

2 ,k((Jξx)2 +(Jξy)2) j− 1
2 ,k

J j− 1
2 ,k

(u j,k−u j−1,k)

]
, (3.43)

Diff(IV) j,k =
1

∆η2

[
a j,k+ 1

2
((Jηx)2 +(Jηy)2) j,k+ 1

2

J j,k+ 1
2

(u j,k+1−u j,k)

−
a j,k− 1

2
((Jηx)2 +(Jηy)2) j,k− 1

2

J j,k− 1
2

(u j,k−u j,k−1)

]
, (3.44)

Diff(II) j,k =
1

4∆ξ ∆η

[ a j+ 1
2 ,k ((Jξx) (Jηx)+(Jξy) (Jηy)) j+ 1

2 ,k

J j+ 1
2 ,k

× (u j,k+1−u j,k−1 +u j+1,k+1−u j+1,k−1)

−
a j− 1

2 ,k ((Jξx) (Jηx)+(Jξy) (Jηy)) j− 1
2 ,k

J j− 1
2 ,k

× (u j,k+1−u j,k−1 +u j−1,k+1−u j−1,k−1)
]
, (3.45)

Diff(III) j,k =
1

4∆ξ ∆η

[ a j,k+ 1
2
((Jξx) (Jηx)+(Jξy) (Jηy)) j,k+ 1

2

J j,k+ 1
2

× (u j+1,k−u j−1,k +u j+1,k+1−u j−1,k+1)

−
a j,k− 1

2
((Jξx) (Jηx)+(Jξy) (Jηy)) j,k− 1

2

J j,k− 1
2

× (u j+1,k−u j−1,k +u j+1,k−1−u j−1,k−1)
]
. (3.46)

Here, outer differentiation operators have been approximated using central finite
differences at half points (points midway between mesh points), and function values
at half points have been evaluated as an average of the neighboring nodal values.
These half-point approximations avoid the use of a stencil wider than [ j− 1, j, j +
1]× [k− 1,k,k + 1] in approximating the transformation metric terms (as seen in
detail below). Also, note that the diffusion terms incorporate J into the terms like
Jξx or Jηy, so their difference approximations are simplified using (3.30). The finite
difference semi-discretization of the conservative form (3.36) is thus
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˙(Ju) j,k +Conv(I) j,k +Conv(II) j,k

= Diff(I) j,k +Diff(II) j,k +Diff(III) j,k +Diff(IV) j,k + J j,k s j,k. (3.47)

It is necessary for the transformation metric terms in (3.41)–(3.46) to be com-
puted in such a way that certain consistency conditions are satisfied. These can be
explained using the concept of uniform flow reproduction introduced by Hindman
[171]. Consider a PDE of the form (3.1) where s = 0 and fff is any function depend-
ing only upon u. If the initial and boundary conditions are of the form u(xxx,0) ≡U
and u|

∂Ω
= U , where U is a constant, then the PDE has the uniform flow solution

u(xxx, t)≡U, ∀xxx ∈Ω ∪∂Ω . (3.48)

Consistency of the numerical algorithm requires that a uniform flow reproduction
condition holds, i.e, the numerical solution of the PDE reproduces this uniform flow,
or

un
j,k = U ∀( j,k) =⇒ un+1

j,k = U ∀( j,k)

for each time level t = tn. In the semi-continuous formulation, we thus require

u j,k(t) = U ∀( j,k) =⇒ u̇ j,k = 0 ∀( j,k). (3.49)

Applying this condition to the scheme (3.47), note first that the diffusion terms
vanish for the uniform flow solution u j,k(t) = U . For the convection terms, the first
two terms in (3.41) can be rewritten as

(Jξx) j+ 1
2 ,k

f1, j,k + f1, j+1,k

2
− (Jξx) j− 1

2 ,k
f1, j,k + f1, j−1,k

2

=
[
(Jξx) j+ 1

2 ,k− (Jξx) j− 1
2 ,k

]
f1, j,k +

1
2
(Jξx) j+ 1

2 ,k

[
f1, j+1,k− f1, j,k

]
+

1
2
(Jξx) j− 1

2 ,k

[
f1, j,k− f1, j−1,k

]
=
[
(Jξx) j+ 1

2 ,k− (Jξx) j− 1
2 ,k

]
f1, j,k,

where we have used the fact that f1, j+1,k− f1, j,k = 0 and f1, j,k− f1, j−1,k = 0 for the
uniform flow solution. The other terms can be rewritten similarly. Thus, we have
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Conv(I) j,k =
(Jξx) j+ 1

2 ,k− (Jξx) j− 1
2 ,k

∆ξ
f1, j,k +

(Jξy) j+ 1
2 ,k− (Jξy) j− 1

2 ,k

∆ξ
f2, j,k

+
(Jξt) j+ 1

2 ,k− (Jξt) j− 1
2 ,k

∆ξ
u j,k, (3.50)

Conv(II) j,k =
(Jηx) j,k+ 1

2
− (Jηx) j,k− 1

2

∆η
f1, j,k +

(Jηy) j,k+ 1
2
− (Jηy) j,k− 1

2

∆η
f2, j,k

+
(Jηt) j,k+ 1

2
− (Jηt) j,k− 1

2

∆η
u j,k. (3.51)

Substituting these into (3.47), with ˙(Ju) j,k = J̇ j,ku j,k + J j,ku̇ j,k we obtain

J j,ku̇ j,k +

[
(Jξx) j+ 1

2 ,k− (Jξx) j− 1
2 ,k

∆ξ
+

(Jηx) j,k+ 1
2
− (Jηx) j,k− 1

2

∆η

]
f1, j,k

+

[
(Jξy) j+ 1

2 ,k− (Jξy) j− 1
2 ,k

∆ξ
+

(Jηy) j,k+ 1
2
− (Jηy) j,k− 1

2

∆η

]
f2, j,k

+

[
J̇ j,k +

(Jξt) j+ 1
2 ,k− (Jξt) j− 1

2 ,k

∆ξ
+

(Jηt) j,k+ 1
2
− (Jηt) j,k− 1

2

∆η

]
u j,k

= 0. (3.52)

Since f1, j,k, f2, j,k, and u j,k (≡ U) are arbitrary, we conclude that u̇ j,k = 0, or the
uniform flow condition is satisfied if the transformation metric terms satisfy the
conditions

(Jξx) j+ 1
2 ,k− (Jξx) j− 1

2 ,k

∆ξ
+

(Jηx) j,k+ 1
2
− (Jηx) j,k− 1

2

∆η
= 0, (3.53)

(Jξy) j+ 1
2 ,k− (Jξy) j− 1

2 ,k

∆ξ
+

(Jηy) j,k+ 1
2
− (Jηy) j,k− 1

2

∆η
= 0, (3.54)

J̇ j,k +
(Jξt) j+ 1

2 ,k− (Jξt) j− 1
2 ,k

∆ξ
+

(Jηt) j,k+ 1
2
− (Jηt) j,k− 1

2

∆η
= 0. (3.55)

The first two conditions place restrictions on how the metric terms Jξx, Jξy, Jηx,
and Jηy must be evaluated. It is easy to verify that they are satisfied by using the
central finite difference approximations
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(Jξx) j± 1
2 ,k = +(yη) j± 1

2 ,k = + 1
4∆η

(
y j,k+1− y j,k−1 + y j±1,k+1− y j±1,k−1

)
,

(Jξy) j± 1
2 ,k =−(xη) j± 1

2 ,k =− 1
4∆η

(
x j,k+1− x j,k−1 + x j±1,k+1− x j±1,k−1

)
,

(Jηx) j,k± 1
2

=−(yξ ) j,k± 1
2

=− 1
4∆ξ

(y j+1,k− y j−1,k + y j+1,k±1− y j−1,k±1),

(Jηy) j,k± 1
2

= +(xξ ) j,k± 1
2

= + 1
4∆ξ

(x j+1,k− x j−1,k + x j+1,k±1− x j−1,k±1),
(3.56)

where we have used the transformation relations (3.30).
The third condition, (3.55), is a finite difference approximation to the Geomet-

ric Conservation Law (3.22). Thomas and Lombard [322] are apparently the first to
recognize the need for a numerical scheme to preserve the GCL when using a con-
servative form of the transformed PDE. To preserve it for the finite difference semi-
discretization (3.47), the Jacobian is treated as an unknown variable determined
from solving its evolution equation. As a consequence, to determine J j,k at a new
time level, it should not be evaluated by simply using the definition J = xξ yη−xη yξ .
Instead, it should be updated by integrating the expression (3.55) using the same in-
tegration scheme as that used for (3.47). The related metric terms can be evaluated
by (Jξt) j± 1

2 ,k =−(Jξx) j± 1
2 ,k

ẋ j,k+ẋ j±1,k
2 − (Jξy) j± 1

2 ,k
ẏ j,k+ẏ j±1,k

2 ,

(Jηt) j,k± 1
2

=−(Jηx) j,k± 1
2

ẋ j,k+ẋ j,k±1
2 − (Jηy) j,k± 1

2

ẏ j,k+ẏ j,k±1
2 ,

(3.57)

where we have used the transformation relations (3.33).
The approximations (3.43)–(3.46) to the diffusion terms involve evaluations of

the Jacobian at half points. Since these evaluations do not affect the preservation of
the GCL, they can be done more directly. For example, using the definition of J,
take
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J j+ 1
2 ,k = (xξ yη − yξ xη) j+ 1

2 ,k

= 1
4∆ξ ∆η

[
(x j+1,k− x j,k)(y j,k+1− y j,k−1 + y j+1,k+1− y j+1,k−1)

−(y j+1,k− y j,k)(x j,k+1− x j,k−1 + x j+1,k+1− x j+1,k−1)
]
,

J j− 1
2 ,k = (xξ yη − yξ xη) j− 1

2 ,k

= 1
4∆ξ ∆η

[
(x j,k− x j−1,k)(y j,k+1− y j,k−1 + y j−1,k+1− y j−1,k−1)

−(y j,k− y j−1,k)(x j,k+1− x j,k−1 + x j−1,k+1− x j−1,k−1)
]
,

J j,k+ 1
2

= (xξ yη − yξ xη) j,k+ 1
2

= 1
4∆ξ ∆η

[
(x j+1,k− x j−1,k + x j+1,k+1− x j−1,k+1)(y j,k+1− y j,k)

−(y j+1,k− y j−1,k + y j+1,k+1− y j−1,k+1)(x j,k+1− x j,k)
]
,

J j,k− 1
2

= (xξ yη − yξ xη) j,k− 1
2

= 1
4∆ξ ∆η

[
(x j+1,k− x j−1,k + x j+1,k−1− x j−1,k−1)(y j,k− y j,k−1)

−(y j+1,k− y j−1,k + y j+1,k−1− y j−1,k−1)(x j,k− x j,k−1)
]
.

(3.58)

For the other factors in the diffusion terms, discretize by

(Jξx) j,k+ 1
2

= +(yη) j,k+ 1
2

= + y j,k+1−y j,k
∆η

,

(Jξy) j,k+ 1
2

=−(xη) j,k+ 1
2

=− x j,k+1−x j,k
∆η

,

(Jηx) j+ 1
2 ,k =−(yξ ) j+ 1

2 ,k =− y j+1,k−y j,k
∆ξ

,

(Jηy) j+ 1
2 ,k = +(xξ ) j+ 1

2 ,k = + x j+1,k−x j,k
∆ξ

,

(3.59)

with similar formulas for (Jξx) j,k− 1
2
, (Jξy) j,k− 1

2
, (Jηx) j− 1

2 ,k, and (Jηy) j− 1
2 ,k.

The non-conservative form. Now consider a central finite difference discretiza-
tion for the non-conservative form (3.37). Denoting{

α = ξx
∂ξx
∂ξ

+ξy
∂ξy
∂ξ

+ηx
∂ξx
∂η

+ηy
∂ξy
∂η

,

β = ξx
∂ηx
∂ξ

+ξy
∂ηy
∂ξ

+ηx
∂ηx
∂η

+ηy
∂ηy
∂η

,
(3.60)

the standard discretization of (3.37) is
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u̇ j,k +
[
(ξx) j,k

f1, j+1,k− f1, j−1,k

2∆ξ
+(ξy) j,k

f2, j+1,k− f2, j−1,k

2∆ξ
+(ξt) j,k

u j+1,k−u j−1,k

2∆ξ

]
+
[
(ηx) j,k

f1, j,k+1− f1, j,k−1

2∆η
+(ηy) j,k

f2, j,k+1− f2, j,k−1

2∆η
+(ηt) j,k

u j,k+1−u j,k−1

2∆η

]
=

(ξ 2
x +ξ 2

y ) j,k

∆ξ 2

[
a j+ 1

2 ,k(u j+1,k−u j,k)−a j− 1
2 ,k(u j,k−u j−1,k)

]
+

(ξxηx +ξyηy) j,k

4∆ξ ∆η

[
a j+1,k(u j+1,k+1−u j+1,k−1)−a j−1,k(u j−1,k+1−u j−1,k−1)

]
+

(ξxηx +ξyηy) j,k

4∆ξ ∆η

[
a j,k+1(u j+1,k+1−u j−1,k+1)−a j,k−1(u j+1,k−1−u j−1,k−1)

]
+

(η2
x +η2

y ) j,k

∆η2

[
a j,k+ 1

2
(u j,k+1−u j,k)−a j,k− 1

2
(u j,k−u j,k−1)

]
+a j,k

α j,k

2∆ξ
(u j+1,k−u j−1,k)+a j,k

β j,k

2∆η
(u j,k+1−u j,k−1)+ s j,k. (3.61)

Regarding uniform flow reproduction, one can readily see that a uniform flow so-
lution is always reproduced with the scheme (3.61) regardless of how the transfor-
mation metric terms are evaluated, and their evaluations are not subject to any other
constraint conditions.

The transformation metric terms can be discretized via central finite differences
using the transformation relations (3.30) and (3.33). Specifically,

J j,k = 1
4∆ξ ∆η

[
(x j+1,k− x j−1,k)(y j,k+1− y j,k−1)

− (x j,k+1− x j,k−1)(y j+1,k− y j−1,k)
]
,

(ξx) j,k = 1
2J j,k∆η

(y j,k+1− y j,k−1),

(ξy) j,k =− 1
2J j,k∆η

(x j,k+1− x j,k−1),

(ηx) j,k =− 1
2J j,k∆ξ

(y j+1,k− y j−1,k),

(ηy) j,k = 1
2J j,k∆ξ

(x j+1,k− x j−1,k),

(ξt) j,k =−(ξx) j,kẋ j,k− (ξy) j,kẏ j,k,

(ηt) j,k =−(ηx) j,kẋ j,k− (ηy) j,kẏ j,k.

(3.62)

Now the quantities α and β can be discretized as

α j,k = (ξx) j,k

(ξx) j+ 1
2 ,k
−(ξx) j− 1

2 ,k

∆ξ
+(ξy) j,k

(ξy) j+ 1
2 ,k
−(ξy) j− 1

2 ,k

∆ξ

+ (ηx) j,k

(ξx) j,k+ 1
2
−(ξx) j,k− 1

2
∆η

+(ηy) j,k

(ξy) j,k+ 1
2
−(ξy) j,k− 1

2
∆η

,

β j,k = (ξx) j,k

(ηx) j+ 1
2 ,k
−(ηx) j− 1

2 ,k

∆ξ
+(ξy) j,k

(ηy) j+ 1
2 ,k
−(ηy) j− 1

2 ,k

∆ξ

+ (ηx) j,k

(ηx) j,k+ 1
2
−(ηx) j,k− 1

2
∆η

+(ηy) j,k

(ηy) j,k+ 1
2
−(ηy) j,k− 1

2
∆η

,

(3.63)
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where ξx, ξy, ηx, and ηy are evaluated at half points in the same manner as in (3.62)
and the specific approximations (3.56), (3.58), and (3.59) are used.

Solution procedure. The boundary condition (3.2) is discretized as

u j,k = g(x j,k,y j,k, t), (x j,k,y j,k) ∈ ∂Ω . (3.64)

Denoting U = {u j,k}, X = {x j,k}, and Y = {y j,k}, the discretization for the PDE
(3.47) or (3.61), together with the boundary conditions (3.64), can be written in the
abstract form

U̇ = F(U,X ,Y, Ẋ ,Ẏ , t). (3.65)

This system can be solved either simultaneously or alternately with the system of
equations for the mesh generation. As we see in later chapters, a PDE-based mesh
generation system often has the form

Ẋ = G1(U,X ,Y, t), Ẏ = G2(U,X ,Y, t). (3.66)

A one-dimensional example of such a system is given in (1.14) in the continuous
form and (1.18) in the discrete form. Equations (3.65) and (3.66) form a coupled
system which in principle can be conveniently solved with a simultaneous solution
procedure, integrating for both the physical solution U and the mesh (X ,Y ) using
an existing ODE solver or a scheme like a Runge-Kutta method (cf. Figure 1.11).
However, as can be seen from the discretization (3.61), for instance, the coupling
between U and (X ,Y ) is highly nonlinear even when the original PDE is linear. This
often makes the extended system challenging to solve.

As another implementation option, a PDE-based or an optimization-based mesh
generator (cf. Chapter 5) can be used with an alternate solution procedure as illus-
trated in Figure 1.12. More specifically, assume that the solution Un and the mesh
(Xn,Y n) are known at current time level t = tn. With the alternate solution procedure,
the new mesh is obtained with the mesh movement strategy using the information
(Un,Xn,Y n) at t = tn, to obtain

(Xn+1,Y n+1) = G(Un,Xn,Y n). (3.67)

The mesh can then be calculated via linear interpolation over the time interval
[tn, tn+1], X(t) = (tn+1−t)

(tn+1−tn)Xn + (t−tn)
(tn+1−tn)Xn+1,

Y (t) = (tn+1−t)
(tn+1−tn)Y

n + (t−tn)
(tn+1−tn)Y

n+1,
(3.68)

and the physical PDE (3.65) integrated on the moving mesh (3.68) from t = tn to
t = tn+1. As for the 1D case in Chapter 2, the key feature of this alternate solution
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procedure is that the semi-discrete physical PDE (3.65) and the mesh generation
equation (3.67) are treated separately. This uncoupling of the semi-discrete phys-
ical PDE from the mesh equations so that it can be solved relatively efficiently is
particularly beneficial in higher dimensional cases.

3.2.2 The rezoning approach

Recall from Chapter 2 that for the rezoning approach, the mesh is changed intermit-
tently at discrete time levels. The approach is typically associated with an alternate
solution procedure and is usually characterized by interpolating the physical solu-
tion from the old mesh to the new one, and then integrating the physical PDE on
this fixed new mesh.

We illustrate this for the non-conservative form of the transformed PDE (3.37).
Assume that the meshes (Xn,Y n) and (Xn+1,Y n+1) and the physical solution Un are
given. The first step in the rezoning approach is to interpolate Un from the old mesh
(Xn,Y n) to the new one (Xn+1,Y n+1), a topic discussed in detail in §3.5. Denoting
this interpolated solution by Ũn, the second step is to discretize the physical PDE
on the new mesh (Xn+1,Y n+1). Since the mesh will be held fixed in this time step,
there is no need to transform the time derivative from ut to u̇. However, since the
mesh (Xn+1,Y n+1) is generally non-rectangular, we still transform the PDE from the
physical domain to the computational domain for the finite difference discretization.
For this, (3.37) can be used with u̇ replaced by ut and ξt and ηt set to be zero. The
resulting central finite difference scheme similar to (3.61) is

du j,k

dt
+
[
(ξx) j,k

f1, j+1,k− f1, j−1,k

2∆ξ
+(ξy) j,k

f2, j+1,k− f2, j−1,k

2∆ξ

]
+
[
(ηx) j,k

f1, j,k+1− f1, j,k−1

2∆η
+(ηy) j,k

f2, j,k+1− f2, j,k−1

2∆η

]
=

(ξ 2
x +ξ 2

y ) j,k

∆ξ 2

[
a j+ 1

2 ,k(u j+1,k−u j,k)−a j− 1
2 ,k(u j,k−u j−1,k)

]
+

(ξxηx +ξyηy) j,k

4∆ξ ∆η

[
a j+1,k(u j+1,k+1−u j+1,k−1)−a j−1,k(u j−1,k+1−u j−1,k−1)

]
+

(ξxηx +ξyηy) j,k

4∆ξ ∆η

[
a j,k+1(u j+1,k+1−u j−1,k+1)−a j,k−1(u j+1,k−1−u j−1,k−1)

]
+

(η2
x +η2

y ) j,k

∆η2

[
a j,k+ 1

2
(u j,k+1−u j,k)−a j,k− 1

2
(u j,k−u j,k−1)

]
+

α j,k

2∆ξ
(u j+1,k−u j−1,k)+

β j,k

2∆η
(u j,k+1−u j,k−1)+ s j,k, (3.69)
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where u j,k(t) ≈ u(xn+1
j,k ,yn+1

j,k , t), x j,k(t) = xn+1
j,k , and y j,k(t) = yn+1

j,k . This system,
along with the discrete boundary conditions, can be written in the general form

dU
dt

= F(U,Xn+1,Y n+1, t), t ∈ (tn, tn+1]. (3.70)

Supplemented with the initial condition U(tn) = Ũn, (3.70) can be integrated using
any standard integration scheme.

Since the physical PDE is discretized on a fixed mesh for the rezoning approach,
mesh movement does not complicate the structure of the physical PDE. Neverthe-
less, caution should be taken in the interpolation of the physical solution from the
old mesh to the new one. Experience shows that for a dissipative PDE, a reasonably
accurate interpolation scheme will work. However, for a less dissipative or a con-
servative PDE, a conservative interpolation scheme which preserves some solution
quantities is often necessary. This topic is addressed in §3.5.

3.3 Finite element methods

Finite element methods provide considerable flexibility in that they can easily be
used with either structured or unstructured meshes, where each mesh node has ba-
sically the same connectivity for the former (and not for the latter). They can also
be applied on either the computational domain or directly on the physical domain.
Since the physical PDE takes a much simpler form on the physical domain, a moving
mesh finite element method is typically employed directly on this physical domain.

Although the finite element method is only illustrated in this section for linear
elements on triangular meshes, the approach readily generalizes for any family of
affine finite elements on a polygonal or polyhedral domain.

3.3.1 Concepts of unstructured meshes and finite elements

Consider a polyhedral (or polygonal) domain Ω ⊂ Rd (d ≥ 1). We consider trian-
gulations on Ω defined in the classical sense (e.g., see [104]). Specifically, a tri-
angulation Th is formed by subdividing Ω , the closure of Ω , into a finite number
of open polyhedral (or polygonal) sub-domains K, called mesh elements, in such a
way that they satisfy (i) Ω =

⋃
K∈Th

K; (ii) every element is non-empty; (iii) any
two different elements do not overlap; (iv) any vertex of an element cannot be in the
interior of a edge or on a face of another element. The last condition guarantees that
there are no hanging vertices, or nodes, as illustrated in Figure 3.2. A triangulation
is generally an unstructured mesh since the connectivity properties from one vertex
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aaa

Fig. 3.2 Point aaa is a hanging node.

Fig. 3.3 A triangulation of N = 236 triangular elements.

to others varies from vertex to vertex. We denote the number of elements of Th by
N. A typical triangulation with N = 236 triangular elements is shown in Figure 3.3.
Often we assume that a family of triangulations {Th} is given on Ω with a parame-
ter h > 0 characterizing the family in terms of the size of the elements, as described
below.

A uniform mesh for Ω is a triangulation whose elements are equilateral and of
the same size. Define the diameter of an element K as

hK ≡ diam(K) = max
xxx,yyy∈K

d(xxx,yyy), (3.71)

where d(xxx,yyy) is the (Euclidean) distance between xxx and yyy. For a simplex (defined in
§3.3.2), hK is the length of its longest edge(s), and for a uniform mesh

hK ≈
(
|Ω |
N

) 1
d

= O(N−
1
d ), ∀K ∈Th (3.72)

where |Ω | is the area of Ω . For a family of uniform meshes, the parameter h defined
by h = maxK∈Th hK satisfies

h→ 0 ⇐⇒ N→ ∞. (3.73)

A generalization of uniform meshes is a regular family of triangulations which
satisfies the following conditions:
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HK

K

hK

Fig. 3.4 Illustration of the diameter hK and in-diameter HK for an element K.

FK

K̂ K

Fig. 3.5 A sketch of affine mapping FK : K̂→ K.

(i) There exists a constant c such that

hK

HK
≤ c, ∀K ∈

⋃
h

Th

where the in-diameter of K is HK = sup{diam(B) : B is a ball contained in K}.
(ii)

h = max
K∈Th

hK → 0.

An illustration of hK and HK for a triangle K is given in Figure 3.4.
A quasi-uniform mesh refers to a mesh whose elements are shape regular and of

basically the same size. A quasi-uniform mesh is a close generalization of a uniform
mesh in the sense that a family of such meshes satisfies relations (3.72) and (3.73).

A family of triangulations Th is called an affine family if there exists an element
K̂ such that for any element K, an invertible affine mapping from K̂ to K exists. In
other words, for each element K ∈ {Th}, there exists an invertible affine mapping
FK : K̂ → K such that K = FK(K̂) – see Figure 3.5. The element K̂ is called the
reference or master element for the family of triangulations. The following result
follows from the observation that the relationship among elements defined through
invertible affine mappings is transitive.
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Proposition 3.3.1 Any element of a given affine family of triangulations, or its
image under any invertible affine transformation, can be chosen as the reference
element for the family.

From this proposition one can see that the reference element need not belong to
the family. Moreover, it can be chosen to be as simple or convenient as possible. In-
deed, the reference element for an affine family of simplicial triangulations is often
chosen as the unit d-simplex defined as {(ξ1, ...,ξd)T | ∑i ξi ≤ 1, ξi ≥ 0 for all i} or
an equilateral d-simplex having a unitary volume (where a d-simplex is defined in
§3.3.2).

Throughout this book, we make the following assumptions:{
H1. {Th} is an affine family of triangulations for Ω .

H2. The reference element is chosen to be equilateral with |K̂|= 1.
(3.74)

We are now prepared to introduce the concept of finite elements. A finite ele-
ment is defined as a triple (K,PK ,ΣK), where K is a mesh element, PK is a finite-
dimensional linear space of functions defined on K, and ΣK is a finite set of linearly
independent conditions uniquely determining any function in PK . It is emphasized
that a finite element comprises more than simply a mesh element. The latter is used
to describe a geometric object only whereas the former contains, in addition to the
geometric object, the information about the approximation function space and the
conditions determining its members.

Often PK is chosen to contain a full polynomial space Pk(K) (the space of poly-
nomials of degree at most k) for some integer k ≥ 1, a property crucial for the
convergence of finite element computations. Denote by Ψi, i = 1, ...,m, the linear
operators associated with the linear conditions in ΣK . By definition, for any real
values αi, i = 1, ...,m, there exists a unique function p ∈ PK satisfying

Ψi(p) = αi, i = 1, ...,m.

Consequently, there exist a set of basis functions φi ∈ PK , i = 1, ...,m, such that

p =
m

∑
i=1

Ψi(p)φi, ∀p ∈ PK . (3.75)

The linear operators Ψi, i = 1, ...,m, are called the degrees of freedom and ΣK the
set of degrees of freedom of the finite element.

Example 3.3.1 An example of linear finite elements in two dimensions is
(K,PK ,ΣK), where K is a triangle with vertices aaai, i = 1,2,3; PK consists of all
linear functions defined on K, i.e.,
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PK = P1(K)≡ {p | p = ax+by+ c, ∀a,b,c ∈ R ∀(x,y) ∈ K};

and ΣK = {Ψi(p) ≡ p(aaai), i = 1,2,3}, i.e., each function in PK is uniquely deter-
mined by its values at the vertices of K. In this case the basis functions of PK can be
chosen as the linear functions φi, i = 1,2,3 satisfying

φi(aaa j) = δi, j, i, j = 1,2,3

where δ is the Kronecker delta function. Then (3.75) reduces to

p =
3

∑
i=1

Ψi(p)φi =
3

∑
i=1

p(aaai)φi, ∀p ∈ PK .

Example 3.3.2 An example of quadratic finite elements in two dimensions is
(K,PK ,ΣK), where K is a triangle with vertices aaai, i = 1,2,3; PK consists of all
quadratic functions defined on K, i.e., PK = P2(K), where

P2(K)≡{p | p = ax2 +bxy+cy2 +dx+ey+ f , ∀a,b,c,d,e, f ∈R, ∀(x,y)∈K};

and Σ = {Ψi(p) ≡ p(aaai), i = 1,2,3; Ψi j(p) ≡ p((aaai +aaa j)/2) , 1 ≤ i < j ≤ 3}, i.e.,
each function in P̂ is uniquely determined by its values at the vertices of K and
the midpoints of its edges. The basis functions of PK can be chosen as the linear
functions φi, i = 1,2,3 and quadratic functions φi j, 1≤ i < j ≤ 3 satisfying

φi(aaa j) = δi, j, i, j = 1,2,3{
φi j(aaak) = 0; 1≤ i < j ≤ 3, k = 1,2,3

φi j((aaak +aaal)/2) = δi,kδ j,l , 1≤ i < j ≤ 3, 1≤ k < l ≤ 3.

Then (3.75) reads as

p =
3

∑
i=1

Ψi(p)φi + ∑
1≤i< j≤3

Ψi j(p)φi j

=
3

∑
i=1

p(aaai)φi + ∑
1≤i< j≤3

p((aaai +aaa j)/2)φi j, ∀p ∈ PK .

Finite element computation can often be significantly simplified by using the
concept of affine-equivalence since most of it can be done on a single finite ele-
ment. Two finite elements are said to be affine-equivalent if their mesh elements,
finite dimensional function spaces, and sets of degrees of freedom can be mapped
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to each other through invertible affine mappings. More specifically, consider two
affine-equivalent finite elements (K̂, P̂, Σ̂) and (K,PK ,ΣK). Let the invertible affine
mapping between them be FK . Then,

K = FK(K̂). (3.76)

Moreover, P̂ and PK are related by

PK = {p | p = p̂◦F−1
K , ∀p̂ ∈ P̂}, (3.77)

where F−1
K denotes the inverse mapping of FK . In particular, their basis functions,

upon possible reordering, satisfy

φi = φ̂i ◦F−1
K , i = 1, ...,m. (3.78)

Furthermore, the sets of the degrees of freedom of these finite elements, once again
upon possible reordering, are related by

ΣK = {Ψi(p) = Ψ̂i(p◦FK), ∀p ∈ PK , i = 1, ...,m}. (3.79)

This can be seen from (3.77). It can also be derived in a slightly different but more
rigorous way. Indeed, recall that functions in P̂ can be expressed in terms of basis
functions as

p̂ =
m

∑
i=1

Ψ̂i(p̂)φ̂i, ∀p̂ ∈ P̂. (3.80)

Composing this with F−1
K from the right, we get

p̂◦F−1
K =

m

∑
i=1

Ψ̂i(p̂)φ̂i ◦F−1
K .

Using the relation between P̂ and PK and noticing that p̂ = p◦FK , we have

p =
m

∑
i=1

Ψ̂i(p◦FK)φi.

Relation (3.79) then follows from comparing this with (3.75) and from the unique-
ness of the expression.

Example 3.3.3 Suppose that a reference quadratic finite element (K̂, P̂, Σ̂) is
defined as in Example 3.3.2. Then a finite element (K,PK ,ΣK) is affine-equivalent
to (K̂, P̂, Σ̂) if there exists an invertible affine mapping FK : K̂→ K such that
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K = FK(K̂),

PK =
{

p | p = p̂◦F−1
K , ∀p̂ ∈ P̂

}
,

ΣK =

{
Ψi(p) = Ψ̂i(p◦FK)≡ p(FK(âaai)), i = 1,2,3;

Ψi j(p) = Ψ̂i j(p◦FK)≡ p(FK ((âaai + âaa j)/2)) , 1≤ i < j ≤ 3

}
.

(3.81)

An affine family of finite elements is defined as a family of finite elements that
are all affine-equivalent to a single finite element, which is called the reference finite
element and denoted by (K̂, P̂, Σ̂). It is not difficult to show that affine-equivalence
between finite elements is also transitive. Consequently, any finite element in the
family, or its image under any invertible affine transformation, can be taken as the
reference finite element, and the reference finite element need not belong to the
family. Moreover, we have the following theorem.

Theorem 3.3.1 Suppose that an affine family of triangulations is given. Then
any affine family of finite elements associated with this family of triangulations is
invariant under any invertible affine transformation of the reference finite element.

Proof. To be specific, we denote the given affine family of triangulation by {Th}
and the reference finite element of an associated affine family of finite elements by
(K̂, P̂, Σ̂), where P̂ = {p̂}= span{φ̂1, ..., φ̂m} and Σ̂ = {Ψ̂1, ...,Ψ̂m}. Let the generic
finite element be (K,PK ,ΣK), which is related to (K̂, P̂, Σ̂) through the invertible
affine mapping FK and (3.76), (3.77), and (3.79).

We now assume that a new reference finite element (Ǩ, P̌, Σ̌) is formed through
an invertible affine mapping G:

Ǩ = G(K̂);

P̌ = { p̌ | p̌ = p̂◦G−1, ∀p̂ ∈ P̂};
Σ̌ = {Ψ̌i(p̌) = Ψ̂i(p̌◦G), ∀p̌ ∈ P̌, i = 1, ...,m}.

(3.82)

With this new reference finite element, we denote the generic finite element by
(K, P̌K , Σ̌K), where

K = F̌K(Ǩ);

P̌K = {q | q = p̌◦ F̌−1
K , ∀p̌ ∈ P̌};

Σ̌K = {Φi(q) = Ψ̌i(q◦ F̌K), ∀q ∈ P̌K , i = 1, ...,m}.
(3.83)

(The relations between K, K̂, and Ǩ are illustrated in Figure 3.6.) We need to prove
that (K,PK ,ΣK) is equal to (K, P̌K , Σ̌K).

First, note from Proposition 3.3.1 that the choice of Ǩ does not affect {Th}.
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K̂
Ǩ

K

G

FK
F̌K

Fig. 3.6 Illustration of the relations between K, K̂, and Ǩ.

Next, we show that PK = P̌K . Since K is affine-equivalent to Ǩ, for any q ∈ P̌K

there exists a function p̌ ∈ P̌ such that

q = p̌◦ F̌−1
K .

Similarly, there exist functions p̂ ∈ P̂ and p ∈ PK satisfying

p̌ = p̂◦G−1, p̂ = p◦FK .

Combining these and noticing that all mappings involved are linear, we get

q = p◦FK ◦G−1 ◦ F̌−1
K . (3.84)

Note from Figure 3.6 that
F̌−1

K = G◦F−1
K ,

so
q = p ∈ PK , (3.85)

implying that P̌K ⊂ PK . Similarly, we can show PK ⊂ P̌K so PK = P̌K .
To show Σ̌K = ΣK , we notice that for any Φi ∈ Σ̌K , there exist Ψ̌j ∈ Σ̌ and Ψ̂k ∈ Σ̂

such that
Φi(q) = Ψ̌j(q◦ F̌K) = Ψ̂k(q◦ F̌K ◦G).

Inserting (3.84) into this equation gives

Φi(q) = Ψ̂k(p◦FK).

From (3.79), we have
Φi(q) = Ψ̂k(p◦FK) = Ψk(p).
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Since q = p (cf. (3.85)) and q is arbitrary, this implies Φi ∈ ΣK and thus Σ̌K ⊂ ΣK .
Similarly we can show ΣK ⊂ Σ̌K , so Σ̌K = ΣK .

Since (K,PK ,ΣK) is equal to (K, P̌K , Σ̌K), the reference finite element (K̂, F̂ , Σ̂),
just like the reference element K̂, can be chosen as simple or convenient as possible.
Moreover, for a given affine family of triangulations, any finite element computation
based on an associated affine family of finite elements will have an invariant out-
come under any invertible affine transformation of (K̂, P̂, Σ̂). In the later chapters we
shall find this property extremely useful in designing mesh adaptation algorithms for
which we would like the same invariance to hold.

3.3.2 Simplicial elements and d-simplexes

We give a brief description of simplicial elements, which are commonly used mesh
elements in finite element computation. A simplicial element K in Rd , a d-simplex,
is defined as the convex hull of any (d + 1) points aaa j = [a1 j, ...,ad j]T ∈ Rd , j =
1, ...,d +1, such that the matrix

A≡


a11 a12 · · · a1,d+1

a21 a22 · · · a2,d+1
...

...
...

ad1 ad2 · · · ad,d+1

1 1 · · · 1

 (3.86)

is non-singular. Mathematically, K can be expressed as

K =

{
xxx =

d+1

∑
j=1

λ jaaa j : 0≤ λ j ≤ 1, j = 1, ....,d +1,
d+1

∑
j=1

λ j = 1

}
. (3.87)

Notice that a 0-simplex is a point, a 1-simplex is a line segment, a 2-simplex is a
triangle, and a 3-simplex is a tetrahedron.

The points aaa j, j = 1, ...,d + 1, constitute the vertices of K. For any m with 0 ≤
m ≤ d, an m-face of the d-simplex K is any m-simplex whose (m + 1) vertices are
also vertices of K. The number of m-faces of K is given by the binomial coefficient

C(d +1,m+1) =
(

d +1
m+1

)
=

(d +1)!
(m+1)!(d−m)!

.
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Any (d−1)-face is simply called a face and any 1-face is called an edge. Note that
there are (d + 1) faces and d(d + 1)/2 edges. Moreover, the straight line segment
connecting any two vertices forms an edge of K.

For any given point xxx ∈ Rd , the values of λ j, j = 1, ...,d + 1, can be found by
solving the algebraic system

d+1

∑
j=1

λ jaaa j = xxx,
d+1

∑
j=1

λ j = 1. (3.88)

Thus, λ j, j = 1, ...,d + 1, are functions of xxx, i.e., λ j = λ j(xxx). They are called the
barycentric coordinates of point xxx ∈ Rd . On any m-face of K, there are (d −m)
vanishing barycentric coordinates.

The volume of a d-simplex (cf. pages 123–126 of [305]) is

V =
1
d!

det(A) =
1
d!

det(aaa2−aaa1, ...,aaad+1−aaad). (3.89)

For a d-simplex with constant edge length a, the volume and the radii of the in-
scribed and circumscribed spheres [134] are respectively

V =
ad

d!

√
d +1

2d , H =
2a√

2d(d +1)
, h = a

√
2d

d +1
. (3.90)

From (3.74), we assume that the reference element K̂ is taken as an equilateral d-
simplex with a unitary volume. For this case, the constant edge length, in-diameter,
and diameter of K̂ can be found from the above formulas as

â =
√

2
(

d!√
d+1

) 1
d
, Ĥ = 2√

d(d+1)

(
d!√
d+1

) 1
d
,

ĥ = 2
√

d
d+1

(
d!√
d+1

) 1
d
.

(3.91)

3.3.3 The quasi-Lagrange approach

We now construct the basic finite element approximation on a moving triangulation
using the quasi-Lagrange approach. To do this, assume that a moving, affine trian-
gulation Th(t) = {K(t)} is given on Ω , so there exists a reference element K̂ (inde-
pendent of t) such that, for any element K(t), there is an invertible affine mapping
FK(t) : K(t) = FK(t)(K̂) – see Figure 3.7. The family of meshes {Th(t), ∀t}maintains
its connectivity while allowing the vertices to move continuously, so each element
K(t0) ∈ Th(t0) for some time t0 corresponds to a unique element K(t1) ∈ Th(t1) at
a later time t1.



3.3 Finite element methods 167

K̂
K(t)

K(t0)

K(t1)

FK(t)

F K(
t 1
)

F
K(t0 )

Fig. 3.7 Illustration of FK(t) : K̂→ K(t).

Given a finite-dimensional space of functions P̂ on K̂ and a basis {φ̂i(ξξξ )} for it,
a time-dependent approximation space S h(t) can be defined by

S h(t) =
{

v ∈ H1(Ω)
∣∣ v|K(t) ◦FK(t) ∈ P̂, ∀K(t) ∈Th(t)

}
, (3.92)

where v|K(t) is the restriction of v on K(t) and v|K(t) ∈ PK(t). A basis {φ j(xxx, t)} for
S h(t) can be chosen in such a way that, for each basis function φ j(xxx, t), either
φ j
∣∣
K(t) (xxx, t)≡ 0 or there exists an index i such that

φ j(xxx, t) = φ̂i

(
F−1

K(t)(xxx)
)

, ∀xxx ∈ K(t). (3.93)

(See the relation between affine-equivalent finite elements in (3.81).) Equation
(3.93) can be written equivalently as

φ j
(
FK(t)(ξξξ ), t

)
= φ̂i(ξξξξξξξξξ ), ∀ξξξ ∈ K̂. (3.94)

Differentiating (3.94) with respect to t while keeping ξξξ fixed, we obtain

∂φ j

∂ t
+∇φ j · ḞK(t) = 0 on K(t)

or
∂φ j

∂ t
=−∇φ j · ḞK(t) on K(t). (3.95)

Notice that (3.95) is also true when φ j
∣∣
K(t) (xxx, t) ≡ 0. Thus, the relation holds for

any (linear or higher-order) basis function φ j defined on affine-equivalent finite ele-
ments. Moreover, in the case of simplicial elements, since it is affine, the mapping
FK(t) is actually a linear interpolant of the coordinates of the vertices of the element
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K(t), and ḞK(t) is a linear interpolant of the mesh speeds at the vertices. Let Π1ẋxx be
the piecewise linear mesh velocity satisfying

(Π1ẋxx)|K(t) = ḞK(t), ∀K(t) ∈Th(t). (3.96)

Since K(t) is arbitrary, from (3.95) we obtain the following lemma:

Lemma 3.3.1 For any (linear or higher-order) basis function φ j defined on a
simplicial mesh for Ω , it holds that

∂φ j

∂ t
=−∇φ j ·Π1ẋxx, ∀xxx ∈Ω (3.97)

where Π1ẋxx is the piecewise linear interpolant for velocities of mesh vertices.

From the way the basis is constructed, any function uh = uh(xxx, t)∈S h(t) has the
representation

uh(xxx, t) = ∑
j

u j(t)φ j(xxx, t),

and it follows from (3.97) that for any xxx ∈Ω ,

∂uh

∂ t
(xxx, t) = ∑

j

du j

dt
(t)φ j(xxx, t)+∑

j
u j(t)

∂φ j

∂ t
(xxx, t)

= ∑
j

du j

dt
(t)φ j(xxx, t)−∇uh(xxx, t) ·Π1ẋxx. (3.98)

Note that viewing ∑ j
du j
dt (t)φ j(xxx, t) as u̇h, (3.98) reduces to the continuous relation

between ut and u̇ in (3.19).
We now consider the finite element semi-discretization of (3.1) and (3.2). As-

sume that the boundary data g can be extended to a function g(xxx, t) ∈S h(t) defined
inside Ω . Let S h

0 (t) = {v | v ∈S h(t), v|∂Ω = 0}. Then the finite element approxi-
mation problem is to find uh(xxx, t)−g(xxx, t) ∈S h

0 (t) such that

∫
Ω

[
∑

j

du j

dt
(t)φ j(xxx, t)−∇uh(xxx, t) ·Π1ẋxx+∇ · fff (uh,xxx, t)

]
vdxxx

=
∫

Ω

[
−a∇uh ·∇v+ s(uh,xxx, t)v

]
dxxx, ∀v ∈S h

0 (t). (3.99)

A system of ODEs for the vector U(t) of unknown functions {u j(t)} can be obtained
by taking v to be the basis functions of S h

0 (t). Denoting by XXX and ẊXX the node
location and the nodal mesh velocity, respectively, we write this ODE system in the
abstract form

B(XXX , t)U̇ = F(U,XXX ,ẊXX , t), (3.100)
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η
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√
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K

aaa1(x1,y1)

aaa2(x2,y2)

aaa3(x3,y3)

FK

Fig. 3.8 The reference element K̂ for a triangular mesh and the affine mapping FK .

where B(XXX , t) is essentially the mass matrix, modified to incorporate the boundary
conditions.

As for the finite difference case, (3.100) can be solved simultaneously or alter-
nately with a mesh equation, assumed here to be of the form

ẊXX = G(U,XXX , t). (3.101)

As before, for a simultaneous solution procedure, the extended system (3.100) and
(3.101) is integrated simultaneously for the physical solution U and the mesh XXX
using an ODE solver or a suitable marching scheme such as a Runge-Kutta method.

If an alternate solution procedure is used instead, (3.100) and (3.101) are solved
alternately for U and XXX . Taking the procedure shown in Figure 1.14 for illustration,
assume that approximations for the physical solution Un and mesh XXXn are given at
time t = tn. A new mesh XXXn+1 is first generated from (Un,XXXn). This can be done
by solving a mesh system, either PDE or optimization-based, to give XXXn+1 at time
level tn+1. Then the physical PDE (3.100) is integrated from t = tn to t = tn+1 on the
moving mesh

XXX(t) =
(tn+1− t)
(tn+1− tn)

XXXn +
(t− tn)

(tn+1− tn)
XXXn+1, ∀t ∈ [tn, tn+1].

Note that if the family of meshes {Th(t),∀t} is given, Theorem 3.3.1 implies
that the solution uh(xxx, t) of (3.99) or (3.100) is invariant under any invertible affine
transformation of (K̂, P̂, Σ̂). Moreover, when the mesh is generated through a mesh
adaptation algorithm such as (3.101), the invariance will still hold provided that the
mesh adaptation is also invariant under any invertible affine transformation of K̂.

Linear finite elements on triangular meshes. For illustrative purposes, we con-
sider the special case of linear finite elements on a triangular mesh Th and give
the key equations needed for the finite element implementation. We choose K̂ to
be equilateral, as shown in Figure 3.8, together with the affine mapping FK for an



170 3 Discretization of PDEs on Time-Varying Meshes

element K. Note that the current choice of K̂ is different from the traditional unit
triangle with vertices (0,0), (0,1), and (1,0), which is not equilateral. But as previ-
ously discussed, this should not affect the outcome of a finite element computation
since the two choices of K̂ can be mapped to each other through an invertible affine
mapping. For the current case, P̂ is the set of linear functions, i.e.,

P̂ = {v | v = aξ +bη + c,∀a,b,c ∈ R}.

The mapping FK can be expressed using the barycentric coordinates on K̂:

φ̂1(ξ ,η) = 1
D̂

∣∣∣∣∣∣∣∣
1 ξ η

1 1
4√3

0

1 0 4
√

3

∣∣∣∣∣∣∣∣=
1
2 −

4√3
2 ξ − 1

2 4√3
η ,

φ̂2(ξ ,η) = 1
D̂

∣∣∣∣∣∣∣∣
1 − 1

4√3
0

1 ξ η

1 0 4
√

3

∣∣∣∣∣∣∣∣=
1
2 +

4√3
2 ξ − 1

2 4√3
η ,

φ̂3(ξ ,η) = 1
D̂

∣∣∣∣∣∣∣∣
1 − 1

4√3
0

1 1
4√3

0

1 ξ η

∣∣∣∣∣∣∣∣=
1
4√3

η ,

(3.102)

where

D̂ =

∣∣∣∣∣∣∣
1 − 1

4√3
0

1 1
4√3

0

1 0 4
√

3

∣∣∣∣∣∣∣= 2.

These coordinates satisfy

φ̂i(âaa j) = δi j, i, j = 1,2,3 (3.103)

0≤ φ̂i(ξ ,η)≤ 1, ∀(ξ ,η) ∈ K̂ (3.104)

φ̂1(ξ ,η)+ φ̂2(ξ ,η)+ φ̂3(ξ ,η) = 1, ∀(ξ ,η) ∈ K̂. (3.105)

The affine mapping FK shown in Figure 3.8 can be expressed as[
x
y

]
= FK(ξ ,η) =

3

∑
i=1

φ̂i(ξ ,η)
[

xi

yi

]
. (3.106)

Differentiating FK with respect to ξ and η , we obtain its Jacobian matrix

F
′
K =

 4√3
2 (x2− x1) 1

2 4√3
(2x3− x1− x2)

4√3
2 (y2− y1) 1

2 4√3
(2y3− y1− y2)

 . (3.107)
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The inverse mapping of FK , F−1
K , can be obtained by solving (3.106) for ξ and

η , but a more compact derivation uses the barycentric coordinates on K to compute
ξ and η directly. Letting

D =

∣∣∣∣∣∣
1 x1 y1

1 x2 y2

1 x3 y3

∣∣∣∣∣∣= (x2− x1)(y3− y2)− (x3− x2)(y2− y1),

the barycentric coordinates on K are given by

λ1(x,y) = 1
D

∣∣∣∣∣∣∣∣
1 x y

1 x2 y2

1 x3 y3

∣∣∣∣∣∣∣∣=
1
D [(x2− x)(y3− y2)− (x3− x2)(y2− y)] ,

λ2(x,y) = 1
D

∣∣∣∣∣∣∣∣
1 x1 y1

1 x y

1 x3 y3

∣∣∣∣∣∣∣∣=
1
D [(x3− x)(y1− y3)− (x1− x3)(y3− y)] ,

λ3(x,y) = 1
D

∣∣∣∣∣∣∣∣
1 x1 y1

1 x2 y2

1 x y

∣∣∣∣∣∣∣∣=
1
D [(x1− x)(y2− y1)− (x2− x1)(y1− y)] .

(3.108)

Then F−1
K has the form[

ξ

η

]
= F−1

K (x,y) =

[
− 1

4√3
0

]
λ1(x,y)+

[
1
4√3
0

]
λ2(x,y)+

[
0
4
√

3

]
λ3(x,y). (3.109)

A direct calculation gives

(
F
′
K

)−1
=

1
D

[
1
4√3

(2y3− y1− y2) − 1
4√3

(2x3− x1− x2)

− 4
√

3(y2− y1)
4
√

3(x2− x1)

]
. (3.110)

We can now construct the basis functions for the finite element space of piecewise
linear functions S h in (3.92). Denote the vertices of Th by {aaa1, ...,aaaNv} and let ω j

be the patch of elements which contain aaa j as a vertex. For each K ∈ ω j, let âiK be
the vertex of K̂ corresponding to aaa j under the mapping FK , i.e., aaa j = FK(âaaiK ). Then
the basis function φ j associated with vertex aaa j can be expressed as

φ j(x,y) =
{

0, ∀(x,y) /∈ ω j

φ̂iK (F−1
K (x,y)) = λiK (x,y), ∀(x,y) ∈ K, ∀K ∈ ω j.

(3.111)
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Table 3.1 Parameters for numerical integration schemes on a triangle.

m (φ̂ ( j)
1 , φ̂

( j)
2 , φ̂

( j)
3 ) w( j) Degree of Precision

1
( 1

3 , 1
3 , 1

3

)
1 1

3
(
0, 1

2 , 1
2

)
,
( 1

2 ,0, 1
2

)
,
( 1

2 , 1
2 ,0
) 1

3 2
(1,0,0), (0,1,0), (0,0,1) 1

20
7
(
0, 1

2 , 1
2

)
,
( 1

2 ,0, 1
2

)
,
( 1

2 , 1
2 ,0
) 2

15 3( 1
3 , 1

3 , 1
3

) 9
20

The integrals in (3.99) must generally be computed approximately using numer-
ical quadrature schemes, which on a triangle take the form

∫
K

f (x,y)dxdy≈ |K|
m

∑
j=1

w( j) f

(
3

∑
i=1

φ̂
( j)
i

[
xi

yi

])
, (3.112)

where w( j) are the weights and (φ̂ ( j)
1 , φ̂

( j)
2 , φ̂

( j)
3 ) are the barycentric coordinates on

K̂. These parameters are given in Table 3.1 for three schemes. The choice of m in
practice depends upon the user’s desired level of accuracy and code complexity. A
computationally efficient choice is often m = 3.

3.3.4 The rezoning approach

As for finite differences, using the rezoning approach the physical solution Un must
be interpolated from the old mesh Th(tn) to the new one Th(tn+1); see §3.5. The
physical solution is then discretized on Th(tn+1), which is held fixed for the inte-
gration step over (tn, tn+1]. The discrete equation is similar to (3.99), except that
now the approximation space is defined on the fixed mesh Th(tn+1), so the basis
functions are time independent and the mesh speed term Π1ẋxx is set to zero.

3.4 Two-mesh strategy for mesh movement

Generally speaking, we do not have to calculate the mesh points to an accuracy as
high as for the physical PDE. For this reason, we can perform mesh movement on
a relatively coarse mesh and solve the physical PDE on a fine mesh obtained from
the coarse mesh via refinement. It has indeed been shown in Huang [175] (also
see Example 6.6.1 of §6.6) that this two-mesh strategy can dramatically improve
the efficiency of moving mesh methods. A similar idea has been used by Fiedler
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and Trapp [144] for the dynamic generation of adaptive meshes using an elliptic
differential equation system and by Mulholland et al. [263] where an adaptive finite
difference mesh is used for the pseudo-spectral solution of near-singular problems.

The strategy can be used with structured and unstructured meshes. Obviously, the
simplest way to obtain a fine mesh is to uniformly refine all of the elements of the
coarse mesh. For example, a fine triangular mesh can be obtained by dividing each
triangle of a coarse mesh into four triangles by connecting the edge midpoints. The
situation for a 2D logically rectangular mesh is slightly more complicated. Denote
the coarse mesh by {(xc

jk,y
c
jk), j = 1, ...,Jc, k = 1, ...,Kc}. Given two positive inte-

gers JM and KM, the fine mesh {(x jk,y jk), j = 1, ...,J, k = 1, ...,K} can be obtained
using uniform refinement as follows. First of all, let

J−1 = (Jc−1) · JM, K−1 = (Kc−1) ·KM,

or
J = 1+(Jc−1) · JM, K = 1+(Kc−1) ·KM.

Then, set {
x1+( j−1)·JM,1+(k−1)·KM = xc

j,k,

y1+( j−1)·JM,1+(k−1)·KM = yc
j,k,

j = 1, ...,Jc, k = 1, ...,Kc.

Note that each element of the coarse mesh is a macro-element of the fine mesh. We
next compute the equidistant points (JM +1 points in j direction and KM +1 points
in k direction) on the boundary segments of each macro-element. By connecting
the points on the opposite boundary segments of the macro-elements, we find the
position of all mesh points.

To capture the fine structures of the physical solution, the monitor function
should first be computed on the fine mesh and then projected to the coarse mesh.
Moreover, the coarse mesh cannot be chosen too coarse to catch the fine structures
of the physical solution. On the other hand, it cannot be chosen too fine to reduce
the necessary overhead of mesh movement. The particular choice of the coarse mesh
depends of course upon the specific applications.

3.5 Interpolation on moving meshes

As we have seen in previous sections, with a rezoning approach the physical solution
needs to be interpolated between moving mesh points. Interpolation for moving
meshes is easier than for general meshes because the number of elements and the
mesh connectivity are kept the same at any two time levels. In this section we limit
discussion to this interpolation problem itself, describing two types of interpolation
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scheme – a traditional one (a linear interpolation scheme) and a PDE-based one –
in two dimensions. The discussion is similar to that in §2.6.3 for one dimension
except that multi-dimensional interpolation is generally more complicated and less
efficient.

Denote the old and new meshes by T 0
h = {(x0

j ,y
0
j)} and T 1

h = {(x1
j ,y

1
j)}, re-

spectively. Assume that the physical solution u = u(x,y) is available at the vertices
of T 0

h , i.e., u0
j = u(x0

j ,y
0
j) are given. The task is to find approximations u1

j ≈ u(x1
j ,y

1
j)

using interpolation of these known values.

3.5.1 Linear interpolation

The major difficulty for interpolation generally lies in point location, i.e., finding
the elements that contain the new mesh points. For the general situation where the
meshes may have different topologies, this point location problem has been a topic
of active research in its own right, and many open questions remain in three and
higher dimensions; e.g., see [114] for general discussion on this topic and [283] for
a fast nearest-point searching method for scattered data.

Fortunately, in our situation the points can be reasonably efficiently located.
Since the new and old meshes have the same topology, the new mesh can be viewed
as a deformation of the old one. Thus, the search for the location of a mesh point
(x1

j ,y
1
j) on the old mesh can be started with the neighboring elements of the corre-

sponding mesh point (x0
j ,y

0
j). If the desired element is not found there, we expand

the search to the neighboring elements of these neighboring elements, continuing
the search until the element that contains (x1

j ,y
1
j) is found. In the context of moving

meshes, the new node (x1
j ,y

1
j) is typically not very far from the old one (x0

j ,y
0
j).

Thus, the point location process typically terminates after a few tests. Note that a
point is in a triangle if and only if its barycentric coordinates on the triangle are non-
negative. For example, consider the triangle element K shown in Figure 3.8. A point
(x,y) is in K only if the quantities λ1(x,y), λ2(x,y), and λ3(x,y) defined in (3.108)
are all non-negative. After the triangle K containing the point (x,y) is determined,
the linear interpolation value can simply be calculated using

u(x,y)≈ λ1(x,y)u(x1,y1)+λ2(x,y)u(x2,y2)+λ3(x,y)u(x3,y3). (3.113)

3.5.2 PDE-based interpolation

Like the one-dimensional case (cf. §2.6.3), the current interpolation problem on a
moving mesh can be formulated as an equivalent problem of solving a differential
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equation. Define a time continuation from the old mesh to the new one by

Th(t) : x j(t) = (1− t)x0
j + tx1

j , y j(t) = (1− t)y0
j + ty1

j , t ∈ [0,1]. (3.114)

Then the interpolation of u from T 0
h to T 1

h is equivalent to finding on the moving
mesh Th(t) the solution v = v(x,y, t) of the differential equation

∂v
∂ t

= 0, t ∈ (0,1] (3.115)

subject to the initial condition v(x j(0),y j(0),0) = u0
j . The sought values u1

j are re-
lated to v by u1

j = v1
j ≈ v(x j(1),y j(1),1). From (3.34) and (3.35), (3.115) can be

transformed into the computational domain as

v̇+
∂v
∂ξ

ξt +
∂v
∂η

ηt = 0, (non-conservative form) (3.116)

˙(Jv)+
∂

∂ξ
(Jvξt)+

∂

∂η
(Jvηt) = 0. (conservative form) (3.117)

Note that these are linear convection equations. Moreover, when a finite element
method is used, (3.115) can be discretized directly on the moving mesh (cf. §3.3.2)
and the resulting equation, a simple variation of (3.99), is essentially equivalent to a
convection equation.

Once again, finite differences, finite elements, finite volumes, and other meth-
ods can be used for solving PDE (3.115), (3.116), or (3.117), but caution should be
taken. While the effect of the convection terms caused by the mesh movement is
not well understood in moving mesh methods, a use of some upwinding is recom-
mended to avoid a possible stability problem. Moreover, a conservative interpolation
scheme is often necessary when the physical problem exhibits a strong hyperbolic
feature. Consequently, a conservative scheme should generally be used for solving
the interpolation PDEs. To this end, use of the conservation form (3.117) or the
Leibniz integral rule (3.25) is helpful; see §2.6.3 and Tang [318].

3.6 Biographical notes

A more complete list of transformation relations can be seen in Thompson et al.
[325].

As discussed in the biographical notes of Chapter 2, in addition to finite differ-
ence and finite element methods, collocation, finite volume, and spectral methods
have also been used for moving mesh methods. Examples include [187, 286] for
collocation, [140, 141, 316] for finite volume, and [263, 338, 142, 320] for spectral
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methods. The stability issue is investigated by Ferreira [143], Formaggia and Nobile
[149], and Mackenzie and Mekwi [245].

In this chapter only parabolic-type differential equations have been discussed.
However, for hyperbolic problems or problems exhibiting strong hyperbolic features
(such as convection-dominated PDEs), a method with some numerical dissipation
such as the ENO (essentially non-oscillatory), the WENO (weighted ENO), or a
discontinuous Galerkin (DG) scheme (e.g, see Shu [301, 302]) should be used. The
reader is referred to the review article by Tang [318] for the numerical solution of
hyperbolic differential equations on moving meshes.

3.7 Exercises

1. Verify the 2D version of (3.10) using (3.28) and (3.29).
2. Derive (3.19) from (3.20).
3. Derive (3.21) and (3.20) from (3.23) and (3.25), respectively.
4. Show that (3.26) and (3.27) are mathematically equivalent.
5. Derive in detail the 2D versions (3.36) and (3.37) of the conservative and non-

conservative forms of the physical PDE in equations (3.26) and (3.27).
6. Give the coordinates of the vertices of the unit 2-simplex (triangle) or an equilat-

eral 2-simplex (triangle) having a unitary volume.
7. Give the coordinates of the vertices of the unit 3-simplex (tetrahedron) or an

equilateral 3-simplex (tetrahedron) having a unitary volume.
8. Describe two different constant-polynomial finite elements associated with a tri-

angle K with vertices aaai, i = 1,2,3.
9. Verify by direct calculation that (3.97) holds for 1D piecewise linear basis func-

tions defined in (1.33).
10. Prove properties (3.103)–(3.105).
11. Prove that the degree of precision of quadrature (3.112) with m = 3 (cf. Table

3.1) is 2.
12. Verify the result φ̂iK (F−1

K (x,y))≡ λiK (x,y) given in (3.111).



Chapter 4
Basic Principles of Multidimensional Mesh
Adaptation

We have seen in Chapter 2 the crucial role that the equidistribution principle plays in
designing adaptive mesh algorithms, where in fact a mesh can be fully determined
from it in 1D. The situation becomes much more complicated in multidimensions.
The equidistribution principle, specifying only the volume of mesh elements, is no
longer sufficient for determining a multidimensional mesh. An additional condition
is needed for specifying the shape and orientation of mesh elements.

The major objective of this chapter is to study the basic principles of multidi-
mensional mesh adaptivity, including the needed alignment condition. While con-
trolled by the mesh density function in 1D, the mesh adaptivity is now driven by
a solution-dependent, matrix-valued monitor function M, which defines a metric
on the physical domain and specifies the size, shape, and orientation of mesh ele-
ments throughout. Three fundamental interpretations of the multidimensional mesh
adaptivity are presented in this chapter. The first one views mesh adaptation as a
technique to generate an M-uniform mesh (a uniform mesh in the metric space)
while the second and third consider mesh adaptation from the perspectives of mesh
control and function approximation, respectively. The interpretations lead naturally
to the equidistribution and alignment conditions for meshes, with the role of the
latter condition being to ensure that the mesh is properly aligned with behavior of
the physical solution. These conditions are analyzed and related to the mesh quality
in a mathematically precise way. Interpretations are also given from both a discrete
(mesh) and continuous (coordinate transformation) perspective.

We assume in this chapter that a monitor function has been chosen. However, like
the mesh density function in the 1D case, the proper choice of a monitor function
is instrumental in the successful use of mesh adaptation principles. This topic is
considered at length in Chapter 5. In Chapters 6 and 7 we consider the various
types of methods for generating adaptive methods. The basic theory covered in this
chapter will be important there in providing many of the needed tools for analyzing
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the basic theoretical properties (like solution existence) and practical features of
these various methods.

It bears emphasizing that while the mesh adaptation principles are developed in
this chapter for the purpose of adaptive mesh movement, they are applicable for the
general areas of mesh generation and adaptation as well. For example, they can be
the basis for determining a metric tensor for unstructured mesh adaptation [179].

4.1 Mesh adaptation from perspective of uniform meshes in a
metric space

We first study multidimensional mesh adaptation from the perspective of construct-
ing uniform meshes in a metric space in Ω ⊂Rd (d ≥ 1), where an adaptive mesh is
generated as a uniform one in some metric space in Ω with a matrix-valued function
M = M(xxx) defined on it. (See §2.1.3 for the 1D case.) Such a mesh is referred to as an
M-uniform mesh. In the definition, M can be understood for standing for the matrix-
valued function M and/or the metric. The function M = M(xxx) is called the monitor
function, and ρ =

√
det(M(xxx)) is referred to as the corresponding mesh density

function. In the literature M is occasionally called the metric tensor since it plays
the same role as a metric tensor for a Riemannian manifold. Like the mesh density
function in the 1D case, the monitor function is always chosen to be symmetric and
positive definite, and it is normally a measure of the difficulty in approximating the
solution. In this section we assume that the monitor function is given and defer the
discussion of how it is chosen to the next chapter.

An M-uniform mesh is generally non-uniform in the Euclidean space. For illus-
trative purpose, we show in Figure 4.1(a) a mesh which is visually non-uniform but
uniform in the metric specified by

M =
[

4 0
0 1

]
(4.1)

and in Figure 4.1(b) a mesh which is visually uniform but non-uniform in the metric
M.

We shall see that viewing an adaptive mesh as a uniform one in some metric
space has the advantage that such a mesh can be described both geometrically and
analytically in a relatively simple manner. Such a description in turn facilitates (a) a
precise characterization of mesh alignment with the monitor function (and thus with
the solution when M is defined as a function of u – cf. Theorem 4.2.4 in §4.2), (b)
a proper choice of the monitor function based on error estimates (cf. §5.2), and (c)
a consequent development of reliable algorithms for adaptive mesh generation (cf.
Chapter 6).
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Fig. 4.1 (a) A uniform mesh and (b) a non-uniform mesh in the metric specified by M defined in
(4.1).

4.1.1 Mathematical description of M-uniform meshes

To give the mathematical description for an M-uniform mesh, we assume that the
physical domain Ω ⊂ Rd is polyhedral. Moreover, we consider an affine family
of simplicial meshes {Th} for Ω , with the reference element K̂ being chosen as an
equilateral d-simplex with unit volume. (The edge length, diameter, and in-diameter
of K̂ are given in (3.91).) Recall that, by definition, for any element K in {Th} there
exists a unique invertible affine mapping FK : K̂→ K such that K = FK(K̂).

By definition, an M-uniform mesh is uniform in the metric M. In other words, a
mesh Th is M-uniform if and only if all its elements have the same volume and are
equilateral in the metric. Mathematically, these two conditions can be described as
follows.

(i) All elements have a constant volume in the metric M:∫
K

ρ(xxx)dxxx =
σ

N
, ∀K ∈Th (4.2)

where N is the number of the elements of Th and σ =
∫

Ω
ρ(xxx)dxxx.

(ii)All elements are equilateral in the metric M: Let γ1, ...,γd(d+1)/2 be the edges of
an element K. (For simplicity, the dependence of the edges on K is omitted.) This
condition requires

|γ1|M = · · ·= |γd(d+1)/2|M, ∀K ∈Th (4.3)

where |γi|M denotes the length of edge γi in the metric M. If xxx =φφφ i(s), s∈ [si
0,s

i
1],

is a parameterized equation for γi, then this length can be expressed by
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|γi|M =
∫ si

1

si
0

√(
dφφφ i

ds

)T

M(φφφ i(s))
dφφφ i

ds
ds. (4.4)

For a given continuous monitor function M = M(xxx), (4.2) and (4.3) give a highly
nonlinear system of equations for the coordinates of the vertices of Th. The nonlin-
earity makes the system difficult (if not impossible) to solve, which in turn makes
it inefficient to generate an M-uniform mesh in practice. More importantly, it turns
out that the conditions (4.2) and (4.3) are not convenient to use in actual error analy-
sis. In the next subsection, we consider a simplification of the conditions which can
avoid these difficulties.

4.1.2 Equidistribution and alignment conditions

We consider here a type of approximate M-uniform mesh which has a simpler def-
inition and is more convenient to use in error analysis (cf. §5.2). The simplification
comes from the replacement of M(xxx) in (4.2) and (4.3) by its average on K, i.e.,

MK =
1
|K|

∫
K

M(xxx)dxxx. (4.5)

The conditions become ∫
K

ρKdxxx =
σh

N
, ∀K ∈Th (4.6)

|γ1|MK = · · ·= |γd(d+1)/2|MK , ∀K ∈Th (4.7)

where
ρK =

√
det(MK), σh = ∑

K∈Th

∫
K

ρKdxxx. (4.8)

These conditions can be simplified. Notice that∫
K

ρKdxxx = ρK |K|,

where |K| is the volume of K (in the Euclidean sense). Moreover, since K (= FK(K̂))
is a d-simplex, its edges are straight line segments and d

dsφφφ i is a constant vector. As
a result,

|γi|MK =

√(
dφφφ i

ds

)T

MK
dφφφ i

ds
(si

1− si
0) =

√
γγγT

i MKγγγ i,

where γγγ i denotes a vector corresponding to the edge γi. Conditions (4.6) and (4.7)
can then be expressed as
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ρK |K|=
σh

N
, (4.9)

γγγ
T
1 MKγγγ1 = · · ·= γγγ

T
d(d+1)/dMKγγγd(d+1)/2. (4.10)

Denote the edges of the reference element K̂ by γ̂1, ..., γ̂d(d+1)/2. We assume that
they have been reordered such that they in turn correspond to the edges of K,
γ1, ..., γd(d+1)/2. It is easy to see that the edges of K and K̂ are related by

γγγ i = F ′Kγ̂γγ i, i = 1, ...,
d(d +1)

2

where F ′K denotes the Jacobian matrix of mapping FK . Inserting this into (4.10)
yields

γ̂γγ
T
1 (F ′K)T MKF ′Kγ̂γγ1 = · · ·= γ̂γγ

T
d(d+1)/2(F

′
K)T MKF ′Kγ̂γγd(d+1)/2. (4.11)

We need the following lemma to further simplify (4.11).

Lemma 4.1.1 Suppose that S is a d× d symmetric and positive definite con-
stant matrix and θ is a positive number. There exists a d-simplex Kd with constant
edge length ld such that

γγγ
T Sγγγ = θ for any edge vector γγγ of Kd (4.12)

if and only if

S =
θ

l2
d

Id , (4.13)

where Id is the d×d identity matrix.

Proof. It is easy to see that (4.13) is sufficient for (4.12).
We prove by induction that (4.13) is also necessary for (4.12). Obviously, (4.12)

implies (4.13) for d = 1. For any positive integer n≥ 1, assume that (4.12) implies
(4.13) for d = n−1. We want to prove that this also holds for d = n.

Note that the conclusion remains unchanged if Kn is rotated by any angle and
in any direction. Thus we take Kn as an n-simplex formed by adding a new vertex
aaan+1 = (a1,n+1, ...,an−1,n+1,an,n+1)T to an (n− 1)-simplex Kn−1 which lies on the
coordinate super-plane formed by the first (n−1) coordinate axes. Without loss of
generality we assume an,n+1 > 0. The vertices of Kn−1 have the form

aaa j = (a1 j, ...,an−1, j,0)T , j = 1, ...,n. (4.14)

Since Kn has a constant edge length ln, the length of the edge connecting aaa j ( j =
1, ...,n) and aaan+1 is equal to ln, i.e.,

n−1

∑
i=1

(ai,n+1−ai j)2 +a2
n,n+1 = l2

n , j = 1, ...,n. (4.15)
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Moreover, the projection of vertex aaan+1 onto Kn−1 should by symmetry coincide
with this center, viz.,

ai,n+1 =
1
n

n

∑
j=1

ai j, i = 1, ...,n−1. (4.16)

Condition (4.12) can be written as

(aaa j−aaak)T S(aaa j−aaak) = θ , j,k = 1, ...,n, j 6= k (4.17)

(aaa j−aaan+1)T S(aaa j−aaan+1) = θ , j = 1, ...,n. (4.18)

Let 

ãaa j =


a1 j

...

an−1, j

 ( j = 1, ...,n+1),

s̃ss =


s1n
...

sn−1,n

 , S̃ =


s11 · · · s1,n−1
...

...

sn−1,1 · · · sn−1,n−1

 .

(4.19)

From (4.14), (4.17) reduces to

(ãaa j− ãaak)T S̃(ãaa j− ãaak) = θ , j,k = 1, ...,n, j 6= k

which represents the same condition as (4.12) but for (n− 1)-simplex Kn−1 with
constant edge length ln. By the induction assumption, this implies

S̃ =
θ

l2
n

In−1. (4.20)

Using this, we can rewrite (4.18) as

n−1

∑
i=1

(ai j−ai,n+1)2 θ

l2
n
−2

n−1

∑
i=1

(ai j−ai,n+1)an,n+1sin +a2
n,n+1snn = θ , j = 1, ...,n

which together with (4.15) implies

−2
n−1

∑
i=1

(ai j−ai,n+1)an,n+1sin +a2
n,n+1snn = a2

n,n+1
θ

l2
n
, j = 1, ...,n. (4.21)

Summing from j = 1 to n and using (4.16) and the assumption an,n+1 > 0, we have

snn =
θ

l2
n
. (4.22)
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Inserting this back into (4.21) yields

n−1

∑
i=1

(ai j−ai,n+1)sin = 0, j = 1, ...,n

or
(ãaa j− ãaan+1)T s̃ss = 0, j = 1, ...,n. (4.23)

By subtracting one equation from another in (4.23) we get

(ãaa j− ãaa j+1)T s̃ss = 0, j = 1, ...,n−1. (4.24)

Recall that ãaa j, j = 1, ...,n are the vertices of (n− 1)-simplex K̂n−1. From the def-
inition of (n− 1)-simplexes, the vectors (ãaa j − ãaa j+1), j = 1, ...,n− 1 are linearly
independent. Consequently, the linear system (4.24) has the unique zero solution
s̃ss = 0. Combining this with (4.20) and (4.22) we obtain

S =
θ

l2
n

In,

and the proof is complete.

Note now that (4.11) implies (4.12) with θ := γ̂γγ
T
1 (F ′K)T MKF ′Kγ̂γγ1. Let θK = θ/â2,

where â is the constant edge length of K̂ (cf. (3.91)). Lemma 4.1.1 then implies that
(4.11) is equivalent to

(F ′K)T MKF ′K = θKI. (4.25)

As a consequence, the matrix (F ′K)T MKF ′K has equal eigenvalues. From the arithmetic-
mean geometric-mean inequality (cf. Theorem B.0.11), it is easy to prove that
(4.25), and therefore (4.11), is equivalent to

1
d

tr((F ′K)T MKF ′K) = det((F ′K)T MKF ′K)
1
d , ∀K ∈Th (4.26)

where tr(·) and det(·) denote the trace and determinant of a matrix, respectively.
These quantities are in turn equal to the sum and product of the eigenvalues.

When (F ′K)T MKF ′K has equal eigenvalues, so does its inverse matrix. Therefore,
another condition equivalent to (4.11) is

1
d

tr((F ′K)−1M−1
K (F ′K)−T ) = det((F ′K)−1M−1

K (F ′K)−T )
1
d , ∀K ∈Th. (4.27)

Thus far, we have shown that a mesh satisfying (4.6) and (4.7) also satisfies (4.9)
and (4.26), i.e.,

ρK |K|=
σh

N
, ∀K ∈Th (4.28)
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1
d

tr((F ′K)T MKF ′K) = det((F ′K)T MKF ′K)
1
d , ∀K ∈Th (4.29)

where σh is defined in (4.8). The condition (4.28) states that the volume of K is
proportional to the reciprocal of ρK . It obviously controls the size of mesh ele-
ments through the mesh density function ρK . (The larger ρK , the smaller |K|; and
vice versa.) Moreover, (4.28) is a natural multidimensional generalization of (2.5),
a variant of the 1D equidistribution principle. For these reasons, (4.28) is referred to
as the (multidimensional) equidistribution condition. On the other hand, the condi-
tion (4.29) is an approximation to (4.3), requiring that element K be equilateral in
the metric MK . It is shown in §4.2 that any element K satisfying (4.29) is aligned
with MK and its shape and orientation are controlled to some extent by MK . The
condition (4.29) (or its equivalent (4.27)) is thus called the alignment condition.

Note that a mesh satisfying (4.28) and (4.29) is only approximately M-uniform
since these conditions are just approximations to (4.2) and (4.3). Moreover, it is un-
clear if such a mesh exists in multidimensions for a given monitor function and a
given number of elements.1 Nevertheless, there are advantages to using the equidis-
tribution and alignment conditions (4.28) and (4.29). These conditions are conve-
nient to use in error analysis; e.g., see §5.2. Also, as shown in §5.2, interpolation
error bounds obtained for meshes satisfying (4.28) and (4.29) are stable with re-
spect to the mesh in the sense that error bounds with the same optimal convergence
order and the same optimal solution dependent factor can be obtained for meshes
satisfying only the approximate conditions

N |K|ρK

σh
≤ κeq, ∀K ∈Th (4.30)

tr((F ′K)T MKF ′K)

d det((F ′K)T MKF ′K)
1
d
≤ κali, ∀K ∈Th (4.31)

for some constants κali > 1 and κeq > 1 of small or moderate size (cf. (2.88)). Sat-
isfaction of (4.28) and (4.29) can serve in practice as a goal (rather than mandatory
conditions) for the mesh generation or as a tool for use in understanding existing
adaptive mesh methods (see Chapters 6 and 7). In addition, these conditions can be
used directly to construct objective functions optimized locally or globally to im-
prove the adaptivity and alignment of the current mesh. For example, the sum of the
left-hand-side term of (4.31) over the elements in the element patch ωi associated
with an interior vertex aaai,

∑
K∈ωi

tr((F ′K)T MKF ′K)

d det((F ′K)T MKF ′K)
1
d
, (4.32)

1 In 1D, (4.29) is always true and (4.28) reduces to (2.5). The existence of an equidistributing mesh
satisfying (2.5) is proven in Proposition 2.1.1.
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can be minimized over the coordinates of the vertex to improve the alignment of
elements in ωi.

For these reasons, we shall hereafter consider only meshes satisfying the equidis-
tribution and alignment conditions instead of the exact M-uniform conditions. For
notational simplicity, approximate M-uniform meshes satisfying (4.28) and (4.29)
will still be referred to simply as M-uniform meshes, and meshes satisfying (4.30)
and (4.31) are called quasi M-uniform meshes. (See (2.88) for the definition of a
quasi-equidistributing mesh.)

To conclude this section, we summarize below several useful equivalents to
(4.28) and (4.29), one of their invariance properties, and briefly discuss related lin-
early varying error measures. More geometric interpretations of the conditions shall
be given in the next section.

Theorem 4.1.1 Conditions (4.28) and (4.29) are mathematically equivalent to
each of the following conditions:

(F ′K)T MKF ′K =
(

σh

N

) 2
d

I, ∀K ∈Th (4.33)

F ′K(F ′K)T =
(

σh

N

) 2
d

M−1
K , ∀K ∈Th (4.34)

(F ′K)−T (F ′K)−1 =
(

σh

N

)− 2
d

MK , ∀K ∈Th (4.35)

(F ′K)−1M−1
K (F ′K)−T =

(
σh

N

)− 2
d

I, ∀K ∈Th. (4.36)

Proof. The equivalence of (4.33) to any of conditions (4.34)–(4.36) can be easily
obtained by direct algebraic calculations.

To show that (4.28) and (4.29) imply (4.33), we recall that (4.25) is equivalent to
(4.29), and it suffices to show how the constant θK is obtained from compatibility
and (4.28). Notice that

|K|=
∫

K
dxxx =

∫
K̂

det(F ′K)dξξξ = det(F ′K) |K̂|= det(F ′K). (4.37)

Taking the determinant in (4.25), we get

ρ
2
K det(F ′K)2 = θ

d
K ,

or from (4.37),

θ
d
2

K = ρK |K|.

Summing this over all elements and using (4.8) gives
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θK =
(

σh

N

) 2
d
. (4.38)

Thus, (4.33) follows from (4.25).
For the converse, (4.28) can be obtained by taking determinants of both sides

of (4.33), and (4.29) results from the arithmetic-mean geometric-mean inequality
(cf. Theorem B.0.11) and the observation that (4.33) implies that the eigenvalues
of (F ′K)T MKF ′K are equal to each other. Thus, (4.28) and (4.29) are also necessary
conditions for (4.33).

Theorem 4.1.2 Conditions (4.28) and (4.29) are invariant under a scaling
transformation of M: M→ cM for any positive constant c.

Proof. This can be verified directly.

Note that (4.29) has a stronger invariance, i.e., it is invariant under MK→ θ(xxx)MK

for any strictly positive function θ = θ(xxx).
The simple invariance in this last theorem is a useful property when determining

a suitable monitor function, as we see in §5.2. In particular, it means that one can
multiply M by an arbitrary positive constant without changing the mesh adaptivity.

Linearly varying error measures. As in 1D, the interpolation error bounds ob-
tained in §5.2 for M-uniform meshes are proportional to a power of σh (or αhσh

when the monitor function is scaled by a regularization parameter αh > 0). Thus,
from the equidistribution condition (4.28), we may view σh (or αhσh) as the total
“error” over the physical domain and the mesh density function ρK (or αKρK) as an
“error” density. Moreover, ρK |K| (or αKρK |K|) defines a linearly varying (in vol-
ume) error measure; cf. §2.1.2 and the references [16] (Chapter 9) and [227, 273]
for more discussion on the topic.

4.2 Mesh control perspective

From the perspective of mesh control, the basic task of mesh adaptation is to gen-
erate a mesh such that the size, shape, and orientation of its elements are specified
from a user-prescribed monitor function M = M(xxx). To investigate such a specifi-
cation, we first show how the mesh elements are determined from F

′
K , the Jacobian

matrix of FK (for any K ∈Th), for an affine family of simplicial meshes.
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4.2.1 Jacobian matrix and size, shape, and orientation of mesh
elements

Denote the edges of K and K̂ by γ1, ...,γd(d+1)/2 and γ̂1, ..., γ̂d(d+1)/2, respectively,
where the edges are ordered such that

γγγ i = F ′Kγ̂γγ i, i = 1, ...,
d(d +1)

2
. (4.39)

Let the singular value decomposition (SVD) of F ′K be

F ′K = UΣV T , (4.40)

where U = [uuu1, ...,uuud ] (the left singular vectors) and V = [vvv1, ...,vvvd ] (the right singu-
lar vectors) are orthogonal matrices, Σ = diag(σ1, ...,σd), and σi’s are the (positive)
singular values of the matrix. Note that the dependence on K is suppressed in (4.40)
for simplicity.

Size. From (4.37) we have

|K|= det(F ′K) = σ1 · · ·σd , (4.41)

so the size of K is determined by the determinant of F ′K .
Shape. The shape of K is completely determined by the lengths of its edges. From

(4.39) and (4.40), these edge lengths are given by

|γi|2 = γγγ
T
i γγγ i = γ̂γγ

T
i (F ′K)T F ′Kγ̂γγ i = γ̂γγ

T
i V Σ

2V T
γ̂γγ i, i = 1, ...,

d(d +1)
2

. (4.42)

Notice that γ̂γγ i, i = 1, ...,d(d +1)/2, are constant vectors since the chosen reference
element K̂ is fixed. Then (4.42) indicates how the edge lengths, and thus the shape
of K, are determined by Σ (the singular values) and V (the right singular vectors) of
F ′K .

Orientation. The orientation of K can be defined as the direction of the longest
edge or a combination of the edge directions. In this sense, the orientation of an
element is fully determined by the directions of the edges. From (4.39),

γγγ i = F ′Kγ̂γγ i = UΣV T
γ̂γγ i, i = 1, ...,

d(d +1)
2

. (4.43)

Thus, all three components of the SVD of F ′K , U , Σ , and V , are needed to completely
determine the orientation of K.

Circumscribed ellipsoids. It is often useful to consider mesh alignment in terms
of the elements’ circumscribed ellipsoids since the size, shape, and orientation of the
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latter can be uniquely defined through the directions and lengths of their principal
axes (cf. §4.3).

Theorem 4.2.1 The equation for the circumscribed ellipsoid of K is given by

E : (xxx−xxxK)T (F ′K)−T (F ′K)−1(xxx−xxxK)T =
ĥ2

4
, (4.44)

where ĥ is the diameter of K̂ (cf. (3.91)). The principal axes of the circumscribed
ellipsoid are formed by the left singular vectors uuui, i = 1, ...,d of F ′K while their
semi-lengths are determined in terms of the singular values by

ai =
ĥσi

2
i = 1, ...,d (4.45)

where σi’s are the singular values of F ′K .

Proof. Denote by E and Ê the circumscribed ellipsoids of K and K̂, respectively
(cf. Figure 4.5). Let the centers of K̂ and K be ξξξ K̂ and xxxK . Since K̂ is an equilateral
d-simplex, its circumscribed ellipsoid Ê is a sphere with radius ĥ/2, i.e.,

Ê : |ξξξ −ξξξ K̂ |
2 =

ĥ2

4
. (4.46)

We have E = FK(Ê ) because K = FK(K̂). The equation for E , (4.44), is then ob-
tained from (4.46) and the fact that

xxx−xxxK = FK(ξξξ )−FK(ξξξ K̂) = F ′K(ξξξ −ξξξ K̂).

Using (4.40), (4.44) can be rewritten as

E : (xxx−xxxK)TUΣ
−2UT (xxx−xxxK)T =

ĥ2

4
.

Letting yyy = UT (xxx−xxxK), we have

E :
d

∑
i=1

y2
i(

ĥσi
2

)2 = 1.

The remaining conclusions of the theorem can be drawn from this equation and the
fact that the axes (eeei, i = 1, ...,d) of the yyy-coordinate system correspond to the left
singular vectors uuui = Ueeei, i = 1, ...,d of F ′K in the xxx-coordinate system.

The theorem is illustrated in Figure 4.2. From the definition of the diameter hK

of K, it is obvious that
hK ≤ 2amax = ĥσmax, (4.47)
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uuu1

a1

uuu2

a2

Fig. 4.2 The circumscribed ellipsoid E of K is determined by F ′K . Here, uuu1 and uuu2 are the left
singular vectors of F ′K , and the semi-lengths a1 and a2 of the principal axes are given in (4.45).

where amax = maxi ai and σmax = maxi σi Moreover, from (4.41) we have

σ
d
min ≤ |K|= σ1 · · ·σd ≤ σ

d
max, (4.48)

where σmin = mini σi.

From the above analysis we can conclude that a complete determination of the
size, shape, and orientation of element K requires a full specification of the Jaco-
bian matrix F ′K . Such a specification is generally overkill from the standpoint of
mesh adaptation. To explain why, we first notice that F ′K depends upon K̂ so a dif-
ferent F ′K has to be chosen if K̂ is transformed by an invertible affine mapping (e.g.,
a rotation or dilation transformation). However, K̂ is only an auxiliary tool used in
finite element computation, and more importantly, for a given affine family of tri-
angulations, the outcome of a finite element computation using an associated affine
family of finite elements is unaffected by any invertible affine transformation of the
reference finite element (cf. Theorem 3.3.1 and §3.3.3 ). So it is natural to require
that mesh adaptation be invariant under any invertible affine transformation of K̂.
This is clearly impossible when mesh adaptation is realized by specifying the Jaco-
bian matrix of the coordinate transformation. Another indication of overkill is that
the Jacobian specification can cause inconsistency between the corresponding coor-
dinate transformation or mesh with the domain boundary (cf. §6.5.4 and D’Azevedo
and Simpson [112]). Nevertheless, some researchers consider the specification of
the Jacobian matrix as a most direct control method for mesh adaptation. Methods
along this line typically enforce the Jacobian specification in some weak (such as
least squares) sense – see the discussion of the Jacobian-weighted and reference
Jacobian methods in §6.5.4.
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4.2.2 Mesh adaptation via metric specification

We consider here a weaker mesh control (than the Jacobian specification) for which
the resulting mesh adaptation is invariant under affine transformation of the refer-
ence element K̂. It is motivated by the concept of the metric of a coordinate trans-
formation in the context of differential geometry. The idea is to instead of using F ′K
directly, specify (F ′K)−T (F ′K)−1, the metric of the inverse coordinate transformation
of FK , through the monitor function M = M(xxx). Together with compatibility, this
gives

(F ′K)−T (F ′K)−1 =
(

σh

N

)− 2
d

MK , ∀K ∈Th. (4.49)

Notice that (4.49) is the same as (4.35), so by Theorem 4.1.1 this metric specification
results in an M-uniform mesh.

To see more clearly how the mesh elements are controlled via (4.49), using (4.40)
we get

U
(

σh

N

) 2
d

Σ
−2UT = MK . (4.50)

It implies that the eigenvectors of MK determine U and the eigenvalues determine
(σh/N)

2
d Σ−2. Denote the eigen-decomposition of MK by

MK = QDQT , (4.51)

where Q is an orthogonal matrix of eigenvectors, D = diag(λ1, ...,λd), and λi’s are
the eigenvalues of MK . Upon a possible reordering of the eigenvalues and eigenvec-
tors, from (4.50) we have

U = Q, Σ =
(

σh

N

) 1
d

D−
1
2 . (4.52)

Inserting this into (4.40) yields

F ′K =
(

σh

N

) 1
d

QD−
1
2 V T . (4.53)

This reveals how the elements of an M-uniform mesh are controlled by the moni-
tor function M: all the components of the SVD of F ′K except V are determined by
MK . The right-singular vector matrix V , which represents a rotation acting on the
reference element K̂, is left undetermined from the specification condition (4.49).
Its determination is left up to the specific algorithm used in mesh generation, com-
plying with necessary mesh topology and consistency between the mesh and the
domain boundary.

The indeterminacy of V from (4.49) implies that the corresponding mesh adapta-
tion is invariant under rotation of K̂. In fact, this invariance holds for any invertible
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affine transformation of K̂. To show this, we first recall from Theorem 4.1.1 that
(4.49) is equivalent to (4.28) and (4.29). The latter two conditions have been ob-
tained simply under the assumptions that K̂ is equilateral and has unit volume. The
unit volume assumption can easily be removed by modifying (4.49) to be

(F ′K)−T (F ′K)−1 =
(

σh

N |K̂|

)− 2
d

MK , ∀K ∈Th. (4.54)

(Interestingly, the conditions (4.28) and (4.29) remain the same for this situation.)
But the condition (4.49) takes a more complicated form when K̂ is not equilateral.
To see this, define the edge matrix of K̂ as

Ê = (âaa2− âaa1, ...,âaad+1− âaad), (4.55)

where âaa1, ...,âaad+1 are the vertices of K̂. Consider a d-simplex Ǩ with a constant
unitary edge length and denote its vertices and edge matrix by ǎaai, i = 1, ...,d + 1
and Ě, respectively. Let the mapping from K̂ to Ǩ be G. Upon possible reordering
of the vertices, we have

ǎaai+1− ǎaai = G′(âaai+1− âaai), i = 1, ...,d

and therefore
Ě = G′Ê. (4.56)

Then the mapping F̌K : Ǩ→ K (cf. Figure 3.6) satisfies (4.54), viz.,

(F̌ ′K)−T (F̌ ′K)−1 =
(

σh

N |Ǩ|

)− 2
d

MK , ∀K ∈Th. (4.57)

From Figure 3.6 and (4.56) it follows that

F̌K = FK ◦G−1, F̌ ′K = F ′K(G′)−1 = F ′KÊ(Ě)−1.

Combining this with (4.57) gives the modification of (4.49) for the case with a non-
equilateral reference element, i.e., for any K ∈Th,

(F ′K)−T Ê−T ĚT ĚÊ−1(F ′K)−1 =
(

σh

N |K̂| ·det(Ě)det(Ê)−1

)− 2
d

MK . (4.58)

Moreover, noticing that EK = F̌ ′KĚ, where EK = (aaa2−aaa1, ...,aaad+1−aaad) is the edge
matrix of K, from (4.57) we have

E−T
K ĚT ĚE−1

K =
(

σh

N |Ǩ|

)− 2
d

MK , ∀K ∈Th (4.59)
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which is independent of K̂, implying that (4.58) is invariant under any invertible
affine transformation of K̂.

On the other hand, one may not want to deal with this complication since an equi-
lateral reference element can easily be chosen in practice. For this reason, we shall
stick with the form (4.49), and we show below that it is invariant under invertible
affine transformations preserving the shape of K̂. Such transformations include rota-
tion, translation, dilation transformations, and any combination thereof (but exclude
linear shear transformations).

Theorem 4.2.2 Conditions (4.28) and (4.29) are invariant under rotation, trans-
lation, and dilation transformations of K̂.

Proof. The proof can be done for the equivalent condition (4.49) using edge
matrices as in (4.59), but here we take a different approach and deal directly with
(4.28) and (4.29). Let Ǩ be a new reference element formed by an invertible affine
mapping G : K̂ → Ǩ which preserves the shape of K̂ (see Figure 3.6). It is not
difficult to see that G can be expressed as

G(ξξξ ) = G′ξξξ +ξξξ 0, (4.60)

where ξξξ 0 is a constant vector and G′ is a scalar orthogonal matrix satisfying

(G′)−T (G′)−1 = cI (4.61)

for some positive constant c. Denote the affine mapping from the new reference ele-
ment Ǩ to element K by F̌K , as shown in Figure 3.6. We need to show that conditions
(4.28) and (4.29) have the same form for F̌K . To begin with, note that (4.28) involves
no factors related to the reference element and hence holds for any reference ele-
ment. Next, note that FK and F̌K are related by

FK = F̌K ◦G, F ′K = F̌ ′K G′.

Inserting this into (4.29), we have

1
d

tr((G′)T (F̌ ′K)T MKF̌ ′KG′) = det((G′)T (F̌ ′K)T MKF̌ ′KG′)
1
d ,

implying that (G′)T (F̌ ′K)T MKF̌ ′KG′ has equal eigenvalues, viz.,

(G′)T (F̌ ′K)T MKF̌ ′KG′ = θ I

for some constant θ > 0. It follows that

(F̌ ′K)T MKF̌ ′K = θ(G′)−T (G′)−1.

Since (G′)−T (G′)−1 is a scalar matrix, (F̌ ′K)T MKF̌ ′K is as well, so
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1
d

tr((F̌ ′K)T MKF̌ ′K) = det((F̌ ′K)T MKF̌ ′K)
1
d .

This has the same form as (4.29), except that FK has been replaced by F̌K . Hence,
(4.28) and (4.29) maintain the same form for the new reference element and the new
mapping F̌K , and the proof is complete.

4.2.3 Geometric interpretations of mesh equidistribution and
alignment

Geometrically, (4.53) together with (4.41) imply that for a given monitor function,
the size of K for the corresponding M-uniform mesh is completely determined from
MK . This is not true for the shape and orientation since they are measured in terms
of the edge lengths and directions which are fully determined only by the Jacobian
matrix F ′K . We now determine the extent to which the shape and orientation of the
elements of an M-uniform mesh are controlled by the monitor function. Recall that
(4.49) implies (4.52), i.e.,

uuui = qqqi, σi =
(

σh

N

) 1
d 1√

λi
, i = 1, ...,d (4.62)

where (λi,qqqi)’s are eigenpairs of MK and σi’s and uuui’s are singular values and left
singular vectors of F ′K , respectively. Combining this with Theorem 4.2.1 and (4.47),
we have the following theorem.

Theorem 4.2.3 The size and circumscribed ellipsoids of the elements of an M-
uniform mesh Th satisfying (4.28) and (4.29) are completely determined from the
monitor function M. More specifically, the size of mesh elements is inversely propor-
tional to ρK =

√
det(MK). Also, the principal axes of the circumscribed ellipsoid of

any element K ∈ Th are formed by the eigenvectors of MK , and their semi-lengths
are determined by

ai =
ĥ
2

(
σh

N

) 1
d 1√

λi
, i = 1, ...,d. (4.63)

Furthermore,

hK ≤ ĥ
(

σh

N

) 1
d 1√

λmin
, ∀K ∈Th (4.64)

where ĥ is given in (3.91) and λmin is the minimum eigenvalue of MK .

A 2D illustration of the result is given in Figure 4.3.
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qqq1

a1

qqq2

a2

Fig. 4.3 The circumscribed ellipsoid E of K is determined by MK . Here, qqq1 and qqq2 are the eigen-
vectors of MK and the semi-lengths a1 and a2 of the principal axes are given in (4.63).

It is emphasized that Theorem 4.2.3 provides a precise description on how an
element K of an M-uniform mesh is aligned with the matrix-valued monitor func-
tion MK in terms of its circumscribed ellipsoid. This description is useful in prac-
tical computation since a mesh can be aligned with the geometry of the solution
by properly choosing a monitor function depending upon the solution. In fact, such
a description can be obtained for an element satisfying only the alignment condi-
tion (4.29). To see this, note that (4.29) implies that all the eigenvalues of matrix
(F ′K)T MKF ′K are equal, with their size being undetermined. This gives

(F ′K)−T (F ′K)−1 = θKMK , (4.65)

or from the SVDs (4.40) and (4.51),

uuui = qqqi, σi =
1√

θKλi
, i = 1, ...,d (4.66)

where θK > 0 is an arbitrary constant (depending upon K). For easy reference, this
description of mesh alignment is given in the following theorem.

Theorem 4.2.4 The shape and orientation of any simplicial element K satisfy-
ing the alignment condition (4.29) is determined by MK in the following sense: The
principal axes of its circumscribed ellipsoid are formed by the eigenvectors of MK ,
and their semi-lengths are determined by

ai =
ĥ
2

1√
θKλi

, i = 1, ...,d (4.67)

where θK > 0 is an arbitrary constant.

As long as σh ≤ C1 and λmin ≥ C2 > 0 for some constants C1 and C2, (4.64)
implies that

h = max
K∈Th

hK → 0 as N→ ∞, (4.68)
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a property often needed to ensure that an error bound on a family of triangulations
Th converges.

Furthermore, we can see from Theorem 4.2.3 that the metric specification (4.49)
offers considerable freedom in choosing elements in the mesh generation process.
Indeed, elements having the same volume and the same circumscribed ellipsoid
determined by M are all possible candidates. This property allows the elements the
flexibility to align themselves according to some prescribed mesh topology and with
the boundary of the spatial domain. On the flip side, not all such elements are op-
timal, and neither is the resulting mesh necessarily optimal. Fortunately, as we see
in Chapter 5 (in §5.2), an M-uniform mesh associated with a proper choice of M
is asymptotically optimal in the sense that it leads to an interpolation error bound
with an optimal convergence order and an optimal solution-dependent factor for a
sufficiently large number of elements.

Example 4.2.1 To illustrate the above, we show in Figure 4.4(b) three trian-
gular elements having the same area and the same circumscribed ellipse. They are
generated by taking the reference element K̂ (shown in Figure 4.4(a)) to have a con-

stant unit edge length, MK =
[

4 0
0 1

]
, and (σh/N)−

2
d = 1 in (4.53) and (4.49). From

(4.44) and (4.49), the equation of the circumscribed ellipse for this case is

4x2 + y2 =
1
3
.

The triangles in Figure 4.4(b) are generated for three choices of rotation matrix V

using the mapping K = FK(K̂) = (M−
1
2

K V T )K̂, which is derived from (4.53) with
D = MK and QK = I. Consequently, while their shape and orientation are obviously
different, these elements all satisfy the specification condition (4.49) and have the
same circumscribed ellipse (determined completely by M) and the same area. They
would all be possible candidates for use in actual mesh generation with M.

4.2.4 Special case: scalar monitor functions

An interesting special case is a monitor function in the form of a scalar matrix
function

MK = wKI, (4.69)

where w = w(xxx) is a positive scalar function and wK = (1/|K|)
∫

K w(xxx)dxxx. Condi-
tions (4.29) and (4.35) simplify to

1
d

tr((F ′K)T F ′K) = det((F ′K)T F ′K)
1
d , (4.70)
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Fig. 4.4 Reference and physical elements.

(F ′K)−T (F ′K)−1 =
(

σh

N

)− 2
d

wKI. (4.71)

In this case, (F ′K)−T (F ′K)−1 is a scalar matrix, meaning that the corresponding cir-
cumscribed ellipsoids are actually spherical. In other words, the mesh is isotropic.
The form (4.69) for the monitor function allows for generation of a non-uniform
mesh, but it is too restrictive to permit mesh alignment since the eigenvalues of MK

are all equal. In §5.2 we see how such a monitor function arises naturally when
optimizing an isotropic error bound.

4.3 Continuous perspective

From a continuous point of view, mesh generation is viewed as being mathemati-
cally equivalent to the determination of a coordinate transformation, where the mesh
is generated as the image of a reference mesh under the transformation. An advan-
tage of putting mesh generation in the continuous context is that mesh elements can
be viewed simply as ellipsoids (see Figure 4.5) for which the size, shape, and ori-
entation can be uniquely defined as follows: the size is quantified by the volume,
the shape is determined by the ratios between the lengths of the principal axes, and
the orientation is controlled by the principal directions. Another advantage is that
whereas the equidistribution and alignment conditions (4.28) and (4.29) are valid
only for simplicial meshes, their continuous analogs developed below will hold for
any type of meshes at least in the asymptotic sense. This is especially convenient
for quadrilateral meshes, which we shall see frequently in Chapters 6 and 7.
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K̂

Ê E

K
xxx = FK(ξξξ )

xxx = xxx(ξξξ )

Continuous Perspective

Fig. 4.5 A continuous view of mesh elements: ellipsoids (or spheres).

From the continuous viewpoint, the size, shape, and orientation of mesh elements
(i.e., ellipsoids) will be seen to be completely determined by JJJ−TJJJ−1, the metric of
the inverse coordinate transformation, where JJJ is the Jacobian matrix of the coordi-
nate transformation xxx = xxx(ξξξ ) : Ωc→ Ω for some computational domain Ωc artifi-
cially chosen for the purpose of mesh generation. This is distinct from the discrete
situation where, as shown in §4.2.1, the shape and orientation of mesh elements are
only partially determined by (F ′K)−T (F ′K)−1. Still, the analysis for the current sit-
uation is very similar to that in the previous section. We take an arbitrary element
Ê with center ξξξ 0 ∈ Ωc. As commonly done in practical computation, we assume
that the fixed mesh on the reference domain Ωc is uniform. Under this assumption,
element Ê can be viewed as a sphere defined by the equation

Ê : (ξξξ −ξξξ 0)
T (ξξξ −ξξξ 0) = r̂2,

where the radius r̂ is a constant related to the number of mesh elements N by r̂dN ∝

|Ωc| or r̂ ∝ (|Ωc|/N)1/d . Linearizing the coordinate transformation about ξξξ 0, we
obtain

x(ξξξ ) = x(ξξξ 0)+JJJ(ξξξ 0)(ξξξ −ξξξ 0)+O(|ξξξ −ξξξ 0|2).

Thus, the equation for the corresponding element E = xxx(Ê ) in Ω satisfies

E : (xxx−xxx0)
T JJJ−T (ξξξ 0)JJJ−1(ξξξ 0)(xxx−xxx0)≈ r̂2, (4.72)

where xxx0 = x(ξξξ 0). As for (4.44) and Theorem 4.2.1, one can show that the princi-
pal axes of element E are formed by the left singular vectors of JJJ(ξξξ 0), and their
semi-lengths are given by the product of r̂ times the singular values. Since the left
singular vectors and reciprocals of the singular values of JJJ(ξξξ 0) squared are respec-
tively the eigenvectors and eigenvalues of JJJ−TJJJ−1(ξξξ 0), we conclude that the mesh
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ξξξ -space

(Ê )

vvv1
vvv2

ξξξ -space

vvv1

vvv2

V T

uuu1

uuu2

xxx-space

Σ

xxx-space

(E ) U

JJJ = UΣV T

uuu1

uuu2

Fig. 4.6 Illustration of the 2D mapping of a computational element (Ê , a sphere) to a physical
mesh element (E , an ellipsoid) under xxx = xxx(ξξξ 0)+JJJ(ξξξ 0)(ξξξ −ξξξ 0) : Ωc→Ω , where both xxx(ξξξ 0) and
ξξξ 0 are taken here to be zero. Reprinted from Huang [180], with permission from Global Science
Press Ltd.

element E , or more precisely, its size, shape, and orientation, are determined from
the eigenvalues and eigenvectors of the metric JJJ−TJJJ−1(ξξξ 0).

Stating things slightly differently, we take the SVD for JJJ,

JJJ = UΣV T ,

and examine its role in the mapping of Ê to E . As illustrated in Figure 4.6 for
d = 2, the orientation of E is determined by the left singular vectors U = [uuu1, ...,uuud ],
the size and shape are controlled by the singular values Σ = diag(σ1, ...,σd), and
the right singular vectors V = [vvv1, ...,vvvd ] play no role in describing the geometry
in Ω . Thus, we see how the eigenvalues σ

−2
i and corresponding eigenvectors uuui of

JJJ−TJJJ−1(ξξξ 0) specify the size, shape, and orientation of E and thereby determine the
metric.

In the above analysis, the element Ê and its center ξξξ 0 are arbitrary, so the argu-
ment is valid for all mesh elements. Consequently, in what follows we replace ξξξ 0

by a general point ξξξ .

Since the size, shape, and orientation of mesh elements can be completely de-
termined by the metric JJJ−TJJJ−1 in the continuous sense, mesh adaptation or mesh
control can in principle be realized by specifying the metric from the monitor func-
tion. This leads to a continuous analog of (4.49) or (4.35),



4.3 Continuous perspective 199

JJJ−TJJJ−1 =
(

σ

|Ωc|

)− 2
d

M(xxx), (4.73)

where σ =
∫

Ω
ρ(xxx)dxxx and ρ(xxx) =

√
det(M(xxx)). Similarly, we have the following

continuous version of Theorem 4.1.1.

Theorem 4.3.1 Conditions

J ρ =
σ

|Ωc|
, ∀xxx ∈Ω (4.74)

1
d

tr(JJJT MJJJ) = det(JJJT MJJJ)
1
d , ∀xxx ∈Ω (4.75)

are mathematically equivalent to each of the following conditions:

JJJT MJJJ =
(

σ

|Ωc|

) 2
d

I, ∀xxx ∈Ω (4.76)

JJJJJJT =
(

σ

|Ωc|

) 2
d

M−1, ∀xxx ∈Ω (4.77)

JJJ−TJJJ−1 =
(

σ

|Ωc|

)− 2
d

M, ∀xxx ∈Ω (4.78)

JJJ−1M−1JJJ−T =
(

σ

|Ωc|

)− 2
d

I, ∀xxx ∈Ω . (4.79)

Like the discrete case, (4.74) and (4.75) are called the equidistribution and align-
ment conditions, respectively, and a coordinate transformation satisfying these con-
ditions will be referred to as an M-uniform coordinate transformation.

It is easy to see that (4.75) is equivalent to

1
d

tr(JJJ−1M−1JJJ−T ) = det(JJJ−1M−1JJJ−T )
1
d , ∀xxx ∈Ω . (4.80)

Finally, we give a continuous analog of Theorem 4.2.2.

Theorem 4.3.2 Conditions (4.74) and (4.75) are invariant under rotation, trans-
lation, and dilation transformations of the computational coordinate ξξξ .

Proof. If ξξξ is transformed into ξ̌ξξ through rotation, translation, and/or dilation,
then ξ̌ξξ is related to ξξξ by

ξ̌ξξ = θQξξξ +ccc,

where θ is a non-zero constant, ccc a constant vector, and Q a constant orthogo-
nal matrix. Under this mapping, Ωc is mapped into Ω̌c, with the volume |Ω̌c| =
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|θdet(Q)||Ωc|. Moreover, by the chain rule we have

JJJ ≡ ∂xxx
∂ξξξ

=
∂xxx

∂ξ̌ξξ

∂ξ̌ξξ

∂ξξξ
=

∂xxx

∂ξ̌ξξ
θQ≡ θ J̌JJQ.

From these, conditions (4.74) and (4.75) become

J̌ ρ =
σ

|Ω̌c|
, (4.81)

1
d

tr(QT J̌JJ
T

MJ̌JJQ) = det(QT J̌JJ
T

MJ̌JJQ)
1
d . (4.82)

Since QT J̌JJ
T

MJ̌JJQ has the same eigenvalues as J̌JJ
T

MJ̌JJ does, it follows that

tr(QT J̌JJ
T

MJ̌JJQ) = tr(J̌JJ
T

MJ̌JJ), det(QT J̌JJ
T

MJ̌JJQ) = det(J̌JJ
T

MJ̌JJ),

and (4.82) reduces to
1
d

tr(J̌JJ
T

MJ̌JJ) = det(J̌JJ
T

MJ̌JJ)
1
d . (4.83)

Note that (4.81) and (4.83) have the same form as (4.74) and (4.75). Hence, (4.74)
and (4.75) are invariant under rotation, translation, and dilation transformations of
the computational coordinate ξξξ .

4.4 Function approximation perspective

Mesh adaptation can also be studied from the perspective of function approximation.
The basic idea is the same as that used for the 1D case in §2.1.4: Given a function
u = u(xxx) defined on Ω ⊂ Rd (d ≥ 1), we seek a coordinate transformation xxx =
xxx(ξξξ ) : Ωc→Ω such that u(xxx(ξξξ )) can be efficiently approximated on a uniform mesh
in the new coordinate system. For simplicity, we explain this using approximation
with piecewise constant interpolation. Let Tc,h be a uniform mesh on Ωc. Define a
piecewise constant approximation to u(xxx(ξξξ )) by

u(xxx(ξξξ ))≈ u(xxx(ξξξ Kc)), ∀ξξξ ∈ Kc, ∀Kc ∈Tc,h

where ξξξ Kc is the center of Kc. From Taylor’s theorem, the error for this approxima-
tion is

u(xxx(ξξξ ))−u(xxx(ξξξ Kc)) = (ξξξ −ξξξ Kc)
T

∇ξξξ u(xxx(ξξξ Kc))+O(|ξξξ −ξξξ Kc |2), ∀ξξξ ∈ Kc.

It follows that
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max
ξξξ∈Kc
|u(xxx(ξξξ ))−u(xxx(ξξξ Kc))|= max

ξξξ∈Kc

∣∣(ξξξ −ξξξ Kc)
T

∇ξξξ u(xxx(ξξξ Kc))
∣∣+O(h2

c),

where hc is the element diameter of the uniform mesh Tc,h (cf. Figure 3.4). If a
coordinate transformation can be chosen such that

max
ξξξ∈Kc

∣∣(ξξξ −ξξξ Kc)
T

∇ξξξ u(xxx(ξξξ Kc))
∣∣= chc, (4.84)

for a suitable positive constant c independent of Kc and hc, then

max
ξξξ∈Kc
|u(xxx(ξξξ ))−u(xxx(ξξξ Kc))|= chc +O(h2

c). (4.85)

Since the right-hand-side terms are element independent, the approximation has the
same level of error on all of the elements. In this sense, a uniform mesh is efficient
in resolving u(xxx(ξξξ )) via piecewise constant interpolation.

Noticing that hc = maxξξξ∈Kc |ξξξ −ξξξ Kc |, we can rewrite (4.84) as

max
ξξξ∈Kc

∣∣(ξξξ −ξξξ Kc)
T

∇ξξξ u(xxx(ξξξ Kc))
∣∣= cmax

ξξξ∈Kc
|ξξξ −ξξξ Kc | .

A stronger version of this condition is∣∣(ξξξ −ξξξ Kc)
T

∇ξξξ u(xxx(ξξξ Kc))
∣∣= c |ξξξ −ξξξ Kc | , ∀ξξξ ∈ Kc. (4.86)

Generally speaking, the condition (4.86) is too strong to be satisfied by a coordinate
transformation since it requires that u(xxx(ξξξ )) have a constant rate of change in all
directions at ξξξ Kc . Nevertheless, it is very useful in practice, serving as a goal for the
mesh generation rather than a mandatory condition.

A continuous form of (4.86) is∣∣dξξξ
T

∇ξξξ u(xxx(ξξξ ))
∣∣= c |dξξξ | ,

where ξξξ Kc has been replaced by an arbitrary point ξξξ , and dξξξ is a differential element.
From the transformation relation ∇ξξξ = JJJT ∇, we have∣∣dξξξ

TJJJT
∇u
∣∣= c |dξξξ | ,

or
dξξξ

TJJJT
∇u∇uTJJJdξξξ = c2dξξξ

T dξξξ .

Since dξξξ is arbitrary, it follows that

JJJT
∇u∇uTJJJ = c2I.

As discussed in more detail later, the equation is in practice replaced by the regular-
ized form
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JJJT [
∇u∇uT +α

2I
]
JJJ = c2I,

where α > 0 is a parameter, or

JJJT
[

I +
1

α2 ∇u∇uT
]

JJJ =
c2

α2 I. (4.87)

From the compatibility condition, the constant c satisfies

c2

α2 =
(

σ

|Ωc|

) 2
d
,

where σ =
∫

Ω
ρ(xxx)dxxx, ρ(xxx) =

√
det(M(xxx)), and

M(xxx) = I +
1

α2 ∇u∇uT . (4.88)

Inserting this into (4.87), we have

JJJT M(xxx)JJJ =
(

σ

|Ωc|

) 2
d

I. (4.89)

Note that (4.89) is equivalent to (4.73), the adaptation equation derived from the
perspective of mesh control.

4.5 Mesh quality measures

Standard ways to assess a given mesh are given by its regularity and its level of
adaptivity. Mesh regularity is a geometric property indicating how close mesh ele-
ments are to being equilateral (cf. §3.5). It can be measured in a number of ways.
Commonly used measures include the minimum angle [356], the maximum angle
[22], and the aspect ratio. The first two are used primarily for triangular elements,
although they can be extended to tetrahedral elements [220]. The aspect ratio of an
element is defined as the ratio of the radii of its circumscribed and inscribed circles
(or spheres). Several other regularity measures and their relationships are discussed
by Liu and Joe [240] for tetrahedral elements (also see (4.97) below).

Mesh adaptivity characterizes how well a mesh adapts to the solution and is thus
a property related to the particular physical problem being solved. The analysis in
the previous subsection suggests that mesh adaptivity be quantified via equidistri-
bution and alignment, i.e., by measuring how closely conditions (4.28) and (4.29)
are satisfied by a given mesh for a given monitor function M = M(xxx). Thus, the
equidistribution (quality) measure is defined from (4.28) as



4.5 Mesh quality measures 203

Qeq(K) =
NρK |K|

σh
∀K ∈Th. (4.90)

It follows that
Qeq(K) > 0 ∀K ∈Th (4.91)

and
1
N ∑

K
Qeq(K) = 1. (4.92)

Consequently, maxK Qeq(K) = 1 if and only if the mesh satisfies the equidistribu-
tion condition (4.28) exactly. Moreover, the larger the value of maxK Qeq(K), the
more the quantity |K| NρK changes, and in this sense, the farther the mesh is from
satisfying (4.28).

The alignment (quality) measure is defined from (4.29) as

Qali(K) =

 tr
(

F ′K
T MKF ′K

)
d det

(
F ′K

T MKF ′K
) 1

d


d

2(d−1)

, ∀K ∈Th (4.93)

where the reason for the exponent d
2(d−1) will be apparent from Theorem 4.5.1

(below) when relating quality measures to the aspect ratio of mesh elements. The
arithmetic-geometric mean inequality (Appendix B) implies

Qali(K)≥ 1, ∀K ∈Th

with Qali(K) = 1 for all K ∈ Th if and only if (4.29) is satisfied exactly. The larger
Qali(K), the more the eigenvalues of F ′K

T MKF ′K differ from each other and the farther
the alignment condition (4.29) is from being satisfied.

The alignment condition (4.93), defined using the Jacobian matrix F ′K , can in-
stead be defined in terms of its inverse. From (4.27), the alignment measure based
on the inverse Jacobian matrix can be defined as

Q̂ali(K) =

 tr
(

F ′K
−1M−1

K F ′K
−T
)

d det
(

F ′K
−1M−1

K F ′K
−T
) 1

d


d

2(d−1)

∀K ∈Th. (4.94)

As before, we have
Q̂ali(K)≥ 1, ∀K ∈Th,

and Q̂ali(K) = 1 for all K ∈ Th if and only if (4.29), or equivalently (4.27), is satis-
fied exactly.



204 4 Basic Principles of Multidimensional Mesh Adaptation

Note that from Theorems 4.1.2 and 4.2.2, Qeq, Qali, and Q̂ali are invariant under
a scaling transformation of M and under rotation, translation, and dilation transfor-
mations of K̂.

Since Qali and Q̂ali measure the shape regularity and alignment of mesh elements
in the metric M(xxx), it is not surprising that for M = I there are corresponding mesh
geometric (quality) measures. These geometric (quality) measures are respectively

Qgeo(K) =

 tr
(

F ′K
T F ′K

)
d det

(
F ′K

T F ′K
) 1

d


d

2(d−1)

, ∀K ∈Th (4.95)

Q̂geo(K) =

 tr
(

F ′K
−1F ′K

−T
)

d det
(

F ′K
−1F ′K

−T
) 1

d


d

2(d−1)

, ∀K ∈Th. (4.96)

Like their alignment measure counterparts, Qgeo and Q̂geo have the properties

Qgeo(K)≥ 1, Q̂geo(K)≥ 1, ∀K ∈Th

and Qgeo(K) = 1 (or Q̂geo(K) = 1) for all K ∈ Th if and only if mesh elements are
equilateral.

Liu and Joe [239, 240] have studied several shape measures for tetrahedral ele-
ments. One of them, defined in terms of edge matrices (cf. (4.55)), is

Qgeo,LJ(K) =
3det((EÊ−1)T (EÊ−1))

1
3

tr((EÊ−1)T (EÊ−1))
, (4.97)

where E and Ê are the edge matrices of K and K̂, respectively, and the reference
element K̂ is an equilateral tetrahedron having the same volume as K. From the
relation E = F ′KÊ (cf. (4.56)) one can see that for d = 3 the geometric measure
Qgeo(K) defined in (4.95) is related to this shape measure by

Qgeo(K) =
[

1
Qgeo,LJ(K)

] 3
4
.

The quality measures can be defined similarly in the continuous form. For easy
reference they are given below:
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Qeq(xxx) =
ρJ|Ωc|

σ
, (4.98)

Qali(xxx) =

[
tr
(
JJJT MJJJ

)
d det(JJJT MJJJ)

1
d

] d
2(d−1)

, (4.99)

Q̂ali(xxx) =

[
tr
(
JJJ−1M−1JJJ−T

)
d det(JJJ−1M−1JJJ−T )

1
d

] d
2(d−1)

, (4.100)

Qgeo(xxx) =

[
tr
(
JJJTJJJ
)

d det(JJJTJJJ)
1
d

] d
2(d−1)

, (4.101)

Q̂geo(xxx) =

[
tr
(
JJJ−1JJJ−T

)
d det(JJJ−1JJJ−T )

1
d

] d
2(d−1)

. (4.102)

We end this subsection by deriving several key relationships between the mesh
aspect ratio and the geometric and alignment measures. For brevity, results are given
only for the discrete formulas for the quality measure, but the analogous ones are
valid for the continuous forms.

Theorem 4.5.1 For any K ∈Th,

1≤ Qali(K)≤ µmax

µmin
≤

[√
d(d−1)

(
Q

2(d−1)
d

ali (K)−1
)

+1

]d

, (4.103)

1≤ Q̂ali(K)≤ µmax

µmin
≤

[√
d(d−1)

(
Q̂

2(d−1)
d

ali (K)−1
)

+1

]d

, (4.104)

where µmax and µmin are the maximum and minimum singular values of M
1
2
K F ′K .

Proof. Denote the singular values of M
1
2
K F ′K by µi, i = 1, ...,d. Then the eigenval-

ues of (F ′K)T MKF ′K are µ2
i , i = 1, ...,d, and Qali(K) can be expressed as

Qali(K) =

 ∑i µ2
i

d
(
∏i µ2

i

) 1
d

 d
2(d−1)

. (4.105)

It follows that

Qali(K)≤

 d µ2
max

d
(

µ2
maxµ

2(d−1)
min

) 1
d


d

2(d−1)

=
µmax

µmin
.
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Using a refined version of the arithmetic-geometric mean inequality, (B.1), we also
have

Q
2(d−1)

d
ali (K)−1 ≥ 1

d(d−1)
∑i< j (µi−µ j)

2(
∏i µ2

i

) 1
d

≥ 1
d(d−1)

(µmax−µmin)2

µ
2
d

minµ

2(d−1)
d

max

=
1

d(d−1)

[(
µmax

µmin

) 1
d
−
(

µmin

µmax

) d−1
d
]2

≥ 1
d(d−1)

[(
µmax

µmin

) 1
d
−1

]2

,

and (4.103) follows easily.
Inequality (4.104) can be obtained similarly.

Notice that when M = I, Qali reduces to Qgeo, M
1
2
K F ′K equals F ′K , and µi = σi, i =

1, ...,d. (Recall that σi’s are the singular values of F ′K .) Moreover, from Theorem
4.2.1 we know that σmax/σmin is the aspect ratio of the circumscribed ellipsoid of
K. Thus, the above theorem implies that Qgeo(K) and Q̂geo(K) are equivalent to the
aspect ratio of the circumscribed ellipsoid of K. Similarly, we can conclude that
Qali(K) and Q̂ali(K) are equivalent to the aspect ratio of the circumscribed ellipsoid
in the metric specified by MK .

The precise mathematical relationships between the alignment and geometric
measures Qali and Qgeo developed below will prove useful in defining the optimal
monitor function and in developing mesh adaptation algorithms. To derive these
relationships, we first establish some basic properties of matrix traces.

Lemma 4.5.1 For any matrix A ∈ Rd×d ,

tr(AT A) = tr(AAT ) = ‖A‖2
F , (4.106)

where ‖ · ‖F denotes the Frobenius matrix norm.

Proof. Equality (4.106) follows directly from the definition of the Frobenius
norm.

Lemma 4.5.2 If S is a d×d symmetric matrix, then for any matrix A ∈ Rd×d ,

|tr(AT SA)| ≤ tr(AT A) ‖S‖, (4.107)

where ‖S‖ denotes the L2 matrix norm of S. If S is also positive definite, then
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‖S‖−1 tr(AT SA)≤ tr(AT A)≤ tr(AT SA) ‖S−1‖. (4.108)

Proof. Denote the eigen-decomposition of S by

S = QΣQT ,

where Q is an orthogonal matrix, Σ = diag(λ1, ...,λd), and λi, i = 1, ...,d, are the
eigenvalues of S. Writing

AT Q = [qqq1, ...,qqqd ],

then
AT SA = (AT Q)Σ(QT A) = [qqq1, ...,qqqd ]Σ [qqq1, ...,qqqd ]T = ∑

i
λiqqqiqqqT

i .

It follows that

|tr(AT SA)| = |∑
i

λitr(qqqiqqqT
i )|

= |∑
i

λi‖qqqi‖2|

≤∑
i
‖qqqi‖2 · |λ |max

= tr(AT A)‖S‖,

which gives (4.107). Now (4.108) follows since

tr(AT A) = tr(AT S
1
2 S−1S

1
2 A)≤ tr(AT SA) ‖S−1‖. (4.109)

Corollary 4.5.1 The geometric and alignment measures are related by

‖MK‖−1
ρ

2
d

K Q
2(d−1)

d
ali (K)≤ Q

2(d−1)
d

geo (K)≤ ‖M−1
K ‖ ρ

2
d

K Q
2(d−1)

d
ali (K), (4.110)

‖M−1
K ‖

−1
ρ
− 2

d
K Q̂

2(d−1)
d

ali (K)≤ Q̂
2(d−1)

d
geo (K)≤ ‖MK‖ ρ

− 2
d

K Q̂
2(d−1)

d
ali (K), (4.111)

where ρK =
√

det(MK).

Proof. The proof follows directly from (4.108) and the definitions of the geomet-
ric and alignment measures.
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Ω0Ω1

Ω2Ω3

a

h

h̄

Fig. 4.7 A Shishkin-type mesh. The mesh parameters are given by a = a0ε| lnε| for a constant
a0 ≥ 2, h = (1−a)/L, and h̄ = a/L, where L is a positive integer. The total number of mesh points
in each direction is (2L+1).

4.6 Analytical and numerical examples

In this section we present an analytical and two numerical examples to illustrate the
equidistribution and alignment conditions (4.28) and (4.29) (or (4.74) and (4.75) in
the continuous form) and the quality measures defined in the previous section.

Example 4.6.1 We first consider a two-dimensional example consisting of the
singularly perturbed partial differential equation−ε2∆u+u = 0 with 0 < ε� 1 and
boundary conditions such that the solution is

u(x,y) = e−
x
ε + e−

y
ε , in Ω = [0,1]× [0,1]. (4.112)

This example is selected because the solution, exhibiting boundary layers near x = 0
and near y = 0, is easy to deal with analytically, and because it is known that a simple
piecewise uniform mesh of Shishkin-type [300] resolves the boundary layers. Since
we are mainly concerned with the asymptotic behavior of the quality measures, we
use their continuous forms for this example.

We choose the monitor function

M =
[

1+ |uxx| 0
0 1+ |uyy|

]
=

[
1+ 1

ε2 e−
x
ε 0

0 1+ 1
ε2 e−

y
ε

]
, (4.113)

which will be seen in §5.2 to be optimal if we use linear interpolation to approximate
u(x,y) and measure the error in the H1 semi-norm. The quality measures are studied
for two types of meshes, uniform and Shishkin-type. A Shishkin-type mesh and its
parameters are shown in Figure 4.7. For simplicity, the coordinate transformation
associated with the Shishkin-type mesh is considered to be a piecewise linear map-
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ping from a uniform rectangular mesh on the unit square to this adaptive mesh. All
calculations are done for the asymptotic limit as ε → 0.

Since the mesh elements are rectangular and the coordinate transformation is
assumed to be piecewise linear, it is not difficult to see that for an arbitrary element
K in Ω , the Jacobian matrix is

JJJ = (2L)
[

hK,x 0
0 hK,y

]
, ∀(x,y) ∈ K (4.114)

where hK,x and hK,y denote the lengths of K in the x and y directions, respectively,
and the spacing of the uniform mesh is 1/(2L). For the Shishkin-type mesh in Fig-
ure 4.7,

J = (2L)2hK,xhK,y =


h2(2L)2 = O(1), in Ω0

hh̄(2L)2 = O(ε| lnε|), in Ω1, Ω2

h̄2(2L)2 = O(ε2| lnε|2), in Ω3.

(4.115)

The mesh density function ρ =
√

det(M) can be estimated by

ρ(x,y) =

√
(1+

1
ε2 e−

x
ε )(1+

1
ε2 e−

y
ε )

=


O(1), in Ω0

O( 1
ε

e−
x

2ε ) = O(ε−1), in Ω1

O( 1
ε

e−
y

2ε ) = O(ε−1), in Ω2

O( 1
ε2 e−

x
2ε e−

y
2ε ) = O(ε−2), in Ω3

from which it follows that

σ =
∫

Ω

ρ(x,y)dxdy = O(1). (4.116)

Thus, the equidistribution measure for the Shishkin-type mesh is

Qeq =
ρJ|Ωc|

σ
=


O(1), in Ω0

O(| lnε|), in Ω1, Ω2

O(| lnε|2), in Ω3.

(4.117)

From (4.101) and (4.114), the corresponding geometric measure is

Qgeo =
h2

K,x +h2
K,y

2hK,xhK,y
. (4.118)

From (4.99) and (4.113), the corresponding alignment measure is
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Table 4.1 Quality measures for Shishkin-type and uniform meshes for the monitor function given
in (4.113).

Uniform Mesh Shishkin-type Mesh
Ω0 Ω1, Ω2 Ω3 Ω0 Ω1, Ω2 Ω3

Qgeo(x,y) O(1) O(1) O(1) O(1) O(ε−1| lnε|−1) O(1)
Qali(x,y) O(1) O(ε−1) O(1) O(1) O(| lnε|) O(1)
Qeq(x,y) O(1) O(ε−1) O(ε−2) O(1) O(| lnε|) O(| lnε|2)

Qali =
h2

K,x(1+ 1
ε2 e−

x
ε )+h2

K,y(1+ 1
ε2 e−

y
ε )

2ρhK,xhK,y
. (4.119)

These can be estimated separately in the regions Ωi, i = 0,1,2,3. The results are
summarized in Table 4.1. For comparison purposes, the results for a uniform mesh
are also included in the table. The values of Qgeo indicate that the elements of the
uniform mesh have a perfect regularity, whereas some elements of the Shishkin-type
mesh have a large aspect ratio. On the other hand, the results for Qeq and Qali show
that for the given monitor function the Shishkin-type mesh has a much better level of
equidistribution and alignment than the uniform one. In the terminology of §4.1, the
Shishkin-type mesh will be much closer to being M-uniform than the uniform one
when ε is small. We return to this example in §5.2, where a more precise comparison
based on a general analysis of the errors for adaptive versus nonadaptive meshes is
made.

Example 4.6.2 In this example we consider rectangular meshes shown in Fig-
ure 4.1 for the constant monitor function defined in (4.1). For the 41× 21 mesh
in Figure 4.1(a), it is easy to find analytically that ‖Qgeo‖∞ = 1.25, ‖Qali‖∞ = 1.0,
and ‖Qeq‖∞ = 1.0. This indicates that the mesh satisfies exactly both the equidis-
tribution and alignment conditions and thus an M-uniform mesh for M defined in
(4.1). On the other hand, for the 21× 21 mesh in Figure 4.1(b), ‖Qgeo‖∞ = 1.0,
‖Qali‖∞ = 1.25, ‖Qeq‖∞ = 1.0. Thus, it does not satisfy the alignment condition
and is not M-uniform for M defined (4.1). Note that these results will remain the
same when these meshes are refined by simultaneously doubling the numbers of
subintervals in both x and y directions.

Example 4.6.3 In this example M-uniform unstructured meshes of Delaunay-
type (e.g., see [150]) are generated for Ω = (0,1)× (0,1) using the following mon-
itor functions:
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Table 4.2 Example 4.6.3: The quality measures for unstructured meshes obtained with various
monitor functions.

M1 N 226 1078 2322 4452 9180 18292
‖Qgeo‖∞ 1.3 1.4 1.4 1.4 1.4 1.4
‖Qali‖∞ 1.3 1.4 1.4 1.4 1.4 1.4
‖Qeq‖∞ 1.4 1.4 1.7 1.5 1.5 1.6

M2 N 238 1084 2314 4566 9092 17960
‖Qgeo‖∞ 1.8 2.4 2.1 2.3 2.5 2.4
‖Qali‖∞ 1.4 1.5 1.4 1.4 1.4 1.4
‖Qeq‖∞ 1.4 1.6 1.7 1.7 1.6 1.5

M3 N 230 1136 2274 4508 8282 17330
‖Qgeo‖∞ 10 10 9.8 9.9 11 12
‖Qali‖∞ 1.3 1.3 1.4 1.4 1.4 1.5
‖Qeq‖∞ 1.6 1.7 1.6 1.6 1.6 1.7

M4 N 342 1366 2607 4944 9685 18788
‖Qgeo‖∞ 7.9 13 15 17 16 18
‖Qali‖∞ 1.4 1.5 1.3 1.4 1.5 1.4
‖Qeq‖∞ 1.6 1.7 1.7 1.7 1.8 1.7


M1 =

[
1 0

0 1

]
, M2 =

[
4 0

0 1

]
,

M3 =

[
100 0

0 1

]
, M4 =

[
1 0

0 1

]
+∇v∇vT ,

(4.120)

where v = tanh(10(y− 0.5sin(πx)− 0.25)). Monitor function M1 is included here
to check how far a quasi-uniform mesh generated by the computer code is from
being uniform. The results are shown in Table 4.2 and Figure 4.8. It can be seen that
meshes obtained with M2, M3, and M4 have the same values of ‖Qali‖∞ and ‖Qeq‖∞

as those generated with M1. Thus, we can conclude that the same code produces
quasi M-uniform meshes satisfying the equidistribution and alignment conditions
for monitor functions M2, M3, and M4 as closely as the generated quasi-uniform
meshes satisfy the uniform conditions.

4.7 Biographical notes

The alignment condition (4.29) is first introduced in a continuous form by Huang
[176], who considers isotropy or conformity conditions in terms of eigenvalues.
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(a) M1, N = 226
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(b) M2, N = 238
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(c) M3, N = 230
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(d) M4, N = 342
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Fig. 4.8 Example 4.6.3. Quasi M-uniform unstructured meshes generated with the various monitor
functions defined in (4.120).

The relations between the equidistribution and alignment conditions and other con-
ditions have been studied in [180].

Mesh assessment has been extensively studied in the context of finite elements.
For example, the minimum angle [356], the maximum angle [22, 205, 220, 310],
and the aspect ratio have all been widely used to characterize the shape of elements
in the traditional (isotropic) error analysis. A review of mesh quality measures is
given by Apel et al. [15]. Shape measures and their relations for tetrahedral elements
are summarized and studied by Liu and Joe [239, 240], Parthasarathy et al. [271],
and Dompierre et al. [123]. An algebraic framework for mesh quality measures is
developed by Knupp [216] based on the Jacobian matrix.

A number of mesh quality measures taking into account both the mesh quality
and solution behavior have been developed. An example is the measure proposed by
Berzins [50] for triangular and tetrahedral meshes. A so-called matching function is
used by Kunert [221] to measure the correspondence of a mesh to the anisotropic
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features of the solution. The mesh quality measures in §4.5, which are also solution-
dependent (through the monitor function), are developed by Huang in [178].

4.8 Exercises

1. Verify Lemma 4.1.1 directly for d = 2 and for d = 3.
2. Prove that (4.25) and (4.26) are mathematically equivalent.
3. Prove that (4.26) and (4.27) are mathematically equivalent.
4. Give a proof of Theorem 4.1.2.
5. Derive in detail inequalities (4.104).
6. Verify equation (4.92).
7. Show that if maxK Qeq(K) = 1, then Qeq(K) = 1 for all K ∈ Th, i.e., the mesh

satisfies the equidistribution condition exactly.
8. Complete the details for the proof of Lemma 4.5.1.
9. Complete the details for the first example in §4.6, including finding the explicit

bound in (4.115) for the Shishkin mesh.





Chapter 5
Monitor Functions

From the previous chapter we have seen that an adaptive mesh can conveniently be
viewed as an M-uniform mesh, or a uniform one in a metric space equipped with
metric tensor or monitor function M = M(xxx). A key to the success to this approach of
mesh adaptation is in the selection of a proper M. In this chapter, we shall study how
to define the monitor function based on estimates for interpolation error, (semi-) a
posteriori error bounds for the solution, or some other geometric and physical con-
siderations. For a given monitor function M, the central issue for mesh adaptation
then becomes generating an M-uniform mesh. This issue is addressed in Chapters 6
and 7.

The monitor function can generally be chosen based on error estimates or special
problem considerations. In this chapter the objective is to explore how the monitor
function can be defined based on interpolation error. The error is first considered for
Taylor polynomial approximation in §5.1.1. This motivates the interpolation error
form for the general d-dimensional problem in Sobolev spaces, which involves a
fairly complicated derivation that is given in §§5.1.2-5.2. The reader not interested
in such details may simply skip the Sobolev analysis and find the summary of the in-
terpolation error bounds and corresponding formulas for optimal monitor functions
in §5.2.5.

We shall take two distinct approaches in developing adaptive mesh generation
strategies in multidimensions. The first is the isotropic approach, a prerequisite for
it being that the shape of the mesh elements is regular (or close to being equilateral),
and the size is determined by equidistribution of an error estimate or indicator. When
isotropic meshes are generated this way, all of the elements have a small aspect ra-
tio (defined as the ratio of the radii of their circumscribed and inscribed spheres).
The other is the anisotropic approach. It takes full advantage of mesh adaptation by
allowing the size, shape, and orientation of mesh elements to adapt to the solution
behavior. For most of the problems of interest to us here, the adaptation generally
produces an anisotropic mesh, where some elements have a very large aspect ratio
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because the solution varies markedly over the region. In this case, since the equidis-
tribution principle alone is insufficient for determining the mesh, one of necessity
requires additional conditions for the adaptive mesh.

5.1 Interpolation theory in Sobolev spaces

The primary goal below is to obtain interpolation error estimates which can be used
in determining the optimal monitor function, based on the mesh adaptation princi-
ples discussed in the previous chapter. The development is similar to the one in §2.4
for the 1D case, where Taylor series approximation provides a convenient way to
obtain basic error bounds and motivates the case of general interpolation. However,
the formulas and analysis for the multi-dimensional situation become much more
complicated. Interpolation theory in Sobolev spaces is studied for a general setting
of finite elements in this section.

5.1.1 Error estimates for linear Lagrange interpolation at vertices

We first consider a formal (non-rigorous) analysis of the simple case of linear La-
grange interpolation at the vertices of an arbitrary simplicial element K with vertices
aaai, i = 1, ...,d +1. For a function u = u(xxx), the linear Lagrange interpolant is

Π1u(xxx) =
d+1

∑
i=1

u(aaai)φi(xxx), (5.1)

where the basis functions {φi} are linear Lagrange polynomials satisfying

0≤ φi(xxx)≤ 1, φi(aaa j) = δi, j, ∑
i

φi(xxx) = 1, ∑
i

φi(xxx)aaai = xxx. (5.2)

Denote the center of K by xxxK . Assuming that u(xxx) is sufficiently smooth on K∪∂K,
by Taylor’s theorem we can expand u(xxx) about xxxK as

u(xxx) = u(xxxK)+∇uT (xxxK)(xxx−xxxK)+
1
2
(xxx−xxxK)T H(u,xxxK)(xxx−xxxK)+h.o.t., (5.3)

where H(u,xxxK) denotes the Hessian of u evaluated at xxxK , and h.o.t. stands for higher
order terms. Taking xxx = aaai,

u(aaai) = u(xxxK)+∇uT (xxxK)(aaai−xxxK)+
1
2
(aaai−xxxK)T H(u,xxxK)(aaai−xxxK)+h.o.t. (5.4)
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Inserting this into (5.1), subtracting from (5.3), and using (5.2), we obtain

u(xxx)−Π1u(xxx) =
1
2 ∑

i
φi(xxx)(xxx−aaai)T H(u,xxxK)(aaai−xxxK)+h.o.t. (5.5)

The lemma below is needed to estimate the right-hand-side term. For any sym-
metric matrix S, we define

|S|=
√

S2. (5.6)

If the eigen-decomposition of S is S = QΣQT , where Q is an orthogonal matrix and
Σ = diag(λ1, ...,λd), then it is easy to show that |S| can be expressed as

|S|= Qdiag(|λ1|, ..., |λd |)QT . (5.7)

Lemma 5.1.1 Suppose that S is a d×d symmetric matrix. Then

|uuuT Svvv| ≤ 1
2
(uuuT |S|uuu+vvvT |S|vvv), ∀uuu, vvv ∈ Rd . (5.8)

Proof. Decompose the matrix Σ into

Σ = Σ+−Σ−,

where
Σ+ = diag(max{0,λ1}, ...,max{0,λd}),

Σ− = diag(max{0,−λ1}, ...,max{0,−λd}),

so that |S|= Q(Σ+ +Σ−)QT . The result follows since

|uuuT Svvv| = |(QTuuu)T
Σ(QTvvv)|

≤ |(QTuuu)T
Σ+(QTvvv)|+ |(QTuuu)T

Σ−(QTvvv)|

= |(Σ
1
2
+QTuuu)T (Σ

1
2
+QTvvv)|+ |(Σ

1
2
−QTuuu)T (Σ

1
2
−QTvvv)|

≤ 1
2

(
‖Σ

1
2
+QTuuu‖2 +‖Σ

1
2
+QTvvv‖2 +‖Σ

1
2
−QTuuu‖2 +‖Σ

1
2
−QTvvv‖2

)
=

1
2
(
uuuT QΣ+QTuuu+vvvT QΣ+QTvvv+uuuT QΣ−QTuuu+vvvT QΣ−QTvvv

)
=

1
2
(
uuuT |S|uuu+vvvT |S|vvv

)
.

If FK is the mapping from the reference element K̂ to K and âaai, i = 1, ...,(d +1)
and ξξξ c are the vertices and center of K̂, respectively, then from the lemma we have
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|(xxx−aaai)T H(u,xxxK)(aaai−xxxK)|

≤ 1
2
(xxx−aaai)T |H(u,xxxK)|(xxx−aaai)+

1
2
(aaai−xxxK)T |H(u,xxxK)|(aaai−xxxK)

=
1
2
(ξξξ − âaai)T (F

′
K)T |H(u,xxxK)|F ′K(ξξξ − âaai)

+
1
2
(âaai−ξξξ c)T (F

′
K)T |H(u,xxxK)|F ′K(âaai−ξξξ c)

≤ 1
2
‖(F ′K)T |H(u,xxxK)|F ′K‖ · ‖ξξξ − âaai‖2 +

1
2
‖(F ′K)T |H(u,xxxK)|F ′K‖ · ‖âaai−ξξξ c‖2

≤ 1
2

tr
(
(F
′
K)T |H(u,xxxK)|F ′K

)
· ‖ξξξ − âaai‖2

+
1
2

tr
(
(F
′
K)T |H(u,xxxK)|F ′K

)
· ‖âaai−ξξξ c‖2. (5.9)

Since K̂ is equilateral and has a unitary volume by assumption, it follows from (5.9)
that

|(xxx−aaai)T H(u,xxxK)(aaai−xxxK)| ≤C tr
(
(F
′
K)T |H(u,xxxK)|F ′K

)
, (5.10)

where the constant C = O(1). Using (5.2) and (5.5) leads to

|u(xxx)−Π1u(xxx)| ≤C tr
(
(F
′
K)T |H(u,xxxK)|F ′K

)
+h.o.t.,

and more generally, for any q ∈ [1,∞],

‖u−Π1u‖Lq(K) ≤C|K|
1
q · tr

(
(F
′
K)T |H(u,xxxK)|F ′K

)
+h.o.t. (5.11)

A bound on the gradient of the error can be obtained as follows: Differentiating
(5.5) gives

∇(u−Π1u)

=
1
2 ∑

i
(xxx−aaai)T H(u,xxxK)(aaai−xxxK)∇φi(xxx)+

1
2 ∑

i
φi(xxx)H(u,xxxK)(aaai−xxxK)+h.o.t.

=
1
2 ∑

i
(xxx−aaai)T H(u,xxxK)(aaai−xxxK)∇φi(xxx)+

1
2

H(u,xxxK)(xxx−xxxK)+h.o.t. (5.12)

Recall that φi(FK(ξξξ )) corresponds to a basis function on the reference element K̂
(cf. (3.93)), so

∇ξξξ φi(FK(ξξξ )) = O(1),

where ∇ξξξ is the gradient operator with respect to ξξξ . From the chain rule,

∇ξξξ φi(FK(ξξξ )) = (F
′
K)T

∇φi(xxx),

so
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‖∇φi(xxx)‖ ≤C‖(F ′K)−1‖ ∀xxx ∈ K. (5.13)

Next, we have

‖H(u,xxxK)(xxx−xxxK)‖ =
(
(xxx−xxxK)T H(u,xxxK)H(u,xxxK)(xxx−xxxK)

) 1
2

=
(
(ξξξ −ξξξ c)T (F

′
K)T H(u,xxxK)H(u,xxxK)F

′
K(ξξξ −ξξξ c)

) 1
2

=
(
(ξξξ −ξξξ c)T (F

′
K)T |H(u,xxxK)| · |H(u,xxxK)|F ′K(ξξξ −ξξξ c)

) 1
2

≤ C
∥∥∥(F ′K)T |H(u,xxxK)| · |H(u,xxxK)|F ′K

∥∥∥ 1
2

≤ C
∥∥∥(F ′K)T |H(u,xxxK)|F ′K · (F

′
K)−1(F

′
K)−T · (F ′K)T |H(u,xxxK)|F ′K

∥∥∥ 1
2

≤ C‖(F ′K)T |H(u,xxxK)|F ′K‖ · ‖(F
′
K)−1‖

≤ C tr
(
(F
′
K)T |H(u,xxxK)|F ′K

)
· ‖(F ′K)−1‖.

Combining this, (5.13), (5.10), and (5.12), we obtain

‖∇(u−Π1u)‖ ≤C‖(F ′K)−1‖ · tr
(
(F
′
K)T |H(u,xxxK)|F ′K

)
+h.o.t.

and

‖∇(u−Π1u)‖Lq(K) ≤C |K|
1
q · ‖(F ′K)−1‖ · tr

(
(F
′
K)T |H(u,xxxK)|F ′K

)
+h.o.t. (5.14)

The bounds (5.11) and (5.14), obtained here formally, are essentially the same
as those later derived rigorously (see (5.45)). The bound (5.11) is insensitive to the
shape of element K, being consistent with the well-known fact that the Lq norm
of the finite element error is insensitive to the element shape. On the other hand,
the presence of the factor ‖(F ′K)−1‖ in (5.14) indicates that this bound is subject to
the minimum angle condition: it grows as the minimum angle of K goes to zero. It
is very instructive to observe that the term tr

(
(F
′
K)T |H(u,xxxK)|F ′K

)
in these bounds

couples the main geometric features of the element (size, shape, and orientation)
with the Hessian of u = u(xxx). In this sense, the bounds in (5.11) and (5.14) are
anisotropic in character, as discussed further in §5.1.4, §5.1.5, and §5.1.6. This is in
contrast to what is called an isotropic bound, where only the size of an element is
directly coupled with the solution information.
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5.1.2 A classical result

This subsection and the next three are devoted to the study of interpolation theory
in Sobolev spaces in a general setting of finite elements. The primary goal is to
obtain interpolation error estimates which can be used in determining how to define
the optimal monitor function for mesh adaptation. The error bounds have a similar
form to those in the previous section, except that extra terms arise from having to
consider general interpolation operators on finite elements (instead of simply Taylor
polynomial approximations).

A classical finite element interpolation result is given in this section, followed by
derivations of isotropic and anisotropic error bounds and bounds on element faces.
A summary of these error bounds and formulas for optimal monitor functions are
then given in §5.2.

We begin by introducing Sobolev space notation. (See Appendix A for a brief
review of the standard definitions and properties of Sobolev spaces.) For a given
bounded domain D ⊂ Rd (d ≥ 1), the norm and semi-norm of the Sobolev space
W m,p(D) are denoted by ‖ · ‖W m,p(D) and | · |W m,p(D), respectively. The scaled semi-
norm is defined as 〈·〉W m,p(D) ≡ (1/|D|)1/p | · |W m,p(D).

The following two theorems are classical results from the theory of interpolation
on Sobolev spaces. The reader is referred to [104] for their proofs.

Theorem 5.1.1 Let K̂ be an open set of Rd . For some integers k ≥ 0, 0 ≤ l ≤
k +1, and m≥ 0 and some real numbers p,q ∈ [1,∞], let W l,p(K̂) and W m,q(K̂) be
Sobolev spaces satisfying the inclusion

W l,p(K̂) ↪→W m,q(K̂), (5.15)

and let Π̂k ∈L (W l,p(K̂);W m,q(K̂)) be a mapping such that

Π̂k p̂ = p̂, ∀p̂ ∈ Pk(K̂). (5.16)

Then
|û− Π̂kû|W m,q(K̂) ≤C|û|W l,p(K̂), ∀û ∈W l,p(K̂) (5.17)

where C = C(Π̂k, K̂) is a constant depending only upon Π̂k and K̂.

This theorem on interpolation error bound, given for the reference element K̂, is
valid for any open set of Rd . The mapping Π̂k is said to be polynomial preserving
since it preserves polynomials in Pk(K̂) (cf. (5.16)). The inclusion relation (5.15) is
discussed after the next theorem.

Theorem 5.1.2 Let (K̂, P̂, Σ̂) be a finite element associated with the simplicial
reference element K̂. Let s be the greatest order of partial derivatives occurring in
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Table 5.1 The parameters contained in Theorems 5.1.1 and 5.1.2.

Parameter Range Physical Meaning

k Integer, k ≥ 0 Degree of interpolating polynomial, Pk(K)⊂ PK

l Integer, 0≤ l ≤ k +1 Regularity of interpolated functions, u ∈W l,p(K)
m Integer, 0≤ m≤ l Order of derivatives in error norm, e ∈W m,q(K)
p Real, 1≤ p≤ ∞ Regularity of interpolated functions, u ∈W l,p(K)
q Real, 1≤ q≤ ∞ Used in the error norm, e ∈W m,q(K)

Σ̂ . For some integers m, k, and l: 0≤m≤ l ≤ k+1, and some numbers p, q∈ [1,∞],
if

W l,p(K̂) ↪→Cs(K̂), (5.18)

W l,p(K̂) ↪→W m,q(K̂), (5.19)

Pk(K̂)⊂ P̂⊂W m,q(K̂), (5.20)

where Pk(K̂) is the space of polynomials of degree ≤ k, then there exists a constant
C = C(K̂, P̂, Σ̂) such that, for all affine-equivalent finite elements (K,PK ,ΣK),

|u−Πk,Ku|W m,q(K) ≤C‖(F ′K)−1‖m · |det(F
′
K)|

1
q · |û|W l,p(K̂), ∀u ∈W l,p(K) (5.21)

where Πk,K : W l,p(K)→ PK denotes the PK-interpolation operator on K, û = u◦FK

is the composite function defined on K̂, and ‖ · ‖ denotes the l2 matrix norm.

The theorem can roughly be seen as a consequence of Theorem 5.1.1 and Lemma
5.1.3 (see §5.1.3 below). It applies for simplicial finite elements, i.e., where the
mesh elements are d-simplices. Recall from §3.3 that two finite elements are affine-
equivalent if their mesh elements, finite dimensional function spaces, and sets of
degrees of freedom can be mapped to each other through affine mappings.

Note that u and û are the same function in (5.21), but where there is no ambiguity
we use u to denote the function considered as a function on K and û when consid-
ered as a function on K̂. The error bound in (5.21) is given in terms of derivatives on
K̂. This is crucial for the study of anisotropic meshes since as we shall see it allows
one to develop error bounds directly coupling mesh properties with solution deriva-
tives on K. It should be pointed out that while (5.21) is not optimal when m ≥ 1, it
greatly simplifies the discussion since there is no need to introduce conditions like
the maximum angle condition (e.g., see Babus̆ka and Aziz [22]).

Theorems 5.1.1 and 5.1.2 involve the five parameters m, k, l, p, and q. Their
physical meanings are summarized in Table 5.1. Hereafter, we assume that these pa-
rameters have been chosen such that Theorem 5.1.2 holds. For completeness sake, it
is worthwhile spelling out precisely when the conditions (5.18)–(5.20) (and (5.15))
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hold. For K̂ ⊂ Rd , from the Sobolev embedding theorem [4]{
l > d

p + s for p > 1
l ≥ d + s for p = 1

=⇒ W l,p(K̂) ↪→Cs(K̂)


l ≥ m for p≥ q
l < d

p +m for 1
q = 1

p −
l−m

d
l = d

p +m for 1≤ q < ∞

=⇒ W l,p(K̂) ↪→W m,q(K̂).

(5.22)

Regarding condition (5.20), we simply note that P̂ is often chosen as Pk(K̂), and in
such case it places no further constraints on the parameters m, k, l, p, and q.

Example 5.1.1 Consider the widely used choice of Lagrange interpolation (s =
0 since the interpolation function uses only zero order derivatives) with p = q = 2.
Condition (5.22) becomes 0 ≤ m ≤ l ≤ k + 1 and l > d/2. Thus, condition (5.21)
holds for functions in H1(K̂)≡W 1,2(K̂) in one dimension and H2(K̂)≡W 2,2(K̂) in
two and three dimensions.

5.1.3 Relations between norms on affine-equivalent elements

The task of the next three subsections is to develop from (5.21) bounds for the error
over the entire domain Ω . To this end, we derive here estimates of the norm of
F ′K , the Jacobian matrix of the affine mapping between two simplicial elements K̂
and K, and relations of function norms on them. The basic tools are the coordinate
transformation and the chain rule.

Denote the physical coordinates on K and the computational coordinates on K̂ by
xxx = (x1, ...,xd)T and ξξξ = (ξ1, ...,ξd)T , respectively. Note that ∂xxx/∂ξξξ = F

′
K on K and

is piecewise constant on the whole domain Ω . Moreover, for any p≥ 1 we define

‖F ′K‖p =

(
∑
i, j

∣∣∣∣ ∂xi

∂ξ j

∣∣∣∣p
) 1

p

.

Note that ‖ · ‖p is a matrix norm and thus is equivalent to the l2 matrix norm, ‖ · ‖.

Lemma 5.1.2 The Jacobian matrix, F
′
K , of the affine mapping FK between two

simplicial elements K̂ and K has the properties

∣∣det(F ′K)
∣∣= |K|
|K̂|

, ‖F ′K‖ ≤
hK

HK̂
, ‖(F ′K)−1‖ ≤

hK̂
HK

, (5.23)
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K̂

ξξξ c

ξξξ

ξ̃ξξ

Fig. 5.1 Element K̂ and its inscribed circle.

where hK and HK are respectively the diameter and in-diameter of K, and hK̂ and
HK̂ are the corresponding quantities for K̂.

Proof. The equality in (5.23) follows from

|K|=
∫

K
dxxx =

∫
K̂

∣∣det(F ′K)
∣∣dξξξ =

∣∣det(F ′K)
∣∣ |K̂|.

Let the boundary of the largest inscribed ball of K̂ be denoted by the sphere
S(ξξξ c,r), with center ξξξ c and radius r – see Figure 5.1. By definition, the diameter
of S(ξξξ c,r) is equal to the in-diameter of K̂, i.e., HK̂ = 2r. For any given point ξξξ

on S(ξξξ c,r), the conjugate point ξ̃ξξ , defined as the intersection of the sphere with the
straight line passing through ξξξ c and ξξξ , satisfies ‖ξξξ − ξ̃ξξ‖= HK̂ . It follows that

‖F ′K‖ = sup
ξξξ 6=0

‖F ′Kξξξ‖
‖ξξξ‖

= sup
ξξξ∈S(ξξξ c,r)

‖F ′K(ξξξ − ξ̃ξξ )‖
‖ξξξ − ξ̃ξξ‖

=
1

HK̂
sup

ξξξ∈S(ξξξ c,r)
‖F ′Kξξξ −F

′
Kξ̃ξξ‖. (5.24)

Since both F
′
Kξξξ and F

′
Kξ̃ξξ are in K, we have ‖F ′Kξξξ −F

′
Kξ̃ξξ‖≤ hK , and the first inequal-

ity in (5.23) follows directly.
The second inequality is obtained by simply interchanging the roles of K̂ and K.

Lemma 5.1.3 Assume that K̂ and K are affine-equivalent simplicial elements.
For any l ≥ 0 and 1≤ p≤ ∞,
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|v̂|W l,p(K̂) ≤ C‖F ′K‖ldet
(
F ′K
)− 1

p |v|W l,p(K), ∀v ∈W l,p(K) (5.25)

|v|W l,p(K) ≤ C‖(F ′K)−1‖ldet
(
F ′K
) 1

p |v̂|W l,p(K̂), ∀v ∈W l,p(K) (5.26)

where v̂ = v◦FK and C is a constant depending only upon l and p.

Proof. We prove the lemma only for p < ∞. The situation for p = ∞ can be
proved similarly with corresponding modification of notation.

By changing the variables of integration and using the chain rule we have

∑
i1,...,il

∣∣∣∣ ∂ l û
∂ξi1 · · ·∂ξil

∣∣∣∣p = ∑
i2,...,il

∑
i1

∣∣∣∣∣∑j1 ∂x j1
∂ξi1

∂ l û
∂x j1∂ξi2 · · ·∂ξil

∣∣∣∣∣
p

≤ ∑
i2,...,il

∑
i1

(∣∣∣∣∣∑j1 ∂x j1
∂ξi1

∣∣∣∣∣
p)(

∑
j1

∣∣∣∣ ∂ l û
∂x j1∂ξi2 · · ·∂ξil

∣∣∣∣p
)

= ‖F ′K‖p
p ∑

j1
∑

i2,...,il

∣∣∣∣ ∂ l û
∂x j1∂ξi2 · · ·∂ξil

∣∣∣∣p . (5.27)

Repeating the above process l times and using the equivalence of matrix norms, we
obtain

∑
i1,...,il

∣∣∣∣ ∂ l û
∂ξi1 · · ·∂ξil

∣∣∣∣p ≤ ‖F ′K‖l p
p ∑

j1,..., jl

∣∣∣∣ ∂ lu
∂x j1 · · ·∂x jl

∣∣∣∣p
≤ C‖F ′K‖l p

∑
j1,..., jl

∣∣∣∣ ∂ lu
∂x j1 · · ·∂x jl

∣∣∣∣p ,

which leads to (5.25).
Inequality (5.26) can be obtained similarly by interchanging the roles of K̂ and

K.

Inequality (5.25) can be improved by coupling F ′K with derivatives, which leads
to anisotropic error bounds (see §5.1.5 and §5.1.6). We consider below such im-
provements for separate cases with l = 1 and l ≥ 2.

Lemma 5.1.4 Assume that K̂ and K are affine-equivalent simplicial elements
with |K̂|= O(1). For any 1≤ p≤ ∞ and v ∈W 1,p(K),

|v̂|W 1,p(K̂) ≤ C
[

1
|K|

∫
K

[
tr((F

′
K)T

∇u(xxx)∇uT (xxx)F ′K)
] p

2
dxxx
] 1

p

, (5.28)

|v̂|W 1,p(K̂) ≤ C
[
tr
(
(F
′
K)T

∇uK∇uT
KF

′
K

)] 1
2

+C
[
tr((F ′K)T F ′K)

] 1
2 · 〈∇u−∇uK〉Lp(K) , (5.29)
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where v̂ = v◦FK , C is a constant depending only upon p, and

∇uK =
1
|K|

∫
K

∇u(xxx)dxxx. (5.30)

Proof. Denote the i-th unit vector in Rd by eeei. Then,

∑
i

∣∣∣∣ ∂ û
∂ξi

∣∣∣∣p = ∑
i

∣∣∣∣∣∑j

∂x j

∂ξi

∂u
∂x j

∣∣∣∣∣
p

= ∑
i

∣∣∣(F ′Keeei)T
∇u(xxx)

∣∣∣p
≤ C

[
∑

i

∣∣∣(F ′Keeei)T
∇u(xxx)

∣∣∣2] p
2

= C
[∣∣∣(F ′K)T

∇u(xxx)
∣∣∣2] p

2

= C
[
tr((F

′
K)T

∇u(xxx)∇uT (xxx)F ′K)
] p

2
,

which leads to (5.28).
To show the second bound, we have

∑
i

∣∣∣∣ ∂ û
∂ξi

∣∣∣∣p = ∑
i

∥∥∥(F ′Keeei)T (∇uK +∇u(xxx)−∇uK)
∥∥∥p

≤ C∑
i

∥∥∥(F ′Keeei)T
∇uK

∥∥∥p
+C∑

i

∥∥∥(F ′Keeei)T (∇u(xxx)−∇uK)
∥∥∥p

≤ C

(
∑

i

∥∥∥(F ′Keeei)T
∇uK

∥∥∥2
) p

2

+C

(
∑

i

∥∥∥F
′
Keeei

∥∥∥2
) p

2

‖∇u(xxx)−∇uK‖p

= C
[
tr
(
(F
′
K)T

∇uK∇uT
KF

′
K

)] p
2 +C

[
tr
(
(F ′K)T F ′K

)] p
2 ‖∇u(xxx)−∇uK‖p .

Consequently,

|û|W 1,p(K̂)

≤C
{[

tr
(
(F
′
K)T

∇uK∇uT
KF

′
K

)] p
2 +
[
tr((F ′K)T F ′K)

] p
2 1
|K|

∫
K
‖∇u(xxx)−∇uK‖p dxxx

} 1
p

≤C
[
tr
(
(F
′
K)T

∇uK∇uT
KF

′
K

)] 1
2 +C

[
tr((F ′K)T F ′K)

] 1
2 ·
[

1
|K|

∫
K
‖∇u(xxx)−∇uK‖p dxxx

] 1
p

,

which gives (5.29).
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Lemma 5.1.5 Assume that K̂ and K are affine-equivalent simplicial elements
with |K̂|= O(1). For any l ≥ 2, 1≤ p≤ ∞, and v ∈W l,p(K),

|û|W l,p(K̂) ≤ C‖F ′K‖l−2
[

1
|K|

∫
K

[
tr
(
(F ′K)T |H(Dl−2u)|(xxx)F ′K

)]p
dxxx
] 1

p

, (5.31)

|û|W l,p(K̂) ≤ C‖F ′K‖l−2tr
(
(F ′K)T |HK(Dl−2u)|F ′K

)
+ C‖F ′K‖l−2tr

(
(F ′K)T F ′K

)〈
H(Dl−2u)−HK(Dl−2u)

〉
Lp(K)

, (5.32)

where v̂ = v◦FK , C is a constant depending only upon l and p, and

D(i1,...,il−2)u =
∂ l−2u

∂xi1 ...∂xil−2

, (5.33)

|H(Dl−2u)(xxx)| = ∑
i1,...,il−2

|H(D(i1,...,il−2)u)(xxx)|, (5.34)

|HK | ≡ |HK(Dl−2u)| = ∑
i1,...,il−2

|HK(D(i1,...,il−2)u)|, (5.35)

HK(D( j1,..., jl−2)u) =
1
|K|

∫
K

H(D( j1,..., jl−2)u)(xxx)dxxx. (5.36)

Proof. Repeating the process in (5.27) l times, we obtain

∑
i1,...,il

∣∣∣∣ ∂ l û
∂ξi1 ...∂ξil

∣∣∣∣p

≤ C‖F ′K‖p(l−2)
∑

j1,..., jl−2

∑
il−1,il

∣∣∣∣∣∣ ∑
jl−1, jl

∂x jl−1

∂ξil−1

∂x jl
∂ξil

∂ 2
(

D( j1,..., jl−2)u
)

∂x jl−1∂x jl

∣∣∣∣∣∣
p

= C‖F ′K‖p(l−2)
∑

j1,..., jl−2

∑
il−1,il

∣∣∣(F ′Keeeil−1)
T H(D( j1,..., jl−2)u)(xxx)(F

′
Keeeil )

∣∣∣p , (5.37)

where H(D( j1,..., jl−2)u) denotes the Hessian of D( j1,..., jl−2)u. Using Lemma 5.1.1 and
the equivalence of vector and matrix norms, we have
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∑
j1,..., jl−2

∑
il−1,il

∣∣∣(F ′Keeeil−1)
T H(D( j1,..., jl−2)u)(xxx)(F

′
Keeeil )

∣∣∣p
≤

[
∑

j1,..., jl−2

∑
il−1,il

∣∣∣(F ′Keeeil−1)
T H(D( j1,..., jl−2)u)(xxx)(F

′
Keeeil )

∣∣∣]p

≤ C
[

∑
j1,..., jl−2

∑
il−1,il

{
(F
′
Keeeil−1)

T |H(D( j1,..., jl−2)u)|(xxx)(F ′Keeeil−1)

+ (F
′
Keeeil )

T |H(D( j1,..., jl−2)u)|(xxx)(F ′Keeeil )
} ]p

≤ C

[
∑

j1,..., jl−2

tr
(
(F ′K)T |H(D( j1,..., jl−2)u)|(xxx)F ′K

)]p

= C
[
tr
(
(F ′K)T |H(Dl−2u)|(xxx)F ′K

)]p
.

Combining the above results, we can easily obtain (5.31).
Moreover, from Lemmas 4.5.2 and 5.1.1, it follows that∣∣∣(F ′Keeeil−1)

T H(D( j1,..., jl−2)u)(xxx)(F
′
Keeeil )

∣∣∣
≤
∣∣∣(F ′Keeeil−1)

T HK(D( j1,..., jl−2)u)(F
′
Keeeil )

∣∣∣
+
∣∣∣(F ′Keeeil−1)

T
(

H(D( j1,..., jl−2)u)(xxx)−HK(D( j1,..., jl−2)u)
)

(F
′
Keeeil )

∣∣∣
≤C

[
(F
′
Keeeil−1)

T |HK(D( j1,..., jl−2)u)|(F ′Keeeil−1)

+(F
′
Keeeil )

T |HK(D( j1,..., jl−2)u)|(F ′Keeeil )
]

+C
[

(F
′
Keeeil−1)

T
∣∣∣H(D( j1,..., jl−2)u)(xxx)−HK(D( j1,..., jl−2)u)

∣∣∣(F ′Keeeil−1)

+(F
′
Keeeil )

T
∣∣∣H(D( j1,..., jl−2)u)(xxx)−HK(D( j1,..., jl−2)u)

∣∣∣(F ′Keeeil )
]

≤C
[

(F
′
Keeeil−1)

T |HK(D( j1,..., jl−2)u)|(F ′Keeeil−1)

+(F
′
Keeeil )

T |HK(D( j1,..., jl−2)u)|(F ′Keeeil )
]

+C
[
(F
′
Keeeil−1)

T (F
′
Keeeil−1)+(F

′
Keeeil )

T (F
′
Keeeil )

]
×
∥∥∥|H(D( j1,..., jl−2)u)(xxx)−HK(D( j1,..., jl−2)u)|

∥∥∥
= C

[
(F
′
Keeeil−1)

T |HK(D( j1,..., jl−2)u)|(F ′Keeeil−1)

+(F
′
Keeeil )

T |HK(D( j1,..., jl−2)u)|(F ′Keeeil )
]

+C
[
(F
′
Keeeil−1)

T (F
′
Keeeil−1)+(F

′
Keeeil )

T (F
′
Keeeil )

]
×
∥∥∥H(D( j1,..., jl−2)u)(xxx)−HK(D( j1,..., jl−2)u)

∥∥∥ .
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Combining this with (5.37), we have

∑
i1,...,il

∣∣∣∣ ∂ l û
∂ξi1 ...∂ξil

∣∣∣∣p

≤ C‖F ′K‖p(l−2)

[
∑

j1,..., jl−2

∑
il−1,il

(F
′
Keeeil−1)

T |HK(D( j1,..., jl−2)u)|(F ′Keeeil−1)

]p

+ C‖F ′K‖p(l−2)

[
∑

j1,..., jl−2

∑
il−1,il

(F
′
Keeeil )

T |HK(D( j1,..., jl−2)u)|(F ′Keeeil )

]p

+ C‖F ′K‖p(l−2)
[

∑
j1,..., jl−2

∑
il−1,il

{
(F
′
Keeeil−1)

T (F
′
Keeeil−1)+(F

′
Keeeil )

T (F
′
Keeeil )

}
×
∥∥∥H(D( j1,..., jl−2)u)(xxx)−HK(D( j1,..., jl−2)u)

∥∥∥ ]p

≤ C‖F ′K‖p(l−2)
[
tr
(
(F ′K)T |HK(Dl−2u)|F ′K

)]p

+ C‖F ′K‖p(l−2) [tr((F ′K)T F ′K
)]p ‖H(Dl−2u)(xxx)−HK(Dl−2u)‖p,

which leads to (5.32).

5.1.4 Isotropic error bounds

We now develop element-wise bounds on the interpolation error using Theorem
5.1.2. The strategy is to estimate |û|W l,p(K̂) in (5.21) in terms of the physical deriva-
tives of u on the element K. This is done here with the isotropic approach, where
terms involving the shape of elements are decoupled from those involving the physi-
cal derivatives of u in the error bound. The anisotropic approach, for which the shape
and orientation of elements are explicitly coupled with the physical derivatives of u,
is then studied in the next two subsections.

Theorem 5.1.3 Suppose that the assumptions in Theorem 5.1.2 hold. Then, for
any u ∈W l,p(K),

|u−Πk,Ku|W m,q(K) ≤C‖(F ′K)−1‖m · ‖F ′K‖l · |K|
1
q−

1
p · |u|W l,p(K). (5.38)

Proof. It follows from Theorem 5.1.2 and Lemmas 5.1.2 and 5.1.3.

The bound (5.38) is isotropic in the sense that the physical derivative term
|u|W l,p(K) in (5.38) is not directly coupled with the Jacobian matrix F

′
K , which char-

acterizes the shape and orientation of K.
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It is instructive to see what the bound (5.38) looks like for regular triangulations,
particularly uniform ones. To do this, we first derive a basic estimate for the norm
of F

′
K .

From (3.91) we have hK̂ = ĥ = O(1) and HK̂ = Ĥ = O(1) for the reference el-
ement K̂. Using Lemma 5.1.2 and the facts that HK = O(hK) and |K| = O(hd

K) for
any regular element, it follows from (5.38) that for any element K in a regular, affine
triangulation,

|u−Πk,Ku|W m,q(K) ≤Ch
l−m+ d

q−
d
p

K · |u|W l,p(K), ∀u ∈W l,p(K). (5.39)

If we further assume that Th is uniform or quasi-uniform, then h ≈ hK for all
K ∈Th and

|u−Πku|W m,q(Ω)≡

(
∑

K∈Th

|u−Πk,Ku|qW m,q(K)

) 1
q

≤Chl−m+ d
q−

d
p

(
∑

K∈Th

|u|q
W l,p(K)

) 1
q

.

From the arithmetic-mean and geometric-mean inequality (cf. Theorem B.0.11), for
p≥ q we obtain(

∑
K∈Th

|u|q
W l,p(K)

) 1
q

≤ N
1
q−

1
p

(
∑

K∈Th

|u|p
W l,p(K)

) 1
p

≤Ch
d
p−

d
q

(
∑

K∈Th

|u|p
W l,p(K)

) 1
p

,

where N is the number of elements of the triangulation Th. On the other hand, when
p≤ q, Jensen’s inequality (cf. Theorem B.0.12) leads to(

∑
K∈Th

|u|q
W l,p(K)

) 1
q

≤

(
∑

K∈Th

|u|p
W l,p(K)

) 1
p

.

Combining these results, we obtain

|u−Πku|W m,q(Ω) ≤Chl−m−max{0, d
p−

d
q }|u|W l,p(Ω), ∀u ∈W l,p(Ω) (5.40)

and in particular, when p≥ q,

|u−Πku|W m,q(Ω) ≤Chl−m|u|W l,p(Ω), ∀u ∈W l,p(Ω). (5.41)

While this type of error bound, found in the traditional finite element literature
[104], can be a reasonable one when u is smooth, lack of information about cou-
pling between the solution and the mesh in situations requiring adaptivity limits its
applicability. The error bounds developed in later sections for adaptive meshes do
not have this drawback.
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5.1.5 Anisotropic error bounds: Case l = 1

The goal now is to obtain error bounds for which the physical derivative terms are
directly coupled to the information about the size, shape, and orientation of mesh
elements. Generally speaking, such anisotropic error estimates are more difficult
to obtain and their bounds are more complicated than the corresponding isotropic
ones since they have to incorporate directional changes in the solution. However,
they can provide sharper bounds, especially when the physical solution exhibits
anisotropic features such as faster change in one direction than the others. As a
result, anisotropic error bounds provide the very information needed in the design
and analysis of many adaptive algorithms, as we see in subsequent chapters.

We first consider the case l = 1. This case occurs for piecewise constant in-
terpolation (k = 0) or general interpolation functions which preserve k-th degree
polynomials (which are functions in W 1,p(Ω) with l = 1 < k + 1). The conditions
(5.22) can be seen to require that s = 0 (where s is the maximal order of derivatives
appearing in Σ̂ ), 0≤ m≤ 1, q≤ p, and p≥ 1 for d = 1 and p > d for d ≥ 2.

Theorem 5.1.4 Suppose that the assumptions in Theorem 5.1.2 hold with l = 1.
Then for any u ∈W 1,p(K),

|u−Πk,Ku|W m,q(K)

≤C|K|
1
q−

1
p · ‖(F ′K)−1‖m

[∫
K

[
tr
(
(F
′
K)T

∇u(xxx)∇uT (xxx)F ′K
)] p

2
dxxx
] 1

p

, (5.42)

or in a different form,

|u−Πk,Ku|W m,q(K) ≤C|K|
1
q · ‖(F ′K)−1‖m ·

[
tr
(
(F
′
K)T

∇uK∇uT
KF

′
K

)] 1
2

+ C|K|
1
q · ‖(F ′K)−1‖m ·

[
tr
(
(F ′K)T F ′K

)] 1
2 · 〈∇u−∇uK〉Lp(K) , (5.43)

where ∇uK is defined in (5.30).

Proof. It follows from Theorem 5.1.2 and Lemma 5.1.4.

Note that (5.43) is also valid if ∇uK is replaced by ∇u(xxxK). The second term
in the bound can be considered as a higher order term (cf. §5.2), which vanishes
when u is a quadratic function on K. Also note that the norm, trace, and determinant
terms in both (5.42) and (5.43) are all independent of the coordinate system, so the
error bounds are as well. Finally, the Jacobian matrix F

′
K is directly coupled to the

gradient of u, so these bounds can be used in an effective mesh generation process
(cf. §5.2) by basing the choice of the shape and orientation of K on the gradient of
u.
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5.1.6 Anisotropic error bounds: Case l ≥ 2

Theorem 5.1.5 Suppose that the assumptions in Theorem 5.1.2 hold. Then, for
any u ∈W l,p(K),

|u−Πk,Ku|W m,q(K) ≤C|K|
1
q−

1
p · ‖(F ′K)−1‖m · ‖F ′K‖l−2

×
[∫

K

[
tr
(
(F
′
K)T |H(Dl−2u)|(xxx)F ′K

)]p
dxxx
] 1

p

, (5.44)

or in a different form,

|u−Πk,Ku|W m,q(K)

≤C |K|
1
q · ‖(F ′K)−1‖m · ‖F ′K‖l−2 · tr

(
(F ′K)T |HK(Dl−2u)|F ′K

)
+ C|K|

1
q · ‖(F ′K)−1‖m · ‖F ′K‖l−2 · tr

(
(F ′K)T F ′K

)
×
〈

H(Dl−2u)−HK(Dl−2u)
〉

Lp(K)
, (5.45)

where |H(Dl−2u)(xxx)|, |HK(Dl−2u)|, and HK(D( j1,..., jl−2)u) are defined in (5.34),
(5.35), and (5.36), respectively.

Proof. The theorem is a consequence of Theorem 5.1.2 and Lemma 5.1.5.

Once again, the Jacobian matrix F
′
K is directly coupled with the Hessian of the

function u in the bounds, and the second term in (5.45) can be considered as a
higher order term. As a consequence, when designing an adaptive algorithm based
on these bounds, the shape and orientation of mesh elements will be determined
using the Hessian of u (see §5.2 for specifics).

The error bounds (5.44) and (5.45) developed for l = 2 are independent of the
coordinate system. Moreover, they appear to give a lowest bound in its simple form
not involving maximum angle type conditions (cf. Babus̆ka and Aziz [22]). How-
ever, when l ≥ 3, the bounds corresponding to (5.44) and (5.45) depend upon the
choice of a specific coordinate system. They also may easily be over estimates and
thus lose some anisotropic information, as discussed by Cao [80], who gives a more
sophisticated estimate for high degree polynomial interpolation in two dimensions.

5.1.7 Interpolation error on element faces

From time to time we need to estimate interpolation error on element faces. Such
estimation relies upon use of the trace operator and its properties (see Appendix A).
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Theorem 5.1.6 Let (K̂, P̂, Σ̂) be a finite element associated with the simplicial
reference element K̂ and let s be the greatest order of partial derivatives occurring
in Σ̂ . For some integer k ≥ 0 and some real numbers p, q ∈ (1,∞), if

W 2,p(K̂) ↪→Cs(K̂), (5.46)

W 2,p(K̂) ↪→W 1,q(K̂), (5.47)

Pk(K̂)⊂ P̂⊂W 1,q(K̂), (5.48)

where Pk(K̂) is the space of polynomials of degree no more than k, then there ex-
ists a constant C = C(K̂, P̂, Σ̂) such that, for all affine-equivalent finite elements
(K,PK ,ΣK) and for u ∈W 2,p(K),[

∑
γ∈∂K

1
|γ|
‖u−Πk,Ku‖q

Lq(γ)

] 1
q

≤C|K|−
1
p

[∫
K

[
tr
(
(F ′K)T |H(u)|(xxx)F ′K

)]p
dxxx
] 1

p

, (5.49)

or in a different form,[
∑

γ∈∂K

1
|γ|
‖u−Πk,Ku‖q

Lq(γ)

] 1
q

≤C tr
(
(F ′K)T |HK(u)|F ′K

)
+ C tr

(
(F ′K)T F ′K

)
· 〈H(u)−HK(u)〉Lp(K) , (5.50)

where Πk,K denotes the PK-interpolation operator on K.

Proof. For a face γ of K and the corresponding face γ̂ of K̂, γ = FK(γ̂). Since
FK : K̂ → K is affine, its restriction on γ̂ , FK |γ̂ : γ̂ → γ , is also affine. Denote the
Jacobian of this restricted mapping by J(γ̂,γ). Note that J(γ̂,γ) is a constant, and
moreover,

|γ|=
∫

γ

dS =
∫

γ̂

J(γ̂,γ)dŜ = J(γ̂,γ)
∫

γ̂

dŜ = J(γ̂,γ)|γ̂|.

Thus,

J(γ̂,γ) =
|γ|
|γ̂|

.

From this, we have
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∑
γ∈∂K

1
|γ|
‖u−Πk,Ku‖q

Lq(γ)

= ∑
γ∈∂K

1
|γ|

∫
γ

|u−Πk,Ku|qdS

= ∑
γ∈∂K

1
|γ̂|

∫
γ̂

|û− Π̂k,K û|qdŜ

≤ C ∑
γ∈∂K

1
|γ̂|

[∫
K̂
|û− Π̂k,K û|qdξξξ +

∫
K̂
|∇ξξξ (û− Π̂k,K û)|qdξξξ

]
,

where Π̂k,K û(ξξξ ) = Πk,Ku(FK(ξξξ )) and Theorem A.0.6 has been used in the last step.
Since the reference element K̂ is equilateral and of unit volume, |γ̂| = O(1). From
Theorem 5.1.1 we obtain

∑
γ∈∂K

1
|γ|
‖u−Πk,Ku‖q

Lq(γ) ≤C|û|q
W 2,p(K̂)

.

Combining this with Lemma 5.1.5 gives (5.49) and (5.50), respectively.

For any face γ of element K,

|K| ≥ |γ|σmin, (5.51)

where σmin is the minimum singular value of F ′K , so we have

max
γ∈∂K
|γ| ≤ |K|

σmin
= |K| · ‖(F ′K)−1‖.

Using this, one obtains slightly different bounds from (5.49) and (5.50); viz., for
u ∈W 2,p(K),

‖u−Πk,Ku‖Lq(∂K)

≤C|K|
1
q−

1
p · ‖(F ′K)−1‖

1
q

[∫
K

[
tr
(
(F ′K)T |H(u)|(xxx)F ′K

)]p
dxxx
] 1

p

, (5.52)

‖u−Πk,Ku‖Lq(∂K) ≤C|K|
1
q · ‖(F ′K)−1‖

1
q tr
(
(F ′K)T |HK(u)|F ′K

)
+ C|K|

1
q · ‖(F ′K)−1‖

1
q tr
(
(F ′K)T F ′K

)
· 〈H(u)−HK(u)〉Lp(K) . (5.53)
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5.2 Monitor functions based on interpolation error

In this section, the motivation for defining the monitor function is to minimize the
error bounds obtained in §5.1.4, §5.1.5 and §5.1.6. The procedure is similar to that
used in §2.4 for the 1D case but considerably more complicated.

5.2.1 Monitor function based on isotropic error estimates

In this subsection the monitor function is defined based on minimizing the isotropic
error bound (5.38). In addition, a global error bound is obtained for a corresponding
M-uniform or quasi M-uniform mesh, and its convergence is investigated.

Taking the q-th power on both sides of (5.38) and summing over all of the ele-
ments, we obtain, for u ∈W l,p(Ω),

|u−Πku|qW m,q(Ω) ≤C∑
K
|K| · ‖(F ′K)−1‖mq · ‖F ′K‖lq · 〈u〉q

W l,p(K) , (5.54)

where

〈u〉W l,p(K) =

(
1
|K|

∫
K

∑
i1,...,il

∣∣∣D(i1,...,il)u
∣∣∣p dxxx

) 1
p

=
(

1
|K|

∫
K
‖Dlu‖p

lp
dxxx
) 1

p

.

Since
‖F ′K‖ ≤ ‖F

′
K‖F , ‖(F ′K)−1‖ ≤ ‖(F ′K)−1‖F ,

from Lemma 4.5.1 we have

‖F ′K‖2 ≤ tr
(
(F
′
K)T (F

′
K)
)

, ‖(F ′K)−1‖2 ≤ tr
(
(F
′
K)−1(F

′
K)−T

)
. (5.55)

Thus (5.54) can be rewritten as

|u−Πku|qW m,q(Ω) ≤ C∑
K
|K| ·

[
1
d

tr
(
(F
′
K)−1(F

′
K)−T

)]mq
2

×
[

1
d

tr
(
(F
′
K)T (F

′
K)
)] lq

2
· 〈u〉q

W l,p(K) . (5.56)

Denote
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E(Th) = N
(l−m)q

d ∑
K
|K| ·

[
1
d

tr
(
(F
′
K)−1(F

′
K)−T

)]mq
2

×
[

1
d

tr
(
(F
′
K)T (F

′
K)
)] lq

2
· 〈u〉q

W l,p(K) . (5.57)

The monitor function can now be defined in such a way that this error bound attains
its minimum among all possible M-uniform meshes.

Assume that, for a given monitor function and a given number of elements, an M-
uniform mesh can be generated for the physical domain Ω using a meshing strategy
for which an M-uniform mesh is viewed as a function of the monitor function, Th =
Th(M). Then the task for finding the optimal monitor function becomes

min
admissible M

E(Th(M)). (5.58)

As for the 1D case (§2.4.2), direct solution of this optimization problem is generally
impractical. Here we use the indirect approach given in the proof of Theorem 2.1.2
of first finding a lower bound on E(Th) and then showing that it can be attained
with an M-uniform mesh for an appropriately chosen (optimal) monitor function.

From the arithmetic-mean geometric-mean inequality (cf. Theorem B.0.11) and
the fact that det(F ′K) = |K|, we have

E(Th(M)) = N
(l−m)q

d ∑
K
|K| ·

[
1
d

tr
(
(F
′
K)−1(F

′
K)−T

)]mq
2

×
[

1
d

tr
(
(F
′
K)T (F

′
K)
)] lq

2
· 〈u〉q

W l,p(K)

≥ N
(l−m)q

d ∑
K
|K| ·

[
det
(
(F
′
K)−1(F

′
K)−T

)]mq
2d

×
[
det
(
(F
′
K)T (F

′
K)
)] lq

2d · 〈u〉q
W l,p(K) (5.59)

= N
(l−m)q

d ∑
K
|K|1+ (l−m)q

d · 〈u〉q
W l,p(K)

= N
d+q(l−m)

d · 1
N ∑

K

[
|K| · 〈u〉

dq
d+q(l−m)

W l,p(K)

] d+q(l−m)
d

≥ N
d+q(l−m)

d ·

[
1
N ∑

K
|K| · 〈u〉

dq
d+q(l−m)

W l,p(K)

] d+q(l−m)
d

(5.60)

=

[
∑
K
|K| · 〈u〉

dq
d+q(l−m)

W l,p(K)

] d+q(l−m)
d

. (5.61)
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Note that the lower bound (5.61) is mesh-dependent. Thus, while an M-uniform
mesh attaining this bound is not necessarily optimal among all partitions of N ele-
ments, it is asymptotically optimal in the sense that the bound converges to a con-
stant lower bound, i.e.,[

∑
K
|K| · 〈u〉

dq
d+q(l−m)

W l,p(K)

] d+q(l−m)
d

→
[∫

Ω

‖Dlu‖
dq

d+q(l−m)
lp dxxx

] d+q(l−m)
d

, (5.62)

as long as
h = max

K
hK → 0 as N→ ∞. (5.63)

As we have seen in the 1D case and shall see later in this section, this last property
of the mesh is crucial to ensure that the error bound converges.

We now show how to choose M such that the lower bound (5.61) is attained with
a corresponding M-uniform mesh. We first notice that equality in (5.59) holds when
the mesh satisfies

1
d

tr
(
(F
′
K)−1(F

′
K)−T

)
= det

(
(F
′
K)−1(F

′
K)−T

)
(5.64)

and
1
d

tr
(
(F
′
K)T (F

′
K)
)

= det
(
(F
′
K)T (F

′
K)
)

. (5.65)

Comparing these to (4.29) and (4.27), the alignment conditions satisfied by an M-
uniform mesh, suggests that M be chosen in the form

MK = θKI (5.66)

for some scalar function θ = θK . Next, (5.60) is an equality when the mesh satisfies

|K| · 〈u〉
dq

d+q(l−m)

W l,p(K) = C ∀K ∈Th

for some constant C. Comparing this with the equidistribution condition (4.28) for
an M-uniform mesh implies that ρ be chosen as

ρK = 〈u〉
dq

d+q(l−m)

W l,p(K) . (5.67)

From (5.66) and (5.67) and the relation ρK =
√

det(MK), the optimal monitor func-
tion is

MK = 〈u〉
2q

d+q(l−m)

W l,p(K) I, ∀K ∈Th. (5.68)

By construction, E(Th) attains its lower bound (5.61) with an M-uniform mesh for
the monitor function (5.68). The interpolation error for such a mesh is bounded by
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|u−Πku|W m,q(Ω) ≤CN−
(l−m)

d

[
∑
K
|K| · 〈u〉

dq
d+q(l−m)

W l,p(K)

] d+q(l−m)
dq

. (5.69)

Generally speaking, the term 〈u〉W l,p(K) is not necessarily positive and can van-
ish locally, so to ensure that M in (5.68) is positive definite, we regularize using a
positive parameter αh and rewrite (5.56) as

|u−Πku|qW m,q(Ω) ≤ C∑
K
|K| ·

[
1
d

tr
(
(F
′
K)−1(F

′
K)−T

)]mq
2

×
[

1
d

tr
(
(F
′
K)T (F

′
K)
)] lq

2
·
(

αh + 〈u〉W l,p(K)

)q

≤ Cα
q
h ∑

K
|K| ·

[
1
d

tr
(
(F
′
K)−1(F

′
K)−T

)]mq
2

×
[

1
d

tr
(
(F
′
K)T (F

′
K)
)] lq

2
·
(

1+α
−1
h 〈u〉W l,p(K)

)q
. (5.70)

By the same argument as above, minimizing this bound we obtain the monitor func-
tion, mesh density function, and error bound as

MK = Miso
K ≡

(
1+α

−1
h 〈u〉W l,p(K)

) 2q
d+q(l−m) I, ∀K ∈Th (5.71)

ρK = ρ iso
K ≡

(
1+α

−1
h 〈u〉W l,p(K)

) dq
d+q(l−m)

, ∀K ∈Th (5.72)

|u−Πku|W m,q(Ω) ≤CαhN−
(l−m)

d σ

d+q(l−m)
dq

h , (5.73)

where σh = ∑K |K|ρ iso
K .

The regularization parameter αh is often referred to as the intensity parameter
since it controls the level of intensity of mesh concentration.1 To examine how to
choose αh, we first prove two lemmas which are multidimensional extensions of
Lemmas 2.4.1 and 2.4.2.

Lemma 5.2.1 For any real numbers γ ∈ (0,1] and p ∈ [1,∞) and any mesh Th

for Ω ,

‖v‖γ p
Lγ p(Ω) ≤∑

K
|K|1−γ‖v‖γ p

Lp(K) ≤ |Ω |
1−γ‖v‖γ p

Lp(Ω), ∀v ∈ Lp(Ω). (5.74)

Proof. See the proof of Lemma 2.4.1.

1 As αh increases, the mesh becomes more uniform.
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Lemma 5.2.2 For any real numbers γ ∈ (0,1] and p ∈ [1,∞) and any mesh Th

for Ω ,

‖v‖γ p
Lγ p(Ω) ≤∑

K
|K|1−γ‖v‖γ p

Lp(K)

≤ c2
γ p‖v‖

γ p
Lγ p(Ω) + cγ p(1+ cγ p)cγ p

p,phγ p|Ω |1−γ‖∇v‖γ p
Lp(Ω) (5.75)

for any v ∈W 1,p(Ω), where h = maxK∈Th hK and the constants cγ p and cp,p are
defined in (B.4) and Theorem A.0.9, respectively.

Proof. The proof is similar to that of Lemma 2.4.2. The left inequality of (5.75)
is a consequence of Lemma 5.2.1. To prove the right inequality, let

vK =
1
|K|

∫
K

vdxxx.

From Corollary B.0.1, Theorem A.0.2 (Hölder’s inequality), and Theorem A.0.9
(Poincaré’s inequality) we have

∑
K
|K|1−γ‖v‖γ p

Lp(K)− c2
γ p‖v‖

γ p
Lγ p(Ω)

= ∑
K
|K|1−γ‖v− vK + vK‖γ p

Lp(K)− c2
γ p ∑

K
‖v‖γ p

Lγ p(K)

≤ cγ p ∑
K
|K|1−γ‖v− vK‖γ p

Lp(K) + cγ p ∑
K
|K|1−γ‖vK‖γ p

Lp(K)− c2
γ p ∑

K
‖v‖γ p

Lγ p(K)

= cγ p ∑
K
|K|1−γ‖v− vK‖γ p

Lp(K) + cγ p ∑
K
|K| · |vK |γ p− c2

γ p ∑
K

∫
K
|v|γ pdxxx

= cγ p ∑
K
|K|1−γ‖v− vK‖γ p

Lp(K) + cγ p ∑
K

∫
K

(
|vK |γ p− cγ p|v|γ p)dxxx

≤ cγ p ∑
K
|K|1−γ‖v− vK‖γ p

Lp(K) + c2
γ p ∑

K

∫
K
|vK− v|γ pdxxx

≤ cγ p(1+ cγ p)∑
K
|K|1−γ‖v− vK‖γ p

Lp(K)

≤ cγ p(1+ cγ p)cγ p
p,p ∑

K
|K|1−γ hγ p

K ‖∇v‖γ p
Lp(K)

≤ cγ p(1+ cγ p)cγ p
p,phγ p

∑
K
|K|1−γ‖∇v‖γ p

Lp(K)

≤ cγ p(1+ cγ p)cγ p
p,phγ p|Ω |1−γ‖∇v‖γ p

Lp(Ω).

Three different choices of αh are examined. The first choice is αh → 0, corre-
sponding in the limit to the non-regularized situation. Taking αh→ 0 can provide a
simplified derivation and a guideline for dealing with other situations. For the sec-
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ond choice, αh is taken as a fixed number depending upon the solution in a way
that Miso

K is invariant under a scaling transformation of u. For the third, αh is taken
such that σh is bounded by a constant while keeping Miso

K invariant under a scaling
transformation of u.

Case 1. We consider
αh→ 0. (5.76)

Since by Theorem 4.1.2 the equidistribution and alignment conditions are invari-
ant under a scaling transformation of MK , choosing MK to be an arbitrary (positive)
constant multiple of Miso

K does not change the underlying M-uniform mesh. In par-
ticular, let

MK = α

2q
d+q(l−m)

h Miso
K =

(
αh + 〈u〉W l,p(K)

) 2q
d+q(l−m) I, ∀K ∈Th,

so the corresponding mesh density function is

ρK = α

dq
d+q(l−m)

h ρ
iso
K =

(
αh + 〈u〉W l,p(K)

) dq
d+q(l−m)

, ∀K ∈Th.

Taking the limit αh→ 0 we obtain the monitor and mesh density functions for the
non-regularized situation in (5.67) and (5.68), and the error bound (5.73) reduces to
(5.69), i.e.,

|u−Πku|W m,q(Ω) ≤CN−
(l−m)

d

(
∑
K
|K| 〈u〉

dq
d+q(l−m)

W l,p(K)

) d+q(l−m)
dq

. (5.77)

To ensure that MK is positive definite, we assume here that there exists a constant
β such that

‖Dlu(xxx)‖lp ≥ β > 0, a.e. in Ω (5.78)

where “a.e.” stands for almost everywhere, or every point except a zero-measure set.
Moreover, we assume q≤ p for the analysis which follows.2

The key to the convergence analysis is to show that an M-uniform mesh for mon-
itor function (5.68) satisfies (5.63). This follows from Theorem 4.2.3 and Lemma
5.2.1 since

2 Both Lemmas 5.2.1 and 5.2.2 require γ ≤ 1. In the current context, γ = dq
p(d+q(l−m)) , and the

assumption q ≤ p ensures this condition be satisfied. This remark also applies to the situations
discussed in the next two subsections.
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hK ≤ CN−
1
d λmin(MK)−

1
2 σ

1
d

h

≤ CN−
1
d β
− 1

2

(
∑
K
|K| 〈u〉

dq
d+q(l−m)

W l,p(K)

) 1
d

≤ CN−
1
d β
− 1

2 |u|
q

d+q(l−m)

W l,p(Ω) . (5.79)

From (5.63), it is obvious that

lim
N→∞

(
∑
K
|K| 〈u〉

dq
d+q(l−m)

W l,p(K)

) d+q(l−m)
dq

≤C|u|
W

l, dq
d+q(l−m) (Ω)

. (5.80)

For u ∈W l+1,p(Ω), this limit can be refined from Lemma 5.2.2 and (5.79) to

(
∑
K
|K| 〈u〉

dq
d+q(l−m)

W l,p(K)

) d+q(l−m)
dq

=

[
∑
K
|K|1−

dq
p(d+q(l−m)) |u|

dq
d+q(l−m)

W l,p(K)

] d+q(l−m)
dq

≤ C

[
|u|

dq
d+q(l−m)

W
l, dq

d+q(l−m) (Ω)
+h

dq
d+q(l−m) |u|

dq
d+q(l−m)

W l+1,p(Ω)

] d+q(l−m)
dq

≤ C

[
|u|

W
l, dq

d+q(l−m) (Ω)
+N−

1
d |u|

q
d+q(l−m)

W l,p(Ω) |u|W l+1,p(Ω)

]
.

Inserting this into (5.77) gives

|u−Πku|W m,q(Ω)

≤CN−
(l−m)

d

(
|u|

W
l, dq

d+q(l−m) (Ω)
+N−

1
d |u|

q
d+q(l−m)

W l,p(Ω) |u|W l+1,p(Ω)

)
. (5.81)

Case 2. We next consider

αh = α̂ 〈u〉Lp(Ω) , (5.82)

where α̂ = O(1) is a given positive constant.3 Notice that for this choice the monitor
function is invariant under a scaling transformation of u, i.e., u→ cu for any positive

3 The dimensionless parameter α̂ can often be chosen as α̂ = 1. Without loss of generality, it is
assumed that 〈u〉Lp(Ω) > 0 in (5.82).
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constant c. Moreover,

σh = ∑
K
|K|
[
1+α

−1
h 〈u〉W l,p(K)

] dq
d+q(l−m)

≤ c dq
d+q(l−m)

∑
K
|K|
[

1+α
− dq

d+q(l−m)
h 〈u〉

dq
d+q(l−m)

W l,p(K)

]

= c dq
d+q(l−m)

[
|Ω |+α

− dq
d+q(l−m)

h ∑
K
|K| 〈u〉

dq
d+q(l−m)

W l,p(K)

]
, (5.83)

where constant c dq
d+q(l−m)

is defined in (B.4). Combining this with (5.73) we obtain

|u−Πku|W m,q(Ω)

≤CN−
(l−m)

d

α̂‖u‖Lp(Ω) +

(
∑
K
|K| 〈u〉

dq
d+q(l−m)

W l,p(K)

) d+q(l−m)
dq

 . (5.84)

To show convergence from this error bound, applying Lemma 5.2.1 to (5.83) yields

σh ≤C

1+

(
|u|W l,p(Ω)

α̂‖u‖Lp(Ω)

) dq
d+q(l−m)

 .

From Theorem 4.2.3 and the fact that λmin(Miso
K )≥ 1, we get

hK ≤
ĥN−

1
d σ

1
d

h

λmin(Miso
K )

1
2
≤CN−

1
d

1+

(
|u|W l,p(Ω)

α̂‖u‖Lp(Ω)

) q
d+q(l−m)

 . (5.85)

Thus, the mesh satisfies the property (5.63), and the sum in the bound (5.84) satisfies
(5.80). Moreover, from Lemma 5.2.2 and inequalities (5.84) and (5.85) it follows
that, for u ∈W l+1,p(Ω),

|u−Πku|W m,q(Ω) ≤CN−
(l−m)

d

[
α̂‖u‖Lp(Ω) + |u|

W
l, dq

d+q(l−m) (Ω)

+ N−
1
d

1+

(
|u|W l,p(Ω)

α̂‖u‖Lp(Ω)

) q
d+q(l−m)

 |u|W l+1,p(Ω)

]
. (5.86)

When the l-th order derivatives are large and the related terms in (5.86) dominate,

|u−Πku|W m,q(Ω)
<
≈ CN−

(l−m)
d

(
|u|

W
l, dq

d+q(l−m) (Ω)
+N−

1
d |u|

q
d+q(l−m)

W l,p(Ω) |u|W l+1,p(Ω)

)
,
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which is essentially (5.81).

Case 3. It is recommended in [175] (also cf. §2.4.2) that αh be chosen such that
(a) the monitor function M be invariant under a scaling transformation of u and (b)
σh ≤C for some constant C. In the current context, (5.83) implies that by choosing

αh = α
iso
h ≡

[
1
|Ω |∑K

|K| 〈u〉
dq

d+q(l−m)

W l,p(K)

] d+q(l−m)
dq

, (5.87)

we have
σh ≤ 2 |Ω | c dq

d+q(l−m)
. (5.88)

It is easy to verify that Miso
K for this choice of αh is invariant under a scaling trans-

formation of u.
Since λmin(Miso

K )≥ 1, an immediate consequence of (5.88) is that any M-uniform
mesh satisfies the property (5.63). From (5.73), (5.87), and (5.88) we get

|u−Πku|W m,q(Ω) ≤CN−
(l−m)

d

[
∑
K
|K| 〈u〉

dq
d+q(l−m)

W l,p(K)

] d+q(l−m)
dq

, (5.89)

with (5.80) holding. Moreover, from (5.87) it follows that

|Ω |(α iso
h )

dq
d+q(l−m) = ∑

K
|K| 〈u〉

dq
d+q(l−m)

W l,p(K) = ∑
K
|K|1−

dq
p(d+q(l−m)) |u|

dq
d+q(l−m)

W l,p(K) . (5.90)

Assuming that q≤ p and u ∈W l+1,p(Ω), Lemma 5.2.2 and the above equation give

|u|
dq

d+q(l−m)

W
l, dq

d+q(l−m) (Ω)
≤ |Ω |(αh

iso)
dq

d+q(l−m)

≤C

(
|u|

dq
d+q(l−m)

W
l, dq

d+q(l−m) (Ω)
+N−

q
d+q(l−m) |u|

dq
d+q(l−m)

W l+1,p(Ω)

)
.

Combining these with (5.73) we obtain

|u−Πku|W m,q(Ω) ≤CN−
(l−m)

d

(
|u|

W
l, dq

d+q(l−m) (Ω)
+N−

1
d |u|W l+1,p(Ω)

)
. (5.91)

The above results are summarized in the following theorem.
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Theorem 5.2.1 Suppose that the condition (5.22) is satisfied and that q ≤ p.
Suppose also that the mesh density function and the monitor function are chosen
as in (5.72) and (5.71), respectively, and consider the corresponding family of M-
uniform meshes.

(a) Choosing αh such that αh→ 0, if (5.78) holds, then for u ∈W l,p(Ω)

|u−Πku|W m,q(Ω) ≤CN−
(l−m)

d

(
∑
K
|K| 〈u〉

dq
d+q(l−m)

W l,p(K)

) d+q(l−m)
dq

, (5.92)

with

lim
N→∞

(
∑
K
|K| 〈u〉

dq
d+q(l−m)

W l,p(K)

) d+q(l−m)
dq

≤C|u|
W

l, dq
d+q(l−m) (Ω)

. (5.93)

If further u ∈W l+1,p(Ω), then

|u−Πku|W m,q(Ω)

≤CN−
(l−m)

d

(
|u|

W
l, dq

d+q(l−m) (Ω)
+N−

1
d |u|

q
d+q(l−m)

W l,p(Ω) |u|W l+1,p(Ω)

)
. (5.94)

(b) Choosing αh = α̂ 〈u〉Lp(Ω) for some positive constant α̂ , then for u∈W l,p(Ω),

|u−Πku|W m,q(Ω)

≤CN−
(l−m)

d

α̂‖u‖Lp(Ω) +

(
∑
K
|K| 〈u〉

dq
d+q(l−m)

W l,p(K)

) d+q(l−m)
dq

 , (5.95)

with (5.93) holding. If further u ∈W l+1,p(Ω), then

|u−Πku|W m,q(Ω) ≤CN−
(l−m)

d

[
α̂‖u‖Lp(Ω) + |u|

W
l, dq

d+q(l−m) (Ω)

+ N−
1
d

1+

(
|u|W l,p(Ω)

α̂‖u‖Lp(Ω)

) q
d+q(l−m)

 |u|W l+1,p(Ω)

]
. (5.96)

(c) Choosing αh = α iso
h , where α iso

h is defined in (5.87), then for u ∈W l,p(Ω),

|u−Πku|W m,q(Ω) ≤CN−
(l−m)

d

(
∑
K
|K| 〈u〉

dq
d+q(l−m)

W l,p(K)

) d+q(l−m)
dq

, (5.97)

with (5.93) holding. If further u ∈W l+1,p(Ω), then
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|u−Πku|W m,q(Ω) ≤CN−
(l−m)

d

(
|u|

W
l, dq

d+q(l−m) (Ω)
+N−

1
d |u|W l+1,p(Ω)

)
. (5.98)

Note that the error bounds (5.92) and (5.97), obtained for the asymptotically non-
regularized (αh → 0) and regularized (αh = α iso

h ) cases, respectively, are the same
to within a multiplicative constant. This indicates that α iso

h is of the right magnitude
since the regularization does not enlarge the error bound significantly. In fact, it
leads to a bound with the best asymptotic behavior among the three cases since

(5.98) does not involve the factor |u|
q

d+q(l−m)

W l,p(Ω) that appears in the higher order terms
of error bounds (5.94) and (5.96) for the other two cases. The above analysis also
shows that the optimal monitor function (5.71) resulting from an isotropic error
bound is a scalar matrix function (cf. (4.69)). As discussed in §4.1.2, such a monitor
function results in an isotropic M-uniform mesh.

Theorem 5.2.1 is only applicable for M-uniform meshes exactly satisfying the
equidistribution and alignment conditions. Fortunately, the results can be readily
extended to quasi M-uniform meshes satisfying (4.30) and (4.31). For simplicity,
we just consider the case with αh = α iso

h below, although the other cases can be
treated similarly.

We first notice that from (4.31) and Theorem 4.5.1 (using the (4.103) bound in
(4.104)), a quasi M-uniform mesh also satisfies for any K ∈Th,

tr
(

F ′K
−1M−1

K F ′K
−T
)

d det
(

F ′K
−1M−1

K F ′K
−T
) 1

d
≤
(√

d(d−1)(κali−1)+1
)2(d−1)

≡ κ̂ali (5.99)

for any K ∈ Th. Moreover, for the monitor function defined in (5.71), inequalities
(4.31) and (5.99) reduce to

tr((F ′K)T F ′K)

d det((F ′K)T F ′K)
1
d
≤ κali, ∀K ∈Th (5.100)

tr
(

F ′K
−1F ′K

−T
)

d det
(

F ′K
−1F ′K

−T
) 1

d
≤ κ̂ali, ∀K ∈Th. (5.101)

From Theorem 4.5.1 we have

σmax ≤ σmin

[√
d(d−1)(κali−1)+1

]d
≈ σminκ

d
2

ali,

where σmin and σmax are the minimum and maximum singular values of F ′K . Note
that (4.30), together with (5.88) and the fact that ρK ≥ 1, imply that
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|K| ≤
Cκeq

N
.

Thus, from (4.47) and (4.48) we have

hK ≤ ĥσmax ≤Cκ
d
2

aliσmin≤Cκ
d
2

ali|K|
1
d ≤Cκ

d
2

aliκ
1
d

eqN−
1
d → 0 as N→∞. (5.102)

Theorem 5.2.2 Suppose that the condition (5.22) is satisfied and that q ≤ p.
Suppose also that the mesh density function, the monitor function, and the regu-
larization parameter are chosen as in (5.72), (5.71), and (5.87), respectively. For a
quasi M-uniform mesh satisfying (4.30) and (4.31) for some constants κeq and κali,
the interpolation error for u ∈W l,p(Ω) is bounded by

|u−Πku|W m,q(Ω) ≤CN−
(l−m)

d κ̂
m
2

aliκ
l
2

aliκ

d+q(l−m)
dq

eq

[
∑
K
|K| 〈u〉

dq
d+q(l−m)

W l,p(K)

] d+q(l−m)
dq

, (5.103)

with

lim
N→∞

[
∑
K
|K| 〈u〉

dq
d+q(l−m)

W l,p(K)

] d+q(l−m)
dq

≤C|u|
W

l, dq
d+q(l−m) (Ω)

. (5.104)

If further u ∈W l+1,p(Ω), then

|u−Πku|W m,q(Ω) ≤ Cκ̂
m
2

aliκ
l
2

aliκ

d+q(l−m)
dq

eq N−
(l−m)

d

(
|u|

W
l, dq

d+q(l−m) (Ω)

+κ
d
2

aliκ
1
d

eqN−
1
d |u|W l+1,p(Ω)

)
. (5.105)

Proof. From (5.70), (4.30), (5.100), and (5.101), we have
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|u−Πku|qW m,q(Ω)

≤Cα
q
h ∑

K
|K| ·

[
1
d

tr
(
(F
′
K)−1(F

′
K)−T

)]mq
2

×
[

1
d

tr
(
(F
′
K)T (F

′
K)
)] lq

2
·
(

1+α
−1
h 〈u〉W l,p(K)

)q

≤Cα
q
h ∑

K
|K| ·

[
κ̂alidet

(
(F
′
K)−1(F

′
K)−T

) 1
d
]mq

2

×
[

κalidet
(
(F
′
K)T (F

′
K)
) 1

d
] lq

2

·
(

1+α
−1
h 〈u〉W l,p(K)

)q

= Cα
q
h κ̂

mq
2

ali κ

lq
2

ali ∑
K
|K|1+ (l−m)q

d ·
(

1+α
−1
h 〈u〉W l,p(K)

)q

= Cα
q
h κ̂

mq
2

ali κ

lq
2

ali ∑
K
|K|

d+(l−m)q
d ·ρ

d+q(l−m)
d

K

≤Cα
q
h κ̂

mq
2

ali κ

lq
2

ali ∑
K

(
κeq

σh

N

) d+q(l−m)
d

= Cα
q
h κ̂

mq
2

ali κ

lq
2

aliκ
d+q(l−m)

d
eq σ

d+q(l−m)
d

h N−
(l−m)q

d

≤CN−
(l−m)q

d κ̂

mq
2

ali κ

lq
2

aliκ
d+q(l−m)

d
eq

[
∑
K
|K| 〈u〉

dq
d+q(l−m)

W l,p(K)

] d+q(l−m)
d

,

which gives (5.103).
Inequalities (5.104) and (5.105) can be proven in a similar manner to that used

for Theorem 5.2.1.

Observe that Theorem 5.2.2 reduces to Theorem 5.2.1 (for the case αh = α iso
h )

for an M-uniform mesh for which κeq = 1, κali = 1, and κ̂ali = 1.

5.2.2 Monitor function based on anisotropic error estimates: l = 1

The monitor function is now defined based on the anisotropic error bound given in
(5.43). Recall that the condition (5.22) requires that s = 0, 0≤m≤ 1, and p > d for
d > 1 and p = d for d = 1. We restrict consideration to m = 0, the most common
case in practice.

Taking the q-th power on both sides of (5.43) and summing over all the elements,
since m = 0 we have
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‖u−Πku‖q
Lq(Ω) ≤ C∑

K
|K|
[

1
d

tr
(
(F ′K)T

∇uK∇uT
KF ′K

)] q
2

+ C∑
K
|K|
[

1
d

tr
(
(F ′K)T F ′K

)] q
2
〈∇u−∇uK〉qLp(K)

≡ E(Th)+Eh.o.t.(Th). (5.106)

We define the monitor function based on E(Th), the first term in the bound, and
later show that the second term Eh.o.t.(Th) is a higher order term under suitable
conditions. Regularizing as before with a constant αh > 0,

E(Th)≤Cα

q
2

h ∑
K
|K|
[

1
d

tr
(
(F ′K)T [I +α

−1
h ∇uK∇uT

K
]

F ′K
)] q

2
. (5.107)

Comparison of this with the alignment condition (4.29) suggests choosing the mon-
itor function

MK = θK
[
I +α

−1
h ∇uK∇uT

K
]
, (5.108)

where θK is yet to be determined. Inserting this into (4.29) yields

1
d

tr
(
(F ′K)T [I +α

−1
h ∇uK∇uT

K
]

F ′K
)

= det
(
(F ′K)T [I +α

−1
h ∇uK∇uT

K
]

F ′K
) 1

d .

Using this and
det
(
I +α

−1
h ∇uK∇uT

K
)

= 1+α
−1
h ‖∇uK‖2, (5.109)

we get

E(Th) ≤ Cα

q
2

h ∑
K
|K|
[

det
(
(F ′K)T [I +α

−1
h ∇uK∇uT

K
]

F ′K
) 1

d

] q
2

= Cα

q
2

h ∑
K
|K|
[
|K|2(1+α

−1
h ‖∇uK‖2)

] q
2d

= Cα

q
2

h ∑
K

[
|K|(1+α

−1
h ‖∇uK‖2)

q
2(d+q)

] d+q
d

. (5.110)

Choosing
ρK = ρ

ani,1
K ≡ (1+α

−1
h ‖∇uK‖2)

q
2(d+q) (5.111)

and using the equidistribution condition (4.28), from (5.110) we have

E(Th)≤Cα

q
2

h ∑
K

(
|K|ρani,1

K

) d+q
d = Cα

q
2

h N−
q
d σ

d+q
d

h . (5.112)

It follows easily that since ρK =
√

det(MK),
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MK = Mani,1
K ≡ (1+α

−1
h ‖∇uK‖2)−

1
d+q
[
I +α

−1
h ∇uK∇uT

K
]
. (5.113)

Similarly, Eh.o.t.(Th) can be bounded by

Eh.o.t.(Th) = C∑
K
|K|
[

1
d

tr
(
(F ′K)T F ′K

)] q
2
〈∇u−∇uK〉qLp(K)

≤ CN−
q
d σ

d+q
d

h · 1
σh

∑
K
|K|ρani,1

K 〈∇u−∇uK〉qLp(K) . (5.114)

If u ∈W 2,∞(Ω), then from Poincaré’s inequality (cf. Theorem A.0.9) we have

〈∇u−∇uK〉Lp(K) ≤ChK
〈
∇

2u
〉

Lp(K) ≤Ch|u|W 2,∞(Ω),

where h = maxK hK . Inserting this into (5.114) gives

Eh.o.t.(Th)≤C hq N−
q
d σ

d+q
d

h |u|qW 2,∞(Ω). (5.115)

A direct comparison of (5.115) with (5.112) shows that Eh.o.t.(Th) is a higher order
term compared to E(Th) as long as the mesh satisfies the property

h = max
K

hK → 0 as N→ ∞. (5.116)

The property (5.116) is crucial to obtain convergence from the error bounds. In
the following we shall show that this property can be satisfied by an M-uniform
mesh when u ∈W 1,∞(Ω) and αh is properly chosen. For this, we first need two
lemmas similar to Lemmas 5.2.1 and 5.2.2.

Lemma 5.2.3 For any real numbers γ ∈ (0,1] and p ∈ [1,∞) and any mesh Th

for Ω ,

∑
K
|K| · |vK |γ p ≤ |Ω |1−γ‖v‖γ p

Lp(Ω), ∀v ∈ Lp(Ω) (5.117)

where vK = (1/|K|)
∫

K v(xxx)dxxx.

Proof.

∑
K
|K| · |vK |γ p ≤∑

K
|K|
[

1
|K|

∫
K
|v|dxxx

]γ p

≤∑
K
|K|
[

1
|K|

∫
K
|v|pdxxx

]γ

= ∑
K
|K|1−γ‖v‖γ p

Lp(K),

and (5.117) follows from Lemma 5.2.1.
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Lemma 5.2.4 For any real numbers γ ∈ (0,1] and p ∈ [1,∞) and any mesh Th

for Ω ,

1
cγ p
‖v‖γ p

Lγ p(Ω)− cγ p
p,phγ p|Ω |1−γ‖∇v‖γ p

Lp(Ω) ≤∑
K
|K| · |vK |γ p

≤ cγ p‖v‖γ p
Lγ p(Ω) + cγ pcγ p

p,phγ p|Ω |1−γ‖∇v‖γ p
Lp(Ω) (5.118)

for any v ∈W 1,p(Ω), where vK = (1/|K|)
∫

K v(xxx)dxxx, h = maxK∈Th hK , and the con-
stants cγ p and cp,p are defined in (B.4) and Theorem A.0.9, respectively.

Proof. Arguing as in the proof of Lemma 5.2.2 we see that

∑
K
|K| · |vK |γ p− cγ p‖v‖γ p

Lγ p(Ω) ≤ cγ p ∑
K
|K|1−γ‖v− vK‖γ p

Lp(K).

Moreover, from (B.3) we have

∑
K
|K| · |vK |γ p− 1

cγ p
‖v‖γ p

Lγ p(Ω)

=
1

cγ p
∑
K

∫
K

(
cγ p|vK |γ p−|v(xxx)|γ p)dxxx

≥ −∑
K

∫
K
|vK− v(xxx)|γ pdxxx

≥ −∑
K
|K|1−γ‖v− vK‖γ p

Lp(K).

Combining these results with Poincaré’s inequality (Theorem A.0.9) gives (5.118).

We now analyze convergence from the error bounds for two choices of αh. Note
that we cannot take αh→ 0 for the current situation since ∇uK∇uT

K is always singu-
lar and thus MK cannot be ensured to be positive definite.

Case 1. Take
αh = α̂

2 〈u〉2Lp(Ω) (5.119)

for some fixed positive constant α̂ . For this choice, Mani,1
K defined in (5.113) is

invariant under a scaling transformation of u.
Notice that
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σh = ∑
K
|K|ρani,1

K

= ∑
K
|K|(1+α

−1
h ‖∇uK‖2)

q
2(d+q)

≤∑
K
|K|
(

1+α
− q

2(d+q)
h ‖∇uK‖

q
d+q

)
≤ |Ω |+α

− q
2(d+q)

h ∑
K
|K| · ‖∇uK‖

q
d+q (5.120)

= |Ω |+


(

∑K |K| · ‖∇uK‖
q

d+q
) d+q

q

α̂ 〈u〉Lp(Ω)


q

d+q

. (5.121)

Assuming u ∈W 1,∞(Ω), we have from (5.113) that

λmin(MK) =
(
1+α

−1
h ‖∇uK‖2)− 1

d+q

≥

1+

(
|u|W 1,∞(Ω)

α̂ 〈u〉Lp(Ω)

)2
− 1

d+q

.

This, together with (5.121), Lemma 5.2.3, and Theorem 4.2.3, implies

hK ≤ CN−
1
d λmin(MK)−

1
2 σ

1
d

h

≤ CN−
1
d

1+

(
|u|W 1,∞(Ω)

α̂‖u‖Lp(Ω)

) 1
d+q

1+


(

∑K |K| · ‖∇uK‖
q

d+q
) d+q

q

α̂‖u‖Lp(Ω)


q

d(d+q)


≤ CN−
1
d

1+

(
|u|W 1,∞(Ω)

α̂‖u‖Lp(Ω)

) 1
d+q
1+

(
|u|W 1,p(Ω)

α̂‖u‖Lp(Ω)

) q
d(d+q)

 , (5.122)

so the mesh satisfies property (5.116).
From Lemma 5.2.4, it follows that(

∑
K
|K| · ‖∇uK‖

q
d+q

) d+q
q

≤C
(
|u|

W
1,

q
d+q (Ω)

+h|u|W 2,p(Ω)

)
.

Combining this with (5.112), (5.115), and (5.121), we have, for u ∈W 2,∞(Ω),
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‖u−Πku‖Lq(Ω) ≤ CN−
1
d α̂‖u‖Lp(Ω)

(
1+h

|u|W 2,∞(Ω)

α̂‖u‖Lp(Ω)

)

×

1+
|u|

W
1,

q
d+q (Ω)

α̂‖u‖Lp(Ω)
+h
|u|W 2,p(Ω)

α̂‖u‖Lp(Ω)

 1
d

. (5.123)

Case 2. For this case, αh is chosen such that Mani,1
K is invariant under a scaling

transformation of u and
σh ≤C (5.124)

for some constant C. From (5.120), this specifies that

αh = α
ani,1
h ≡

[
1
|Ω |∑K

|K| · ‖∇uK‖
q

d+q

] 2(d+q)
q

. (5.125)

Assume that u ∈W 2,∞(Ω). Then Lemma 5.2.4 implies

αh ≤C
(
|u|

W
1,

q
d+q (Ω)

+h |u|W 2,p(Ω)

)2

. (5.126)

Combining this and (5.124) with (5.106), (5.112), and (5.115), we obtain

‖u−Πku‖Lq(Ω) ≤ CN−
1
d

(
|u|

W
1,

q
d+q (Ω)

+h |u|W 2,p(Ω) +h |u|W 2,∞(Ω)

)
≤ CN−

1
d

(
|u|

W
1,

q
d+q (Ω)

+h |u|W 2,∞(Ω)

)
. (5.127)

To see if the mesh satisfies (5.116), using (5.113) and (5.124) we obtain

hK ≤CN−
1
d λmin(MK)−

1
2 σ

1
d

h ≤CN−
1
d

1+
|u|W 1,∞(Ω)√

α
ani,1
h

 1
d+q

,

or

h≤CN−
1
d

1+
|u|W 1,∞(Ω)√

α
ani,1
h

 1
d+q

. (5.128)

Applying Lemma 5.2.4 to (5.125) gives

αh ≥C
(
|u|

W
1,

q
d+q (Ω)

−h |u|W 2,p(Ω)

)2

.
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This unfortunately does not guarantee a positive lower bound for αh, so we cannot
derive the property (5.116) from (5.128).

To avoid this difficulty, we combine choices (5.119) and (5.125), i.e.,

αh = max{αani,1
h , α̂2 〈u〉2Lp(Ω)}, (5.129)

where α̂ is a fixed positive constant and α
ani,1
h is defined in (5.125). When α

ani,1
h ≥

α̂2 〈u〉2Lp(Ω), from (5.128) we have

h≤CN−
1
d

(
1+
|u|W 1,∞(Ω)

α̂|u|Lp(Ω)

) 1
d+q

(5.130)

and the error is bounded by (5.127). On the other hand, when α
ani,1
h < α̂2 〈u〉2Lp(Ω),

then as in Case 1 above, the error is bounded by (5.123), where h satisfies (5.122).

The above results are summarized in the following theorem.

Theorem 5.2.3 Suppose that q ≤ p, u ∈W 2,∞(Ω), and the condition (5.22) is
satisfied with l = 1 and m = 0. Suppose also that the mesh density function and
the monitor function are respectively chosen as in (5.111) and (5.113). Consider a
family of corresponding M-uniform meshes.

(a) If the regularization parameter is taken as αh = α̂2 〈u〉2Lp(Ω) for some positive
constant α̂ , then

‖u−Πku‖Lq(Ω) ≤ CN−
1
d α̂‖u‖Lp(Ω)

(
1+h

|u|W 2,∞(Ω)

α̂‖u‖Lp(Ω)

)

×

1+
|u|

W
1,

q
d+q (Ω)

α̂‖u‖Lp(Ω)
+h
|u|W 2,p(Ω)

α̂‖u‖Lp(Ω)

 1
d

, (5.131)

where

h≤CN−
1
d

1+

(
|u|W 1,∞(Ω)

α̂‖u‖Lp(Ω)

) 1
d+q
1+

(
|u|W 1,p(Ω)

α̂‖u‖Lp(Ω)

) q
d(d+q)

 . (5.132)

(b) If instead αh is taken as

αh = max{αani,1
h , α̂2 〈u〉2Lp(Ω)}, (5.133)

where α
ani,1
h is defined in (5.125) and α̂h is a positive constant, then when α

ani,1
h ≥

α̂2 〈u〉2Lp(Ω) the interpolation error is bounded by
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‖u−Πku‖Lq(Ω) ≤CN−
1
d

(
|u|

W
1,

q
d+q (Ω)

+h |u|W 2,∞(Ω)

)
, (5.134)

where

h≤CN−
1
d

(
1+
|u|W 1,∞(Ω)

α̂|u|Lp(Ω)

) 1
d+q

(5.135)

(and when α
ani,1
h < α̂2 〈u〉2Lp(Ω), (5.131) and (5.132) hold).

From the theorem one can see that for both choices of αh the interpolation error
has the asymptotic bound (for large N)

‖u−Πku‖Lq(Ω) ≤CN−
1
d

(
α̂‖u‖Lp(Ω) + |u|

W
1,

q
d+q (Ω)

)
+h.o.t. (5.136)

It is worth pointing out that estimates for interpolation error can also be obtained
for a quasi M-uniform mesh satisfying (4.30) and (4.31) using the same procedure
as for Theorem 5.2.2. For brevity, such derivations and results are not given for this
case (nor for the case l = 2 discussed in the next subsection).

5.2.3 Monitor function based on anisotropic error estimates: l = 2

While the analysis can be straightforwardly extended to the general case l ≥ 2, for
simplicity we only consider here the most widely used case l = 2 with m = 0 or
m = 1. Our analysis is now based on the bound (5.45).

Taking the q-th power on both sides of (5.45) and summing over all the elements,
the same argument as in the previous subsection gives

|u−Πku|qW m,q(Ω)

≤C∑
K
|K| ·

[
1
d

tr
(
(F
′
K)−1(F

′
K)−T

)]mq
2
[

1
d

tr
(
(F
′
K)T |HK(u)|F ′K

)]q

+ C∑
K
|K| ·

[
1
d

tr
(
(F
′
K)−1(F

′
K)−T

)]mq
2
[

1
d

tr
(
(F
′
K)T F

′
K

)]q

×〈H(u)−HK(u)〉qLp(K)

≡ E(Th)+Eh.o.t.(Th), (5.137)

where we have used

‖(F ′K)−1‖ ≤ ‖(F ′K)−1‖F =
[
tr
(
(F
′
K)−1(F

′
K)−T

)] 1
2
.
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The monitor function is defined based on E(Th) where once again, we show that
Eh.o.t.(Th) is a higher order term. Regularizing E(Th) with a positive constant αh

and using Lemma 4.5.2, we have

E(Th) ≤ Cα
q
h ∑

K
|K| ·

[
1
d

tr
(
(F
′
K)−1H−1

K,α(F
′
K)−T

)]mq
2

×
[

1
d

tr
(
(F
′
K)T HK,α F

′
K

)]q

‖HK,α‖
mq
2 , (5.138)

where
HK,α ≡ I +α

−1
h |HK(u)|. (5.139)

A comparison of this with alignment conditions (4.29) and (4.27) suggests that the
monitor function minimizing this bound be of the form

MK = θKHK,α (5.140)

for a suitably chosen scalar function θ = θK . Inserting this into (4.29) and (4.27)
leads to

1
d

tr
(
(F
′
K)T HK,α F

′
K

)
= det

(
(F
′
K)T HK,α F

′
K

) 1
d = |K|

2
d det(HK,α)

1
d

and

1
d

tr
(
(F
′
K)−1H−1

K,α(F
′
K)−T

)
= det

(
(F
′
K)−1H−1

K,α(F
′
K)−T

) 1
d = |K|−

2
d det(HK,α)−

1
d .

Combining these results with (5.138) we obtain

E(Th) ≤ Cα
q
h ∑

K
|K| ·

(
|K|2det(HK,α)

) q(2−m)
2d ‖HK,α‖

mq
2

= Cα
q
h ∑

K

(
|K|det(HK,α)

q(2−m)
2(d+q(2−m)) ‖HK,α‖

mqd
2(d+q(2−m))

) d+q(2−m)
d

. (5.141)

A direct comparison with equidistribution condition (4.28) suggests that ρK be cho-
sen as

ρK = ρ
ani,2
K ≡ det(HK,α)

q(2−m)
2(d+q(2−m)) ‖HK,α‖

mqd
2(d+q(2−m)) . (5.142)

Using the relation ρK = det(MK)
1
2 and (5.140) we get

MK = Mani,2
K ≡ det(HK,α)−

1
d+q(2−m) ‖HK,α‖

mq
d+q(2−m) HK,α . (5.143)

It is not difficult to show that for an M-uniform mesh associated with Mani,2
K , the

bounds for E(Th) and Eh.o.t.(Th) are
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E(Th)≤CN−
q(2−m)

d α
q
h σ

d+q(2−m)
d

h , (5.144)

Eh.o.t.(Th)≤CN−
q(2−m)

d σ

d+q(2−m)
d

h · 1
σh

∑
K
|K| ρani,2

K 〈H(u)−HK(u)〉qLp(K) . (5.145)

If u ∈W 3,∞(Ω), from Poincaré’s inequality (cf. Theorem A.0.9) we get

〈H(u)−HK(u)〉Lp(K) ≤ChK
〈
∇

3u
〉

Lp(K) ≤Ch|u|W 3,∞(Ω),

where ∇3 is the tensor of third derivatives. Combining this with (5.145),

Eh.o.t.(Th)≤ChqN−
q(2−m)

d σ

d+q(2−m)
d

h |u|qW 3,∞(Ω). (5.146)

As before, this implies that Eh.o.t.(Th) is a higher order term compared to E(Th)
provided that the mesh satisfies the property

h = max
K

hK → 0 as N→ ∞. (5.147)

We now examine three choices of αh: αh→ 0, αh = α̂ 〈u〉Lp(Ω) for some positive

constant α̂ , and a choice such that Mani,2
K is invariant under a scaling transformation

of u and σh = ∑K |K|ρ
ani,2
K ≤C for some constant C.

Case 1. Take αh → 0. Since the equidistribution and alignment conditions are
invariant under a scaling transformation of the monitor function (cf. Theorem 4.1.2),
we can redefine the monitor function and the mesh density function as

MK = α

2q
d+q(2−m)

h Mani,2
K , ρK = α

dq
d+q(2−m)

h ρ
ani,2
K .

Taking the limit αh→ 0 and noticing that ‖|HK(u)|‖= ‖HK(u)‖, we get

MK = det(|HK(u)|)−
1

d+q(2−m) ‖HK(u)‖
mq

d+q(2−m) |HK(u)|, (5.148)

ρK = det(|HK(u)|)
q(2−m)

2(d+q(2−m)) ‖HK(u)‖
mqd

2(d+q(2−m)) , (5.149)

which correspond to the non-regularized situation. To ensure MK to be positive def-
inite, we assume that there exists a positive constant β such that

|H(u)(xxx)| ≥ β I, a.e. in Ω . (5.150)

Here, the inequality sign “≥” means that the difference between the left- and right-
hand sides is positive semi-definite. Assuming that u ∈W 2,∞(Ω), from (5.148) and
Theorem 4.2.3 we have
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hK ≤
ĥ√

λmin(MK)
N−

1
d σ

1
d

h

≤ C
det(|HK(u)|)

1
2(d+q(2−m))

‖HK(u)‖
mq

2(d+q(2−m))
√

λmin(|HK(u)|)
N−

1
d

(
∑
K
|K|ρK

) 1
d

≤ C|u|
d

2(d+q(2−m))

W 2,∞(Ω) β
− d+2q

2(d+q(2−m)) N−
1
d

(
∑
K
|K|ρK

) 1
d

≤ C|u|
d

2(d+q(2−m))

W 2,∞(Ω) β
− d+2q

2(d+q(2−m)) N−
1
d

×

(
∑
K
|K|det(|HK(u)|)

q(2−m)
2(d+q(2−m)) ‖HK(u)‖

mqd
2(d+q(2−m))

) 1
d

≤ C|u|
d

2(d+q(2−m))

W 2,∞(Ω) β
− d+2q

2(d+q(2−m)) N−
1
d

(
∑
K
|K| · ‖HK(u)‖

dq(2−m)
2(d+q(2−m)) +

mqd
2(d+q(2−m))

) 1
d

= C|u|
d

2(d+q(2−m))

W 2,∞(Ω) β
− d+2q

2(d+q(2−m)) N−
1
d

(
∑
K
|K| · ‖HK(u)‖

dq
d+q(2−m)

) 1
d

.

Assuming q≤ p and applying Lemma 5.2.3 we get

h ≤ C|u|
d

2(d+q(2−m))

W 2,∞(Ω) β
− d+2q

2(d+q(2−m)) N−
1
d ‖H(u)‖

q
d+q(2−m)
Lp(Ω)

≤ C|u|
d

2(d+q(2−m))

W 2,∞(Ω) β
− d+2q

2(d+q(2−m)) N−
1
d |u|

q
d+q(2−m)

W 2,p(Ω) . (5.151)

Thus, the mesh condition (5.147) is satisfied.
The quantities E(Th) and Eh.o.t.(Th) can be estimated directly from the definition

(5.137). A similar procedure as for deriving (5.144) and (5.146) shows that

E(Th)≤CN−
q(2−m)

d σ

d+q(2−m)
d

h ; (5.152)

furthermore, assuming that u ∈W 3,∞(Ω),

Eh.o.t.(Th) ≤ C∑
K
|K| ·

[
1
d

tr
(
(F
′
K)−1(F

′
K)−T

)]mq
2

×
[

1
d

tr
(
(F
′
K)T |HK(u)|F ′K

)]q

‖H−1
K (u)‖q 〈H(u)−HK(u)〉qLp(K)

≤ CN−
q(2−m)

d σ

d+q(2−m)
d

h ·β−qhq|u|qW 3,∞(Ω),

where
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σh = ∑
K
|K|ρK →

∫
Ω

det(|H(u)|)
q(2−m)

2(d+q(2−m)) ‖H(u)‖
mqd

2(d+q(2−m)) dxxx (5.153)

as N→ ∞. The interpolation error is thus bounded by

|u−Πku|W m,q(Ω) ≤CN−
(2−m)

d σ

d+q(2−m)
dq

h

(
1+hβ

−1|u|W 3,∞(Ω)

)
. (5.154)

Case 2. Take αh = α̂ 〈u〉Lp(Ω) for a constant α̂ > 0. Then

σh = ∑
K
|K|ρani,2

K

≤ C∑
K
|K| ‖HK,α‖

dq
d+q(2−m)

≤ C∑
K
|K|

(
1+
(

α̂ 〈u〉Lp(Ω)

)− dq
d+q(2−m) ‖HK(u)‖

dq
d+q(2−m)

)

≤ C

(
1+
(

α̂ 〈u〉Lp(Ω)

)− dq
d+q(2−m)

∑
K
|K| ‖HK(u)‖

dq
d+q(2−m)

)

≤ C

(
1+
(

α̂ 〈u〉Lp(Ω)

)− dq
d+q(2−m) 〈u〉

dq
d+q(2−m)

W 2,p(Ω)

)
,

where in the last step we have assumed q≤ p and used Lemma 5.2.3. Assume that
u ∈W 2,∞(Ω). Noticing that HK,α ≥ I, from Theorem 4.2.3 we obtain

h ≤ CN−
1
d

1+

(
〈u〉W 2,p(Ω)

α̂ 〈u〉Lp(Ω)

) q
d+q(2−m)


×

1+

(
〈u〉W 2,∞(Ω)

α̂ 〈u〉Lp(Ω)

) d
2(d+q(2−m))

 ,

(5.155)

which implies that the mesh satisfies the property (5.147). From (5.137), (5.144),
and (5.146) it is not difficult to obtain the error bound

|u−Πku|W m,q(Ω) ≤CN−
(2−m)

d σ

d+q(2−m)
dq

h

(
α̂ 〈u〉Lp(Ω) +h|u|W 3,∞(Ω)

)
, (5.156)

where as N→ ∞,
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σh→
∫

Ω

det
(

I +(α̂ 〈u〉Lp(Ω))
−1|H(u)|

) q(2−m)
2(d+q(2−m))

×‖I +(α̂ 〈u〉Lp(Ω))
−1|H(u)|‖

mqd
2(d+q(2−m)) dxxx. (5.157)

Case 3. In this case αh is chosen such that σh is bounded by a constant and
Mani,2

K is invariant under a scaling transformation of u. Unlike in the cases considered
in the previous subsections, αh cannot be explicitly determined because it cannot
be factored out of the matrix determinant and norm terms in (5.142). Indeed, we
implicitly define αh = α

ani,2
h , where α

ani,2
h is the solution of the algebraic equation

σh ≡∑
K
|K|ρani,2

K = 2c dq
d+q(2−m)

|Ω |,

or from (5.142),

∑
K
|K|det

(
I +

1

α
ani,2
h

|HK(u)|

) q(2−m)
2(d+q(2−m))

∥∥∥∥∥I +
1

α
ani,2
h

|HK(u)|

∥∥∥∥∥
mqd

2(d+q(2−m))

= 2c dq
d+q(2−m)

|Ω |. (5.158)

The constant c dq
d+q(2−m)

is defined in (B.4) and the reason for using the factor

2c dq
d+q(2−m)

will be clear from the derivation of an upper bound for αh below (cf.

(5.160)). Note that equation (5.158) has a unique solution provided HK(u) is not
zero for all elements, since the left-hand side of (5.158) is monotonically decreas-
ing with respect to α

ani,2
h and tends to |Ω | as α

ani,2
h → ∞ and +∞ as α

ani,2
h → 0. As

a consequence, (5.158) can be easily solved numerically for αh, e.g., using a simple
root finding algorithm such as the bisection method.

Upper and lower bounds for αh can be obtained as follows. Since

ρ
ani,2
K = det(HK,α)

q(2−m)
2(d+q(2−m)) ‖HK,α‖

mqd
2(d+q(2−m))

≥ det(HK,α)
q

d+q(2−m)

≥
(

1+(αani,2
h )−ddet(|HK(u)|)

) q
d+q(2−m)

≥ 2
q

d+q(2−m)−1
(

1+(αani,2
h )−

dq
d+q(2−m) det(|HK(u)|)

q
d+q(2−m)

)
,

it follows from (5.158) that
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2c dq
d+q(2−m)

|Ω |= ∑
K
|K|ρani,2

K

≥ 2
q

d+q(2−m)−1

(
|Ω |+(αani,2

h )−
dq

d+q(2−m) ∑
K
|K|det(|HK(u)|)

q
d+q(2−m)

)
,

or

α
ani,2
h ≥

[ (
22− q

d+q(2−m) c dq
d+q(2−m)

−1
)−1

|Ω |−1

×∑
K
|K|det(|HK(u)|)

q
d+q(2−m)

] d+q(2−m)
dq

. (5.159)

From Corollary B.0.1,

ρ
ani,2
K ≤ ‖HK,α‖

dq
d+q(2−m)

≤
(

1+(αani,2
h )−1‖HK(u)‖

) dq
d+q(2−m)

≤ c dq
d+q(2−m)

(
1+(αani,2

h )−
dq

d+q(2−m) ‖HK(u)‖
dq

d+q(2−m)

)
,

so

2c dq
d+q(2−m)

|Ω |= ∑
K
|K|ρani,2

K

≤ c dq
d+q(2−m)

(
|Ω |+(αani,2

h )−
dq

d+q(2−m) ∑
K
|K| · ‖HK(u)‖

dq
d+q(2−m)

)
, (5.160)

which gives

α
ani,2
h ≤

[
1
|Ω |∑K

|K| · ‖HK(u)‖
dq

d+q(2−m)

] d+q(2−m)
dq

. (5.161)

Noticing that σh ≤C, we get from (5.137), (5.144), and (5.146) that

|u−Πku|W m,q(Ω) ≤CN−
(2−m)

d

(
α

ani,2
h +h|u|W 3,∞(Ω)

)
, (5.162)

where α
ani,2
h is bounded from below and above in (5.159) and (5.161). If the mesh

satisfies the property (5.147), it is obvious from (5.159) and (5.161) that α
ani,2
h →

αani,2 as N→ ∞, where αani,2 is a number bounded by

C1‖ d
√

det(|H(u)|)‖
L

dq
d+q(2−m) (Ω)

≤ α
ani,2 ≤C2|u|

W
2,

dq
d+q(2−m) (Ω)

. (5.163)

To see if the mesh satisfies the property (5.147), note that σh is bounded for the
current choice of α

ani,2
h . From Theorem 4.2.3 we obtain
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h≤CN−
1
d

1+

(
〈u〉W 2,∞(Ω)

α
ani,2
h

) d
2(d+q(2−m))

 . (5.164)

As in Case 2 of the previous subsection, α
ani,2
h defined through (5.158) is unfortu-

nately not guaranteed to have a positive lower bound. To avoid this difficulty, we
define a new αh as

αh = max{αani,2
h , α̂ 〈u〉Lp(Ω)}, (5.165)

where α̂ is a fixed positive constant. Then (5.164) reduces to

h≤CN−
1
d

1+

(
〈u〉W 2,∞(Ω)

α̂ 〈u〉Lp(Ω)

) d
2(d+q(2−m))

 , (5.166)

which implies that the mesh satisfies (5.147). When α
ani,2
h ≥ α̂ 〈u〉Lp(Ω), the inter-

polation error is bounded as in (5.162); otherwise, it is bounded as in (5.156).

These results are summarized in the following theorem.

Theorem 5.2.4 Suppose that q ≤ p, u ∈W 3,∞(Ω), and the condition (5.22)
is satisfied with l = 2 and m = 0 or m = 1. Suppose also that the mesh density
function and the monitor function are chosen as in (5.142) and (5.143), respectively.
Consider a family of corresponding M-uniform meshes.

(a) If the Hessian satisfies (5.150) and the regularization parameter is taken as
αh→ 0, then

|u−Πku|W m,q(Ω) ≤CN−
(2−m)

d σ

d+q(2−m)
dq

h

(
1+hβ

−1|u|W 3,∞(Ω)

)
, (5.167)

where

h≤CN−
1
d β
− d+2q

2(d+q(2−m)) |u|
d

2(d+q(2−m))

W 2,∞(Ω) |u|
q

d+q(2−m)

W 2,p(Ω) , (5.168)

and

σh→
∫

Ω

det(|H(u)|)
q(2−m)

2(d+q(2−m)) ‖H(u)‖
mqd

2(d+q(2−m)) dxxx as N→ ∞. (5.169)

(b) If the regularization parameter is taken as αh = α̂ 〈u〉Lp(Ω) for some positive
constant α̂ , then

|u−Πku|W m,q(Ω) ≤CN−
(2−m)

d σ

d+q(2−m)
dq

h

(
α̂ 〈u〉Lp(Ω) +h|u|W 3,∞(Ω)

)
, (5.170)

where
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h ≤ CN−
1
d

1+

(
〈u〉W 2,p(Ω)

α̂ 〈u〉Lp(Ω)

) q
d+q(2−m)


×

1+

(
〈u〉W 2,∞(Ω)

α̂ 〈u〉Lp(Ω)

) d
2(d+q(2−m))

 , (5.171)

and as N→ ∞,

σh→
∫

Ω

det
(

I +(α̂ 〈u〉Lp(Ω))
−1|H(u)|

) q(2−m)
2(d+q(2−m))

×‖I +(α̂ 〈u〉Lp(Ω))
−1|H(u)|‖

mqd
2(d+q(2−m)) dxxx. (5.172)

(c) If αh is taken as

αh = max{αani,2
h , α̂ 〈u〉Lp(Ω)}, (5.173)

where α
ani,2
h is defined in (5.158) and α̂h is a positive constant, then when α

ani,2
h ≥

α̂ 〈u〉Lp(Ω) the interpolation error is bounded by

|u−Πku|W m,q(Ω) ≤CN−
(2−m)

d

(
α

ani,2
h +h|u|W 3,∞(Ω)

)
. (5.174)

Here,

h≤CN−
1
d

1+

(
〈u〉W 2,∞(Ω)

α̂ 〈u〉Lp(Ω)

) d
2(d+q(2−m))

 (5.175)

and
α

ani,2
h → α

ani,2, as N→ ∞

with αani,2 being bounded by

C1‖ d
√

det(|H(u)|)‖
L

dq
d+q(2−m) (Ω)

≤ α
ani,2 ≤C2|u|

W
2,

dq
d+q(2−m) (Ω)

. (5.176)

When α
ani,2
h ≤ α̂ 〈u〉Lp(Ω), the interpolation error is bounded by (5.170).

For m = 0, (5.167) reduces to

‖u−Πku‖Lq(Ω) ≤CN−
2
d ‖ d
√

det(|H(u)|)‖
L

dq
d+2q (Ω)

+h.o.t. (5.177)

This bound has been obtained by Huang and Sun [193] for q = 2 and by Chen et al.
[99] for general q ≥ 1. Chen et al. also show that the bound is optimal in the sense
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that it is a lower bound if u is strictly convex or concave. For m = 1, (5.167) yields

|u−Πku|W 1,q(Ω) ≤ CN−
1
d

[∫
Ω

det(|H(u)|)
q

2(d+q) ‖H(u)‖
dq

2(d+q) dxxx
] d+q

dq

+ h.o.t. (5.178)

It is unclear whether or not this bound is optimal (the smallest achievable) among all
possible monitor functions. However, as we see in the next subsection, it is smaller
(in terms of the solution-dependent factor) than that resulting from the Hessian mon-
itor function.

It is useful to compare these bounds with those for isotropic meshes. We recall
from (5.92) that the error bound for the isotropic case with l = 2 and m = 0 or m = 1
is given by

|u−Πku|W m,q(Ω) ≤CN−
(2−m)

d |u|
W

2,
dq

d+q(2−m) (Ω)
. (5.179)

By comparing this with (5.177) and (5.178) one can conclude that an anisotropic
mesh generally leads to a lower asymptotic error bound than an isotropic one for the
same number of mesh elements.

While the regularization situation is more complicated, the same conclusion can
be reached. For example, for the choice αh = α

ani,2
h , (5.174) leads to

|u−Πku|W m,q(Ω) ≤CN−
(2−m)

d α
ani,2 +h.o.t. (5.180)

where αani,2 is the solution of

∫
Ω

det
(

I +
1

αani,2 |H(u)|
) q(2−m)

2(d+(2−m)q)
∥∥∥∥I +

1
αani,2 |H(u)|

∥∥∥∥
mqd

2(d+q(2−m))
dxxx

= 2c dq
d+q(2−m)

|Ω |, (5.181)

and bounded below and above as in (5.176). (Equation (5.181) is actually the con-
tinuous version of (5.158).) Inequality (5.176) implies that up to a multiplicative
constant, the bound in (5.180) is smaller than that in (5.179).

5.2.4 The Hessian as the monitor function

A popular choice for the monitor function (or the metric tensor) in practice (e.g., see
[54, 55, 93]) has been the Hessian of u,

MK = |HK(u)|. (5.182)
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This is largely motivated by the results of D’Azevedo [111] and D’Azevedo and
Simpson [112] on linear interpolation for quadratic functions on triangles. It is in-
structive to examine the corresponding interpolation error bound and compare it
with that for the optimal monitor function obtained in the previous subsection. For
simplicity we only consider this for the non-regularized case αh→ 0. To ensure the
positive definiteness of the monitor function we assume that u satisfies the condition
(5.150). Then for an associated M-uniform mesh, from (5.137) and the alignment
and equidistribution conditions we have

E(Th) = C∑
K
|K| ·

[
1
d

tr
(
(F
′
K)−1(F

′
K)−T

)]mq
2
[

1
d

tr
(
(F
′
K)T |HK(u)|F ′K

)]q

≤∑
K
|K| ·

[
1
d

tr
(
(F
′
K)−1|HK(u)|−1(F

′
K)−T

)]mq
2

×
[

1
d

tr
(
(F
′
K)T |HK(u)|F ′K

)]q

‖HK(u)‖
mq
2

≤ C∑
K
|K|
(
|K|det(|HK(u)|)

1
2

) q(2−m)
d ‖HK(u)‖

mq
2

= CN−
q(2−m)

2

(
∑
K
|K|det(|HK(u)|)

1
2

) q(2−m)
d
(

∑
K
|K| · ‖HK(u)‖

mq
2

)
(5.183)

and

Eh.o.t.(Th) ≤ CN−
q(2−m)

2

(
∑
K
|K|det(|HK(u)|)

1
2

) q(2−m)
d

×

(
∑
K
|K|‖HK(u)‖

mq
2 ‖H−1

K (u)‖q

)
〈H(u)−HK(u)〉qLp(K) . (5.184)

Thus,

|u−Πku|W m,q(Ω)

≤CN−
(2−m)

2

(
∑
K
|K|det(|HK(u)|)

1
2

) (2−m)
d [ (

∑
K
|K| · ‖HK(u)‖

mq
2

) 1
q

+

(
∑
K
|K|‖HK(u)‖

mq
2 ‖H−1

K (u)‖q

) 1
q

〈H(u)−HK(u)〉Lp(K)

]
. (5.185)

The N→ ∞ asymptotic behavior of this error bound has a similar analysis to that in
the previous subsection and is not given here.
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We can easily compare the bound (5.185) with the bound (5.152) for E(Th) for
the optimal monitor function defined in §5.2.3. For an M-uniform mesh associated
with the optimal monitor function (5.143) or (5.148) for the case αh→ 0, E(Th) is
bounded by

E(Th)

≤CN−
q(2−m)

d

(
∑
K
|K|det(|HK(u)|)

q(2−m)
2(d+q(2−m)) ‖HK(u)‖

mqd
2(d+q(2−m))

) d+q(2−m)
d

.(5.186)

From Hölder’s inequality,

(
∑
K
|K|det(|HK(u)|)

q(2−m)
2(d+q(2−m)) ‖HK(u)‖

mqd
2(d+q(2−m))

) d+q(2−m)
d

≤

(
∑
K
|K|det(|HK(u)|)

1
2

) q(2−m)
d
(

∑
K
|K| · ‖HK(u)‖

mq
2

)
. (5.187)

Thus, the solution-dependent factor in bound (5.186) is smaller than that in bound
(5.183). This can be seen more clearly for the case m = 0. In fact, for this case,
(5.186) becomes

E(Th)≤CN−
2q
d

(
∑
K
|K|det(|HK(u)|)

q
d+2q

) d+2q
d

(5.188)

and (5.183) reduces to

E(Th)≤CN−
2q
d

(
∑
K
|K|det(|HK(u)|)

1
2

) 2q
d

, (5.189)

with the latter involving a greater solution-dependent factor. This observation shows
that the bound associated with the Hessian monitor function (5.182) contains a
greater solution-dependent factor than that associated with the optimal monitor
function (5.148). So while the Hessian monitor function provides the information
necessary for specifying the shape and orientation of mesh elements, (5.182) is in
this sense not optimal.
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5.2.5 Summary of formulas – continuous form

For convenience we summarize the continuous form for the formulas for the opti-
mal monitor function developed in this section. This form proves especially handy
in the next chapter when we study the variational approach for generating adaptive
meshes. The reader is referred back to Table 5.1 for the physical meanings of the pa-
rameters k, l, m, p, and q. For simplicity, the subscripts “iso”, “ani,1”, and “ani,2”
are suppressed in the formulas.

The error bounds obtained in the previous subsections and adaptive meshes for
these formulations of the monitor function are examined for a number of numerical
examples in Chapter 6; e.g., see Examples 6.4.2, 6.4.3, 6.5.2, 6.5.3, 6.5.6, and 6.5.7.

(a) The isotropic case.
M =

(
1+ 1

α
‖Dlu‖lp

) 2q
d+q(l−m) I,

ρ =
(
1+ 1

α
‖Dlu‖lp

) dq
d+q(l−m) ,

α =
(

1
|Ω |
∫

Ω
‖Dlu‖

dq
d+q(l−m)
lp

dxxx
) d+q(l−m)

dq

.

(5.190)

(b) The anisotropic case with l = 1 and m = 0. A special case is piecewise
constant interpolation with the error measured in the Lq norm.

M =
(
1+ 1

α
‖∇u‖2

)− 1
d+q
[
I + 1

α
∇u∇uT

]
,

ρ =
(
1+ 1

α
‖∇u‖2

) q
2(d+q) ,

α = max

{
α̂2 〈u〉2Lp(Ω) ,

(
1
|Ω |
∫

Ω
‖∇u‖

q
d+q dxxx

) 2(d+q)
q

}
,

(5.191)

where α̂ is a given positive constant.
(c) The anisotropic case with l = 2 and m = 0 or 1. A special case is piecewise

linear interpolation with the error measured in the Lq norm or H1 semi-norm.
M = det

(
I + 1

α
|H(u)|

)− 1
d+q(2−m)

∥∥I + 1
α
|H(u)|

∥∥ mq
d+q(2−m)

[
I + 1

α
|H(u)|

]
,

ρ(xxx;α) = det
(
I + 1

α
|H(u)|

) q(2−m)
2(d+(2−m)q)

∥∥I + 1
α
|H(u)|

∥∥ mqd
2(d+q(2−m)) ,

α̃ :
∫

Ω
ρ(xxx; α̃)dxxx = 2c dq

d+q(2−m)
|Ω |,

(5.192)
α = max

{
α̂ 〈u〉Lp(Ω) , α̃

}
, (5.193)

where the constant c dq
d+q(2−m)

is defined in (B.4) and α̂ is a given positive constant.

Recall that in this anisotropic case, α̃ is defined implicitly through an algebraic
equation (cf. (5.192)).
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(d) A (non-optimal) anisotropic case.

M = |H(u)|. (5.194)

5.3 Computation of monitor functions

5.3.1 Recovery of solution derivatives

The monitor functions defined in the previous section involve solution derivatives.
However, in most practical applications only approximations to the nodal values of
the solution are known, so the problem arises of how to approximate derivatives in
terms of these nodal values. In this subsection we study two Hessian (and gradient)
recovery techniques, one based on least squares fitting (Zhang and Naga [353] and
§2.5.1) and the other based on a Galerkin formulation (Dolejšı́ [122]). Although the
techniques can work in any d-dimensions, for simplicity we restrict our discussion
to 2D. We further note that the hierarchical basis strategy discussed in §5.4.2 can
also be used for recovery of the gradient and Hessian of the solution.

The least squares fitting method. Suppose that the solution values u j, defined
at the vertices of the mesh (or triangularization) Th, are known. For a vertex xxx j =
(x j,y j), let xxx ji , i = 1, ...,N j (with N j ≥ 6 for the 6 basis functions for 2D quadratic
polynomials) be the N j neighboring vertices closest (in a connectivity sense) to xxx j,
including xxx j itself. Let x̂xx j be the center of these points, and define

Hx
j = max

i=1,...,N j
|x ji − x̂ j|, Hy

j = max
i=1,...,N j

|y ji − ŷ j|.

Denote the first three Legendre polynomials by P0(x) = 1, P1(x) = x, and P2(x) =
(2x2−1)/2. Then a quadratic polynomial in the form

q(x,y) =
2

∑
k=0

2−k

∑
l=0

ak,lPk

(
x− x̂ j

Hx
j

)
Pl

(
y− ŷ j

Hy
j

)

is determined by least squares fitting, i.e.,

min
a0,0,...,a1,1,...,a2,0

N j

∑
i=1

(q(x ji ,y ji)−u ji)
2.
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The values of the first and second derivatives of this quadratic polynomial at xxx j

are used as approximations to those of u, i.e., ∇u(xxx j) ≈ ∇q(xxx j) and H(u)(xxx j) ≈
H(q)(xxx j).

The Galerkin formulation method. Let uh be a piecewise linear approximation to
u on Th. Consider an interior vertex xxx j and denote by φ j the linear basis function
associated with xxx j. Using a lump sum and the divergence theorem, we have

∂ 2uh

∂x2 (xxx j)
∫

Ω

φ jdxxx≈
∫

Ω

∂ 2uh

∂x2 φ jdxxx =−
∫

Ω

∂uh

∂x
∂φ j

∂x
dxxx,

so
∂ 2u
∂x2 (xxx j)≈

∂ 2uh

∂x2 (xxx j)≈−
1∫

Ω
φ jdxxx

∫
Ω

∂uh

∂x
∂φ j

∂x
dxxx. (5.195)

Notice that the integrals on the right-hand side are well defined and easily com-
puted. The other second derivatives can be computed similarly. Moreover, second
derivatives at a boundary vertex can be computed similarly using integration by
parts although the fact that φ j does not vanish on ∂Ω must be taken into account.

It is easy to show that in 1D the approximation (5.195) reduces to

d2u
dx2 (x j)≈

2
x j+1− x j−1

(
u j+1−u j

x j+1− x j
−

u j−u j−1

x j− x j−1

)
. (5.196)

In this sense the Galerkin formulation approximation to the Hessian matrix can
be viewed as a multidimensional generalization of the 1D central finite difference
approximation.

5.3.2 Computation of the absolute value of Hessian matrix

As seen in §5.2.5, the absolute value of the Hessian of the function u, |H|, is involved
in the definition of the monitor function for the case l = 2. Recall from (5.6) and
(5.7) that |H| is defined as

|H|= Q diag(|λ1|, ..., |λd |) QT (5.197)

provided that the eigen-decomposition of H is

H = Q diag(λ1, ...,λd) QT , (5.198)

where Q is an orthogonal matrix and λi’s are the eigenvalues of H. The objective
of this subsection is to see how to compute |H| from a given symmetric matrix
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H ∈ Rd×d through its eigen-decomposition (5.198). We restrict our discussion to
the cases of mesh adaptation in two and three dimensions, i.e., d = 2 and d = 3.

For d = 2, write

H =
[

h11 h12

h12 h22

]
. (5.199)

When h12 = 0, H becomes diagonal and

|H|=
[
|h11| 0

0 |h22|

]
. (5.200)

For h12 6= 0, the characteristic equation of H is

λ
2− (h11 +h22)λ +(h11h22−h2

12) = 0,

the eigenvalues are

λ1,2 =
1
2

(
h11 +h22±

√
(h11−h22)2 +4h2

12

)
, (5.201)

and the corresponding eigenvectors are given by

Q =

 h12√
h2

12+(h11−λ1)2
λ2−h22√

h2
12+(h22−λ2)2

λ1−h11√
h2

12+(h11−λ1)2
h12√

h2
12+(h22−λ2)2

 . (5.202)

Having obtained the eigenvalues and eigenvectors, we can easily compute |H| from
(5.197).

The situation for d = 3 and

H =

h11 h12 h13

h12 h22 h23

h13 h23 h33

 (5.203)

is considerably more complicated. If h2
12 + h2

13 + h2
23 = 0, H becomes diagonal and

|H| is obtained by simply taking the absolute value of the diagonal entries, so we
consider the case when h2

12 +h2
13 +h2

23 > 0. It is not difficult to obtain the character-
istic equation as

λ
3 +aλ

2 +bλ + c = 0, (5.204)

where 
a =−(h11 +h22 +h33),

b =

∣∣∣∣∣h11 h12

h12 h22

∣∣∣∣∣+
∣∣∣∣∣h11 h13

h13 h33

∣∣∣∣∣+
∣∣∣∣∣h22 h23

h23 h33

∣∣∣∣∣ ,
c =−det(H).

(5.205)
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Using Cardano’s transformation λ = µ−a/3, we rewrite (5.204) as

µ
3 +(b− 1

3
a2)µ +(

2
27

a3− 1
3

ab+ c) = 0. (5.206)

Note that

b− 1
3

a2 =
1
3
(h11h22 +h11h33 +h22h33−h2

11−h2
22−h2

33)−h2
12−h2

13−h2
23

≤ −h2
12−h2

13−h2
23

< 0.

The roots of (5.206) have relatively simple form, which gives the eigenvalues
λ1 = 2

√
− 1

3 (b− 1
3 a2)cos( θ

3 )− 1
3 a,

λ2 = 2
√
− 1

3 (b− 1
3 a2)cos( θ+2π

3 )− 1
3 a,

λ3 = 2
√
− 1

3 (b− 1
3 a2)cos( θ+4π

3 )− 1
3 a,

(5.207)

where

θ = arccos

− 1
2 ( 2

27 a3− 1
3 ab+ c)√

−
( 1

3 (b− 1
3 a2)

)3

 .

To now compute Q, let

vvv =

h11−λ1

h12

h13

 .

If ‖vvv‖= 0, then

H−λ1I =

0 0 0
0 h22−λ1 h23

0 h23 h33−λ1

 ,

which is essentially the same as (5.199) and has eigenvalues 0, λ2−λ1, and λ3−λ1.
Like the 2D case, we can find an orthogonal matrix Q such that

H−λ1I = Q

0 0 0
0 λ2−λ1 0
0 0 λ3−λ1

QT ,

and then

H = Q

λ1 0 0
0 λ2 0
0 0 λ3

QT . (5.208)

Otherwise, for the case ‖vvv‖ 6= 0, we define a Householder matrix
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Q1 = I− 2
‖uuu‖2 uuuuuuT ,

where

uuu = vvv+‖vvv‖ sign(h11−λ1)

1
0
0


and sign(x) = 1 for x≥ 0 and −1 for x < 0. It follows that

Q1vvv = vvv−uuu =−‖vvv‖ sign(h11−λ1)

1
0
0

 .

Then Q1(H−λ1I) has the form

Q1(H−λ1I) =

a11 a12 a13

0 a22 a23

0 a32 a33

 ,

where a11 =−‖vvv‖ sign(h11−λ1) 6= 0. We now define

Q2 =

1 0 0
0 c2 s2

0 −s2 c2


as follows: If a2

22 +a2
32 > 0, then

c2 =
a22√

a2
22 +a2

32

, s2 =
a32√

a2
22 +a2

32

,

and we have

Q2Q1(H−λ1I) =

a11 a12 a13

0
√

a2
22 +a2

32 c2a23 + s2a33

0 0 −s2a23 + c2a33

 .

Since Q2Q1(H−λ1I) is singular, it must have the form

Q2Q1(H−λ1I) =

a11 a12 a13

0
√

a2
22 +a2

32 c2a23 + s2a33

0 0 0

 .

If a2
22 +a2

32 = 0 but a2
23 +a2

33 > 0, we define
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c2 =
a23√

a2
23 +a2

33

, s2 =
a33√

a2
23 +a2

33

and obtain

Q2Q1(H−λ1I) =

a11 a12 a13

0 0
√

a2
22 +a2

32

0 0 0

 .

If both a2
22 +a2

32 = 0 and a2
23 +a2

33 = 0, then we define

c2 = 1, s2 = 0

and have

Q2Q1(H−λ1I) =

a11 a12 a13

0 0 0
0 0 0

 .

Thus, for all three cases Q2Q1(H−λ1I) has the form

Q2Q1(H−λ1I) =

b11 b12 b13

b21 b22 b23

0 0 0

 .

Direct calculation verifies that Q2Q1(H−λ1I)QT
1 QT

2 has the same form, i.e.,

Q2Q1(H−λ1I)QT
1 QT

2 =

 c11 c12 c13

c21 c22 c23

0 0 0

 .

By symmetry it follows that

Q2Q1(H−λ1I)QT
1 QT

2 =

 c11 c12 0
c21 c22 0
0 0 0

 ,

which has eigenvalues 0, λ2−λ1, and λ3−λ1. Finally, choosing Q3 such that

QT
3 Q2Q1(H−λ1I)QT

1 QT
2 Q3 =

λ2−λ1 0 0
0 λ3−λ1 0
0 0 0


and letting Q = QT

1 QT
2 Q3, we obtain the eigen-decomposition (5.208), and then

compute |H| using (5.197).
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5.3.3 Smoothing

As in 1D, a smoother monitor function in multidimensions generally leads to a
smoother mesh. Once again, direct smoothing of the monitor function can be based
on use of the Laplace operator in the computational coordinate (cf. §2.5.2), i.e.,{

(I−β−2∆ξξξ )M̃ = M, in Ωc
∂M
∂nnn = 0, on ∂Ωc

(5.209)

where β is a positive parameter, ∆ξξξ is the Laplace operator in ξξξ , and M and M̃ are
viewed as functions on the computational domain Ωc under a continuous, global
coordinate transformation xxx = xxx(ξξξ ) : Ωc → Ω (cf. §4.3). Generally speaking, the
scheme (5.209) is not economical, and a local approximation is often used instead.
For example, for a 2D rectangular mesh, we can use (cf. (2.138))

M̃i, j =

i+p
∑

k=i−p

j+p
∑

l= j−p
γ |i−k|+| j−l|Mk,l

i+p
∑

k=i−p

j+p
∑

l= j−p
γ |i−k|+| j−l|

(5.210)

where γ ∈ (0,1) and p is a given integer. A similar scheme can be defined for a
general mesh Th. If ω j is the patch of elements which contain the j-th vertex as a
vertex, then the smoothed monitor function can be defined as

M̃(xxx j) =
1
|ω j| ∑

K∈ω j

|K|
d +1

d+1

∑
i=1

M(xxxK,i), (5.211)

where xxxK,i, i = 1, ...,d denote the vertices of K. A successful smoothing strategy can
be to consecutively repeat scheme (5.210) or (5.211) three or four times for each
step in actual computation.

5.3.4 Monitor functions for multicomponent solutions

The monitor function has thus far been considered for solutions having a single com-
ponent. When the solution has multiple components, one can construct a monitor
function based on some weighted norm of the solution vector, for instance, ∑i wiu2

i
where wi’s are weights and ui’s are the solution components. Another simple but
conservative way is to define M = M(xxx) as an intersection of the monitor functions
associated with the individual solution components. This idea is similar to that used
in §2.5.3 for the 1D case (cf. (2.150)), but the calculation of an intersection of ma-
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trices is more complicated. A numerical method for approximating the intersection
is given by Borouchaki et al. [54]. The interested reader is also referred to Van Dam
[332] for discussion on this issue.

5.4 Monitor functions based on semi–a posteriori and a
posteriori error estimates

Recall that the definition of the monitor functions in §5.2 involves derivatives of the
exact solution. In practice, these solution derivatives are approximated from a com-
puted solution (see §5.3), and in this sense the implementation of a mesh adaptation
technique associated with the monitor functions is a posteriori. Still, it is often de-
sirable to develop monitor functions directly based on a posteriori error estimates
since special features of the underlying PDE can be built into the mechanism of
mesh adaptation. A posteriori error estimation for PDEs is a large area of research,
and in this section we study two such methods suitable for mesh adaptation, one
based on residuals and edge jumps and the other based on hierarchical bases of a
finite element solution.

For simplicity, the methods are described for a 2D model problem{
−∆u = f , in Ω

u = 0, on ∂Ω
(5.212)

where Ω is a polygonal domain and f is a given function, but it should be empha-
sized that they work for other elliptic PDEs in any dimensions. Recall that the weak
formulation of (5.212) is to find u ∈ H1

0 (Ω) such that

B(u,v) = ( f ,v), ∀v ∈ H1
0 (Ω) (5.213)

where
B(u,v) =

∫
Ω

∇u ·∇vdxxx, ( f ,v) =
∫

Ω

f vdxxx.

We consider the linear finite element solution of (5.212). Let {Th} be an affine
family of triangular meshes for Ω . A linear finite element approximation uh on Th

is then defined as uh ∈S h such that

B(uh,vh) = ( f ,vh), ∀vh ∈S h (5.214)

where the linear finite element space is defined as

S h =
{

v ∈ H1
0 (Ω) | v|K ◦FK ∈ P̂≡ P1, ∀K ∈Th

}
. (5.215)
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It is easy to show that the error eh = u−uh satisfies the orthogonality condition

B(eh,vh) = 0 ∀vh ∈S h (5.216)

and the error equation

B(eh,v) = ( f ,v)−B(uh,v), ∀v ∈ H1
0 (Ω). (5.217)

5.4.1 A semi–a posteriori method

The first method is based on a semi–a posteriori error bound. The derivation of the
bound is similar to that for the a posteriori bound (2.264) in §2.9, except the current
situation is more complicated. Let Π1 be the PK-interpolation operator associated
with S h. From (5.216) and (5.217) it follows that, for any v ∈ H1

0 (Ω),

B(eh,v) = B(eh,v−Π1v)

= ( f ,v−Π1v)−B(uh,v−Π1v)

= ∑
K

∫
K

(
f (v−Π1v)−∇uh ·∇(v−Π1v)

)
dxxx.

Integrating by parts for the second term in the integral, we get

B(eh,v) = ∑
K

∫
K

(
f +∆uh

)
(v−Π1v)dxxx−∑

K

∫
∂K

∇uh ·nnnK(v−Π1v)dS, (5.218)

where nnnK denotes the unit outward normal to ∂K. Define the residual rh and edge
jump Rh as

rh(xxx) = f +∆uh, ∀xxx ∈ K, ∀K ∈Th (5.219)

Rh(xxx) =

{
∇uh|K ·nnnK +uh|K′ ·nnnK′ , ∀xxx ∈ γ, ∀γ ∈ ∂Th\∂Ω

0 otherwise
(5.220)

where ∂Th\∂Ω denotes the collection of all internal edges of Th and K and K′ are
the elements sharing common edge γ . Then (5.218) can be written as

B(eh,v) = ∑
K

∫
K

rh(v−Π1v)dxxx− ∑
γ∈∂Th

∫
γ

Rh(v−Π1v)dS

= ∑
K

(∫
K

rh(v−Π1v)dxxx− 1
2 ∑

γ∈∂K

∫
γ

Rh(v−Π1v)dS

)
.
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Taking v = eh in the above equation, using Schwarz’s inequality, and noticing that
eh−Π1eh = u−Π1u, we obtain

|eh|2H1(Ω) = B(eh,eh)

≤∑
K

(
‖rh‖L2(K)‖u−Π1u‖L2(K) +

1
2 ∑

γ∈∂K
‖Rh‖L2(γ)‖u−Π1u‖L2(γ)

)
. (5.221)

Note that this bound is semi–a posteriori since it involves the residual rh, edge jump
Rh, and interpolation error (u−Π1u) of the solution u. Once again, from Schwarz’s
inequality,

∑
γ∈∂K
‖Rh‖L2(γ)‖u−Π1u‖L2(γ)

≤

(
∑

γ∈∂K
|γ|‖Rh‖2

L2(γ)

) 1
2
(

∑
γ∈∂K

1
|γ|
‖u−Π1u‖2

L2(γ)

) 1
2

≤

(
∑

γ∈∂K
|γ|

1
2 ‖Rh‖L2(γ)

)(
∑

γ∈∂K

1
|γ|
‖u−Π1u‖2

L2(γ)

) 1
2

.

Combining this with (5.221) and applying Theorems 5.1.5 and 5.1.6, we obtain

|eh|2H1(Ω)

≤ C∑
K

(
1

|K| 12
‖rh‖L2(K) +

1
|K| ∑

γ∈∂K
|γ|

1
2 ‖Rh‖L2(γ)

)

× |K| ·
[

1
|K|

∫
K

(
tr
(
(F ′K)T |H(u)|F ′K

))2
dxxx
] 1

2

≈ C∑
K

(
1

|K| 12
‖rh‖L2(K) +

1
|K| ∑

γ∈∂K
|γ|

1
2 ‖Rh‖L2(γ)

)
|K| · tr

(
(F ′K)T |HK(u)|F ′K

)
.

A regularization of this bound with a constant αh > 0 gives

|eh|2H1(Ω)
<∼ C

(
1+

1

αh|K|
1
2
‖rh‖L2(K) +

1
αh|K| ∑

γ∈∂K
|γ|

1
2 ‖Rh‖L2(γ)

)

× |K| · tr
(

(F ′K)T
[

I +
1

αh
|HK(u)|

]
F ′K

)
. (5.222)

Following the same procedure used in §5.2, by minimizing this bound we obtain the
optimal monitor function as
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MK =

(
1+

1

αh|K|
1
2
‖rh‖L2(K) +

1
αh|K| ∑

γ∈∂K
|γ|

1
2 ‖Rh‖L2(γ)

) 2
d+2

× det
(

I +
1

αh
|HK(u)|

)− 1
d+2
[

I +
1

αh
|HK(u)|

]
. (5.223)

The regularization parameter αh can be chosen in the three ways discussed in §5.2.3.
This semi–a posteriori monitor function involves the Hessian matrix of the exact

solution, although its actual computation requires recovery of the Hessian matrix
from solution nodal approximations. The residual and the edge jump terms provide
a mechanism to incorporate the structure of the underlying PDE into the mesh adap-
tation.

It is instructive to compare this monitor function with that based on interpolation
error. Since m = 1 and q = 2, (5.143) gives

Mani,2
K =

∥∥∥∥I +
1

αh
|HK(u)|

∥∥∥∥ 2
d+2

det
(

I +
1

αh
|HK(u)|

)− 1
d+2

×
[

I +
1

αh
|HK(u)|

]
. (5.224)

Thus, the main difference lies in the first factor, which is the l2 norm of the regular-
ized Hessian matrix for Mani,2

K and a term involving rh and Rh in (5.223).

5.4.2 A hierarchical basis method

Assume that a reconstruction procedure Rh is applied to the linear finite element
solution uh (e.g., see Huang, Kamenski, and Lang [182]), and assume that it satisfies
the following two conditions:

(a)Saturation condition. There exists a constant β ∈ (0,1) such that

|u−Rhuh|H1(Ω) ≤ β |u−uh|H1(Ω). (5.225)

(b)For the PK-interpolation operator Π1 associated with S h, it holds that

Π1Rhvh = vh, ∀vh ∈S h. (5.226)

The condition (5.226) can be satisfied relatively easily, and below we describe a
reconstruction based on hierarchical bases that satisfies this condition. On the other
hand, the saturation condition implies that the reconstructed solution, Rhuh, is better
than uh. While this appears to be a natural condition, it is known to be notoriously
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difficult to prove rigorously. The condition has been used by a number of researchers
in convergence analysis of various adaptive finite element approximations; e.g., see
in Dörfler and Nochetto [126], Dörfler [125], and Achchab et al. [1].

Under these conditions, it is straightforward to show that

|u−uh|H1(Ω) ≤
1

1−β
|Rhuh−uh|H1(Ω) =

1
1−β

|Rhuh−Π1Rhuh|H1(Ω). (5.227)

That is, the finite element error is bounded by the computable interpolation error of
the reconstructed solution. If further we assume that Rhuh is piecewise quadratic,
from Theorem 5.1.5 we have

|u−uh|H1(Ω) ≤
C

1−β

[
∑
K
|K|
(

tr
(
(F ′K)T |HK(Rhuh)|F ′K

))2
] 1

2

. (5.228)

Once again, regularizing this bound with αh > 0 and minimizing it, we obtain

MK =
∥∥∥∥I +

1
αh
|HK(Rhuh)|

∥∥∥∥ 2
d+2

det
(

I +
1

αh
|HK(Rhuh)|

)− 1
d+2

×
[

I +
1

αh
|HK(Rhuh)|

]
(5.229)

as the optimal monitor function. Notice that this monitor function is almost the same
as (5.224) except that the solution u is now replaced with the reconstructed solution
Rhuh.

We can now describe a reconstruction procedure based on hierarchical basis ap-
proximation. For a given edge γ ∈ ∂Th, let the indexes of its two vertices be i and j
and the corresponding linear basis functions be φi and φ j, and define the edge bub-
ble function associated with γ by ψl = 4φiφ j. Note that ψl is piecewise quadratic,
its support is K∪K′ where K and K′ are the elements sharing common edge γ , and
it vanishes on all edges but γ . Let W h be the linear span of the bubble functions
associated with all internal edges of Th, and define zh ∈W h by

B(zh,vh) = ( f ,vh)−B(uh,vh), ∀vh ∈W h. (5.230)

The so-defined zh can be viewed as a projection of the true error eh onto the subspace
W h and thus an estimate to eh. Once zh is obtained, Rhuh is defined as

Rhuh = uh + zh. (5.231)

Since zh vanishes at vertices, we have Π1zh = 0, and thus Rh satisfies condition
(5.226).
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Despite the fact that (5.230) defines a global system so its solution can be costly,
numerical results show that a few symmetric Gauss-Seidel iterations can be suffi-
cient for producing an approximation to zh good enough for the purpose of mesh
adaptation [182].

5.5 Additional considerations for defining monitor functions

In addition to error estimates, monitor functions can also be designed based on ge-
ometric and physical considerations to meet special needs in practical computation.
In this section we discuss two such situations.

5.5.1 Monitor functions based on distance to interfaces

When applying the MMPDE moving mesh method to phase change problems,
Mackenzie and his collaborators [47, 247] employ a scalar-matrix-type monitor
function

M(xxx) =

1+
µ1√

1+ µ2
2 |xxx−xxx∗|2

 I, (5.232)

where µ1 and µ2 are user-prescribed positive parameters, and xxx∗ is the point on the
(numerical estimate of the) phase front that is closest to xxx. The purpose of this mon-
itor function is to concentrate mesh points around the phase front. It is numerically
shown that µ1 controls the minimum mesh spacing while µ2 controls the rate at
which mesh clustering occurs.

5.5.2 Monitor functions based on a reference mesh

There are a variety of situations where one needs to define a monitor function based
on an existing mesh. For example, in shape design [344] the shape changes from
time to time, and once modified, a new mesh consistent with the new boundary has
to be generated. One often wants the new mesh to be as close as possible to the
old mesh. One way to do this is to first compute the monitor function based on the
old mesh and then generate the new one using the equidistribution and alignment
conditions (4.74) and (4.75) for the computed monitor function. Another situation
where one wishes to construct a monitor function on a given mesh arises in the
numerical solution of PDEs. An adaptive mesh of possibly poor quality can often
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be generated using a simple method such as the method of characteristics (e.g.,
see Fletcher [148], Finlayson [145], and Anderson [14]). An adaptive mesh having
higher quality can then be generated using a variational method (as discussed in
Chapter 6) for the monitor function computed using the mesh of poorer quality.
A similar idea for generating adaptive meshes is used in the so-called reference
Jacobian method described in the next chapter.

Without loss of generality, we show here how to construct a monitor function
for an unstructured, affine reference mesh Th on a d-dimensional domain Ω . The
development is based on the condition (4.35):

(F
′
K)−T (F

′
K)−1 =

(
σh

N

)− 2
d

MK . (5.233)

Recall that this condition is used in §4.1 to determine an M-uniform mesh for a
given monitor function. We use it now for the converse: to determine MK where F

′
K ,

associated with the given reference mesh Th, is known. Since (5.233) is invariant
under a scaling transformation of M, i.e., M→ cM for any nonzero constant c (cf.
Theorem 4.1.2), M can only be determined from it up to a multiplicative constant.
In particular,

Mre f ,K = θ(F
′
K)−T (F

′
K)−1, ∀K ∈Th (5.234)

where θ is an arbitrary non-zero constant. However, since our ultimate goal is to
generate a new mesh satisfying (5.233), we can simply choose θ = 1 in (5.234) and
thus assume that

Mre f ,K = (F
′
K)−T (F

′
K)−1, ∀K ∈Th. (5.235)

The nodal values of M can be calculated using volume averaging. Specifically, if ω j

is the collection of the elements which have the j-th vertex as one of their vertices,
i.e., each ω j is an element patch associated with the j-th vertex, then let

Mre f , j =
∑K∈ω j |K|MK

∑K∈ω j |K|
. (5.236)

Finally, M = Mre f (xxx) can be defined as a piecewise linear function.
The monitor function for a structured mesh can be defined similarly. In continu-

ous form, we simply let
Mre f (xxx) = JJJ−TJJJ−1. (5.237)

In other words, the monitor function is defined as the metric of the inverse coordinate
transformation.
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5.6 Biographical notes

The estimates for interpolation error in §5.1 and the corresponding optimal monitor
functions have first been developed in [193]; also see [178, 179].

Beckett and Mackenzie [42] appear to be the first to use a global or integral
definition of the adaptation intensity parameter α . It is extensively studied and ex-
tended to multi-dimensions in [175, 195]. The approach used in §5.2 for defining αh

is adopted from [175].
The monitor function (5.223) has also been obtained in [183] for finite element

solution of variational problems by minimizing a bound on the variation of the un-
derlying functional. The hierarchical basis a posteriori approach in §5.4.2 was de-
veloped in [182]. Cao et al. [83] study two a posteriori strategies based on elements
and hierarchical bases for computing monitor functions in the form of scalar matri-
ces. Tang [318] uses edge jumps to define monitor functions also in a scalar matrix
form. A newer method of computing the monitor function from an edge-based a
posteriori error estimate proposed by Agouzal et al. [7] deserves special attention,
although it is unclear whether or not the computed monitor function is optimal in
some sense. A number of heuristic strategies for choosing the monitor function (or
the metric tensor) are described by Frey and George [150].

5.7 Exercises

1. Verify Lemma 5.1.1 for any diagonal matrix S = diag(λ1, ...,λd).
2. Show that the higher order terms in (5.11) and (5.14) vanish for any quadratic

polynomial u on K.
3. Derive in detail the inequality (5.38).
4. Prove the second inequality in (5.23).
5. Complete the details of the proof of Theorem 5.1.4 to show (5.43).
6. Prove (5.51).
7. Prove that equality in (5.59) holds if the mesh satisfies (5.64) and (5.65).
8. Complete the proof of Lemma 5.2.1.
9. Prove (5.108).

10. Derive the asymptotic bound (5.136).
11. Derive asymptotic bounds (5.177) and (5.178).
12. Prove inequality (5.187).
13. Show that (5.195) reduces to (5.196) in 1D.



Chapter 6
Variational Mesh Adaptation Methods

In this chapter and the following one, we discuss the general mesh generation prob-
lem. The first main class of methods we consider are variational methods. They
are applicable for either nonadaptive or adaptive mesh generation, and natural rela-
tionships between these two different goals are examined. While mesh generation
ideas generally apply for either the static or dynamic case, we often limit discus-
sion to static mesh generation since extending it to compute a dynamic mesh is
straightforward in principle using the MMPDE approach discussed in §6.1.2 (see
also see §2.3). Although variational methods have most commonly been used for
finite difference computations for structured meshes, they can also be employed for
unstructured mesh generation and adaptation (e.g., see Cao, Huang, and Russell
[81]) and for mesh smoothing (e.g., see Canann et al. [79] and Knupp [215]).

The variational approach is motivated by the fact that it is a very natural way to
formulate an elliptic mesh generation system which can incorporate mesh quality
control into the mesh adaptation. An elliptic system is advantageous for mesh gen-
eration because it generally produces a mesh with desirable smoothness properties
while allowing for specification of a complete boundary correspondence. This is in
sharp contrast to algebraic and hyperbolic mesh generators. An algebraic method
uses transfinite interpolation and generates a mesh which often lacks in smoothness,
while a hyperbolic system involves hyperbolic PDEs which only allow for speci-
fication of boundary conditions on inflow boundary segments and can produce a
non-smooth mesh if the boundary point distribution is non-smooth.

Variational methods have historically been the primary ones used for mesh gen-
eration, and a great many have been developed using a multitude of error based,
geometric, physical, and other considerations. A number of them have had good
success in applications, and they can often appear to give similar results when they
work. As pointed out by Brackbill [57], “the marginal utility of using an adaptive
grid over using a uniform grid is much greater than the marginal utility of using
one method for adaptive gridding over another. It is almost always better to use an
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adaptive grid of any kind than to use none.” On the other hand, methods can differ
significantly in reliability and robustness, depending largely upon whether or not
one can choose an appropriate monitor function. Making a suitable choice relies on
an understanding of how the monitor function influences the resulting mesh prop-
erties and how the underlying method is related to the solution error properties. A
major objective of this chapter is to understand some of these important issues for
the most commonly used methods.

With the variational approach for mesh adaptation, the adaptive meshes are gen-
erated as images of a computational mesh under a coordinate transformation be-
tween the computational and physical domains. This coordinate transformation is
determined as the minimizer of a so-called adaptation functional which is commonly
designed to measure the difficulty in the numerical approximation of the physical
solution, although it is often designed to have certain geometric mesh properties as
well. Generally, a monitor function is used to control the mesh concentration, so a
major focus is on studying how a given monitor function will effect the mesh for the
various methods.

Recall from Chapter 4 that the effects of the monitor function on the behavior of
an M-uniform mesh are characterized by the equidistribution and alignment condi-
tions (cf. Theorem 4.2.3). Moreover, it is shown in Chapter 5 that optimal monitor
functions can be chosen for M-uniform meshes based on error estimates or other
considerations. It is thus natural to consider algorithms for generating M-uniform
meshes for a given monitor function. This is the motivation for the development of
the equidistribution-and-alignment based method in §6.4. However, the equidistri-
bution and alignment conditions (as the basic principles for general mesh adapta-
tion), along with their invariances under a scaling transformation of M (cf. Theorem
4.1.2) and under rotation, translation, and dilation transformations of K̂ (cf. Theo-
rem 4.2.2) or ξξξ (cf. Theorem 4.3.2), provide basic tools for use in understanding
other methods as well.

6.1 General framework for variational methods and MMPDEs

With a variational method, the coordinate transformation needed for adaptive mesh
generation is determined as the minimizer of an adaptation functional. Although
different methods use different functionals, most of them can be cast in the same
general form (see (6.11) below). Consequently, it is convenient to discuss some
common issues before individual methods are constructed. In this spirit, the next
few sections are devoted to the study of some general topics, such as Euler-Lagrange
equations, mesh equations, boundary conditions, moving mesh PDEs (MMPDEs),
existence of minimizers, and discretization and solution of mesh equations.
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Like in Chapter 3, most discussion in this chapter is given for the 3D case. Recall
that the formulas in 2D can be obtained by setting the third base vector to be the
unit vector aaa3 = aaa3 = [0,0,1]T and dropping third components in 3D formulas; cf.
§3.1.4.

We choose the approach of solving Euler-Lagrange equations for the minimizer
of an adaptation functional. Alternatively, one could find the minimizer by first dis-
cretizing the functional and then solving the minimization problem directly; e.g.,
see Castillo [90] and Azarenok [19]. Caution should be taken for the latter approach
since many discretizations such as a central finite difference discretization can cause
problems for minimization, such as strong decoupling or loss of integral constraints
satisfied by the underlying functional [90]. (These problems typically do not arise
with the Euler-Lagrange approach.) A way to avoid these problems is to directly
form the discrete objective function by mimicking the formulation of the continu-
ous adaptation functional [91]. Regardless, the minimization problem can be solved
globally or locally using a Gauss-Seidel-type Newton iteration or a preconditioned
Krylov subspace method [288]. Direct minimization has also been used with other
objective functions or with error bounds (e.g., see [36, 28, 330, 331, 329]), but the
existence of the minimizers and their convexity properties are generally more diffi-
cult to analyze than when working with the functionals directly.

6.1.1 General adaptation functional and mesh equations

The adaptation functional can be formulated in terms of either the coordinate trans-
formation xxx = xxx(ξξξ ) : Ωc → Ω or the inverse coordinate transformation ξξξ = ξξξ (xxx) :
Ω → Ωc, where as before Ωc and Ω are the computational and physical domains,
respectively. The functional for ξξξ = ξξξ (xxx) has a general form

I[ξξξ ] =
∫

Ω

F(∇ξξξ ,ξξξ ,xxx)dxxx (6.1)

while that for xxx = xxx(ξξξ ) has a form

Î[xxx] =
∫

Ωc

F̂(∇ξξξxxx,xxx,ξξξ )dξξξ , (6.2)

where the Jacobian matrices

∇ξξξ = JJJ−1 =


∂ξ1
∂x1

∂ξ1
∂x2

∂ξ1
∂x3

∂ξ2
∂x1

∂ξ2
∂x2

∂ξ3
∂x3

∂ξ3
∂x1

∂ξ3
∂x2

∂ξ3
∂x3

 , ∇ξξξxxx = JJJ =


∂x1
∂ξ1

∂x1
∂ξ2

∂x1
∂ξ3

∂x2
∂ξ1

∂x2
∂ξ2

∂x2
∂ξ3

∂x3
∂ξ1

∂x3
∂ξ2

∂x3
∂ξ3

 . (6.3)



284 6 Variational Mesh Adaptation Methods

The determinant of JJJ, or simply the Jacobian, is J = det(JJJ).
It is important to emphasize that the functionals are mathematically equivalent

for suitable choices of the integrands F and F̂ . For example, by interchanging the
roles of independent and dependent variables xxx and ξξξ in (6.1), from (6.3) one gets

Î[xxx] =
∫

Ωc

F
(
(∇ξξξxxx)−1,ξξξ ,xxx

)
J dξξξ . (6.4)

Thus, the functional Î[xxx] is equivalent to I[ξξξ ] if its integrand is chosen as

F̂ = F
(
(∇ξξξxxx)−1,ξξξ ,xxx

)
J. (6.5)

Interestingly, most of the existing variational methods have been developed in
terms of the inverse coordinate transformation in (6.1). This partly originates from
Winslow’s early idea [341] of defining mesh lines so as to play the role of equipo-
tentials in a potential problem. For example, a 2D mesh is formed by intersecting
the “equipotentials” ξ = constant and η = constant with “potentials” satisfying
Laplace’s equations

∂ 2ξ

∂x2 +
∂ 2ξ

∂y2 = 0,
∂ 2η

∂x2 +
∂ 2η

∂y2 = 0. (6.6)

It is easy to verify that these equations constitute the Euler-Lagrange equations for
a functional of the type (6.1) in the form

I[ξ ,η ] =
∫

Ω

[(
∂ξ

∂x

)2

+
(

∂ξ

∂y

)2

+
(

∂η

∂x

)2

+
(

∂η

∂y

)2
]

dxdy. (6.7)

In practice, the roles of the independent and dependent variables in (6.6), (x,y) and
(ξ ,η), need to be interchanged because the node location is given by the mapping
x = x(ξ ,η) and y = y(ξ ,η) instead of the inverse mapping. This can be shown to
give the system

(x2
η + y2

η)xξ ξ −2(xξ xη + yξ yη)xξ η +(x2
ξ
+ y2

ξ
)xηη = 0,

(x2
η + y2

η)yξ ξ −2(xξ xη + yξ yη)yξ η +(x2
ξ
+ y2

ξ
)yηη = 0. (6.8)

Another reason for the popularity of (6.1) is the fact that the alternative system

∂ 2x
∂ξ 2 +

∂ 2x
∂η2 = 0,

∂ 2y
∂ξ 2 +

∂ 2y
∂η2 = 0, (6.9)

which corresponds to the functional
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(a) (b)

Fig. 6.1 Meshes generated using systems (a) (6.6) and (b) (6.9) for a given boundary correspon-
dence. The computational domain Ωc is taken as the unit square.

Î[x,y] =
∫

Ωc

[(
∂x
∂ξ

)2

+
(

∂x
∂η

)2

+
(

∂y
∂ξ

)2

+
(

∂y
∂η

)2
]

dξ dη (6.10)

of the type (6.2), can more easily result in a folded mesh than system (6.6) when the
physical domain is concave (e.g., see Dvinsky [129] for explanation of this along
with some specific examples). Figure 6.1 shows meshes generated using (6.6) (or
(6.8)) and using (6.9). Note that the mesh generated using (6.9) is folded.

The functionals (6.7) and (6.10) are of course not equivalent, and the price paid
for the more robust formulation is that (6.8) is much more complicated to solve than
(6.9).

Following convention we restrict our discussion to functionals of the form (6.1),
although functionals of the forms (6.1) and (6.2) can easily be transformed into each
other. Rewrite (6.1) in the slightly different form

I[ξξξ ] =
∫

Ω

F(aaa1,aaa2,aaa3,J,xxx)dxxx, (6.11)

where the functional depends explicitly upon the base vectors aaai = ∇ξi, the Jacobian
J, and the variable xxx. As we shall see, the dependence upon xxx often arises through
the monitor function M = M(xxx).

To derive the Euler-Lagrange equation for the functional, recall that

J = aaa1 · (aaa2×aaa3), J−1 = aaa1 · (aaa2×aaa3).

Letting δ be the variation operator and using the relation (3.7), we have
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δJ−1 = (δaaa1) · (aaa2×aaa3)+(δaaa2) · (aaa3×aaa1)+(δaaa3) · (aaa1×aaa2)

=
3

∑
i=1

(δaaai) · (aaa j×aaak) (i, j,k) cyclic

=
1
J

3

∑
i=1

aaai ·δaaai.

Thus, the first variation of the functional (6.11) has the form

δ I[ξξξ ] =
∫

Ω

[
3

∑
i=1

∂F
∂aaai ·δaaai +

∂F
∂J

δJ

]
dxxx

=
∫

Ω

[
3

∑
i=1

∂F
∂aaai ·δaaai− J2 ∂F

∂J
δJ−1

]
dxxx

=
∫

Ω

3

∑
i=1

[
∂F
∂aaai − J

∂F
∂J

aaai

]
·δaaaidxxx

=
∫

Ω

3

∑
i=1

[
∂F
∂aaai − J

∂F
∂J

aaai

]
·∇δξidxxx

= −
∫

Ω

3

∑
i=1

∇ ·
[

∂F
∂aaai − J

∂F
∂J

aaai

]
δξidxxx

+
∫

∂Ω

3

∑
i=1

nnn ·
[

∂F
∂aaai − J

∂F
∂J

aaai

]
δξidS, (6.12)

where Gauss’ theorem has been used in the final step. Setting the first variation to
be zero for all admissible δξi, we obtain the Euler-Lagrange equation as

−∇ ·
[

∂F
∂aaai − J

∂F
∂J

aaai

]
= 0, i = 1,2,3. (6.13)

The unknown function in (6.13) is the inverse coordinate transformation ξξξ = ξξξ (xxx),
so to obtain a mesh equation in terms of the coordinate transformation xxx = xxx(ξξξ ),
which gives the location of the mesh nodes directly (see also §3.1 and (3.38)), we
need to interchange the roles of dependent and independent variables.

From (3.9), the mesh equation (6.13) in conservative form is

−1
J ∑

j

∂

∂ξ j

[
Jaaa j · ∂F

∂aaai − J2 ∂F
∂J

aaa j ·aaai

]
= 0, i = 1,2,3 (6.14)

where aaai’s are viewed as functions of aaa j’s through the relations (3.7). Since aaa j ·aaai =
δi j (again by (3.7)), this equation simplifies to
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−1
J ∑

j

∂

∂ξ j

(
Jaaa j · ∂F

∂aaai

)
+

1
J

∂

∂ξi

(
J2 ∂F

∂J

)
= 0, i = 1,2,3. (6.15)

To derive the non-conservative form of the mesh equation, use (3.8) for ∇ in the
first term and (3.9) in the second term of (6.13), and in a similar way as for (6.15)
obtain that

−∑
j

aaa j · ∂

∂ξ j

∂F
∂aaai +

1
J

∂

∂ξi

(
J2 ∂F

∂J

)
= 0, i = 1,2,3. (6.16)

Note that
∂

∂ξ j

∂F
∂aaai = ∑

k

∂ 2F
∂aaai∂aaak

∂aaak

∂ξ j
+

∂ 2F
∂aaai∂J

∂J
∂ξ j

+
∂ 2F

∂aaai∂xxx
∂xxx
∂ξ j

, (6.17)

where the 3×3 matrices ∂ 2F
∂aaai∂aaak and ∂ 2F

∂aaai∂xxx , which are not necessarily symmetric, are
defined as(

∂ 2F
∂aaai∂aaak

)
(m,n)

=
∂ 2F

∂ (aaai)m∂ (aaak)n
,

(
∂ 2F

∂aaai∂xxx

)
(m,n)

=
∂ 2F

∂ (aaai)m∂xn
. (6.18)

Here, (aaai)m denotes the m-th component of aaai and xn the n-th component of xxx.
Completing the derivation requires the two identities

∂J
∂ξl

= ∑
i

Jaaai · ∂aaai

∂ξl
, (6.19)

∂aaai

∂ξl
=−∑

s

(
aaai · ∂aaas

∂ξl

)
aaas. (6.20)

These follow from

∂J
∂ξl

=
∂

∂ξl
aaa1 · (aaa2×aaa3)

= ∑
i

∂aaai

∂ξl
· (aaa j×aaak) (i, j,k) cyclic

= ∑
i

Jaaai · ∂aaai

∂ξl

and, from (6.19),
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∂aaai

∂ξl
=

∂

∂ξl

(
1
J

aaa j×aaak

)
(i, j,k) cyclic

= − 1
J2 (aaa j×aaak)

∂J
∂ξl

+
1
J

∂aaa j

∂ξl
×aaak +

1
J

aaa j×
∂aaak

∂ξl

= −1
J

aaai ∂J
∂ξl

+
∂aaa j

∂ξl
×
(
aaai×aaa j)+(aaak×aaai

)
× ∂aaak

∂ξl

= −aaai
[(

aaai · ∂aaai

∂ξl

)
+
(

aaa j ·
∂aaa j

∂ξl

)
+
(

aaak · ∂aaak

∂ξl

)]
+
[(

aaa j ·
∂aaa j

∂ξl

)
aaai−

(
aaai ·

∂aaa j

∂ξl

)
aaa j
]

+
[(

aaak · ∂aaak

∂ξl

)
aaai−

(
aaai · ∂aaak

∂ξl

)
aaak
]

= −
(

aaai · ∂aaai

∂ξl

)
aaai−

(
aaai ·

∂aaa j

∂ξl

)
aaa j−

(
aaai · ∂aaak

∂ξl

)
aaak

= −∑
s

(
aaai · ∂aaas

∂ξl

)
aaas.

Substituting (6.19) and (6.20) into (6.17) gives

∂

∂ξ j

∂F
∂aaai = −∑

k,s

∂ 2F
∂aaai∂aaak aaas

(
aaak · ∂aaas

∂ξ j

)
+ J ∑

s

∂ 2F
∂aaai∂J

(
aaas · ∂aaas

∂ξ j

)
+

∂ 2F
∂aaai∂xxx

∂xxx
∂ξ j

. (6.21)

Similarly, for the second term in (6.16) we have

1
J

∂

∂ξi

(
J2 ∂F

∂J

)
= J2

(
2
J

∂F
∂J

+
∂ 2F
∂J2

)
∑
s

(
aaas · ∂aaas

∂ξi

)
− J ∑

k,s

(
∂ 2F

∂J∂aaak ·aaa
s
)(

aaak · ∂aaas

∂ξi

)
+ J

∂ 2F
∂J∂xxx

· ∂xxx
∂ξi

. (6.22)

Inserting (6.21) and (6.22) into (6.16) and recalling that aaas = ∂xxx/∂ξs, we obtain
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∑
j,s

[
∑
k

(
(aaa j)T ∂ 2F

∂aaai∂aaak aaas
)

(aaak)T − J
(

(aaa j)T ∂ 2F
∂aaai∂J

)
(aaas)T

]
∂ 2xxx

∂ξ j∂ξs

−∑
j

(
(aaa j)T ∂ 2F

∂aaai∂xxx

)
∂xxx
∂ξ j

+∑
s

[
−J ∑

k

(
(aaas)T ∂ 2F

∂J∂aaak

)
(aaak)T + J2

(
2
J

∂F
∂J

+
∂ 2F
∂J2

)
(aaas)T

]
∂ 2xxx

∂ξi∂ξs

+J
(

∂ 2F
∂J∂xxx

)T
∂xxx
∂ξi

= 0, i = 1,2,3. (6.23)

These equations can be combined into a single vector equation by multiplying (6.23)
by aaai and summing over i, giving

∑
j,s

[
∑
k,i

(
(aaa j)T ∂ 2F

∂aaai∂aaak aaas
)

aaai(aaak)T − J ∑
i

(
(aaa j)T ∂ 2F

∂aaai∂J

)
aaai(aaas)T

]
∂ 2xxx

∂ξ j∂ξs

−∑
j

[
∑

i
aaai(aaa j)T ∂ 2F

∂aaai∂xxx

]
∂xxx
∂ξ j

+∑
i,s

[
−J ∑

k

(
(aaas)T ∂ 2F

∂J∂aaak

)
aaai(aaak)T + J2

(
2
J

∂F
∂J

+
∂ 2F
∂J2

)
aaai(aaas)T

]
∂ 2xxx

∂ξi∂ξs

+J ∑
i

aaai

(
∂ 2F
∂J∂xxx

)T
∂xxx
∂ξi

= 0. (6.24)

Finally, since

∑
j

[
∑

i
aaai(aaa j)T ∂ 2F

∂aaai∂xxx

]
∂xxx
∂ξ j

= ∑
j,i

aaai(aaa j)T ∂ 2F
∂aaai∂xxx

aaa j

= ∑
j,i

aaai

(
(aaa j)T ∂ 2F

∂aaai∂xxx
aaa j

)
= ∑

i
∑

j

(
(aaa j)T ∂ 2F

∂aaai∂xxx
aaa j

)
∂xxx
∂ξi

,

by rearranging the indices we can simplify (6.24) to obtain the mesh equation
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∑
i, j

[
∑
k,s

(
(aaai)T ∂ 2F

∂aaas∂aaak aaa j
)

aaas(aaak)T − J ∑
s

(
(aaai)T ∂ 2F

∂aaas∂J

)
aaas(aaa j)T

]
∂ 2xxx

∂ξi∂ξ j

−∑
i

∑
k

(
(aaak)T ∂ 2F

∂aaai∂xxx
aaak

)
∂xxx
∂ξi

+∑
i, j

[
−J ∑

k

(
(aaa j)T ∂ 2F

∂J∂aaak

)
aaai(aaak)T + J2

(
2
J

∂F
∂J

+
∂ 2F
∂J2

)
aaai(aaa j)T

]
∂ 2xxx

∂ξi∂ξ j

+J ∑
i

aaai

(
∂ 2F
∂J∂xxx

)T
∂xxx
∂ξi

= 0. (6.25)

This non-conservative equation can be written in the more concise form

∑
i, j

Ai, j
∂ 2xxx

∂ξi∂ξ j
+∑

i
Bi

∂xxx
∂ξi

= 0, (6.26)

where the coefficient matrices

Ai, j = ∑
k,s

(
(aaai)T ∂ 2F

∂aaas∂aaak aaa j
)

aaas(aaak)T − J ∑
s

(
(aaai)T ∂ 2F

∂aaas∂J

)
aaas(aaa j)T

−J ∑
k

(
(aaa j)T ∂ 2F

∂J∂aaak

)
aaai(aaak)T + J2

(
2
J

∂F
∂J

+
∂ 2F
∂J2

)
aaai(aaa j)T ,

Bi = −∑
k

(
(aaak)T ∂ 2F

∂aaai∂xxx
aaak

)
+ Jaaai

(
∂ 2F
∂J∂xxx

)T

. (6.27)

A Special Case: We derive here the form of this mesh equation for the important
special case where F has the simpler form

F(aaa1,aaa2,aaa3,J,xxx) = F1(ρ,β )+F2(ρ,J), (6.28)

where ρ(xxx) =
√

det(M(xxx)) is the mesh density function associated with a given
monitor function M = M(xxx) and

β = ∑
i
(aaai)T M−1aaai = ∑

i
(∇ξi)T M−1

∇ξi. (6.29)

As we see later in this chapter, this form characterizes many of the popular adaptive
variational methods, with these terms naturally appearing in a functional to represent
the equidistribution and alignment conditions (4.74) and (4.75). Since

∂β

∂aaas = 2M−1aaas,

we have
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∂F
∂aaas = 2

∂F1

∂β
M−1aaas,

∂ 2F
∂aaas∂aaak = 4

∂ 2F1

∂β 2

(
M−1aaas)(M−1aaak

)T
+2

∂F1

∂β
M−1

δsk.

Thus, the first term of Ai, j is

∑
k,s

(
(aaai)T ∂ 2F

∂aaas∂aaak aaa j
)

aaas(aaak)T

= 4
∂ 2F1

∂β 2 ∑
k,s

(
(aaai)T (M−1aaas)(M−1aaak

)T
aaa j
)

aaas(aaak)T

+2
∂F1

∂β
∑
k,s

(
(aaai)T M−1

δskaaa j)aaas(aaak)T

= 4
∂ 2F1

∂β 2 ∑
k,s

aaas
(
(aaas)T M−1aaai)((aaa j)T M−1aaak

)
(aaak)T

+2
∂F1

∂β
∑
k

(
(aaai)T M−1aaa j)aaak(aaak)T

= 4
∂ 2F1

∂β 2 ∑
k,s

aaas(aaas)T (M−1aaai)(M−1aaa j)T
aaak(aaak)T

+2
∂F1

∂β

(
(aaai)T M−1aaa j)

∑
k

aaak(aaak)T

= 4
∂ 2F1

∂β 2

(
M−1aaai)(M−1aaa j)T

∑
k

aaak(aaak)T +2
∂F1

∂β

(
(aaai)T M−1aaa j) I, (6.30)

where the fact that ∑k aaak(aaak)T = I is used in the last step.
Next, we calculate ∂ 2F

∂aaai∂xxx . Since

∇ = ∑
s

aaas ∂

∂ξs
and

∂

∂xn
= ∑

s
(aaas)n

∂

∂ξs
,

we have
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∂ 2F
∂aaai∂xn

=
∂

∂xn

∂F
∂aaai

=
∂

∂xn

(
2

∂F1

∂β
M−1aaai

)
= 2

∂ 2F1

∂β 2 M−1aaai ∂β

∂xn
+2

∂ 2F1

∂β∂ρ
M−1aaai ∂ρ

∂xn
+2

∂F1

∂β

∂M−1

∂xn
aaai

= 2
∂ 2F1

∂β 2 M−1aaai
∑

l
(aaal)T ∂M−1

∂xn
aaal +2

∂ 2F1

∂β∂ρ
M−1aaai ∂ρ

∂xn
+2

∂F1

∂β

∂M−1

∂xn
aaai

= 2
∂ 2F1

∂β 2 M−1aaai
∑

l
(aaal)T

∑
s
(aaas)n

∂M−1

∂ξs
aaal +2

∂ 2F1

∂β∂ρ
M−1aaai

∑
s
(aaas)n

∂ρ

∂ξs

+2
∂F1

∂β
∑
s
(aaas)n

∂M−1

∂ξs
aaai

= ∑
s

[
2

∂ 2F1

∂β 2

(
M−1aaai)(aaas)n ∑

l
(aaal)T ∂M−1

∂ξs
aaal

+2
∂ 2F1

∂β∂ρ

(
M−1aaai)(aaas)n

∂ρ

∂ξs
+2

∂F1

∂β

(
∂M−1

∂ξs
aaai
)

(aaas)n

]
and

∂ 2F
∂aaai∂xxx

= ∑
s

[
2

∂ 2F1

∂β 2

(
M−1aaai)(aaas)T

∑
l
(aaal)T ∂M−1

∂ξs
aaal

+2
∂ 2F1

∂β∂ρ

(
M−1aaai)(aaas)T ∂ρ

∂ξs
+2

∂F1

∂β

(
∂M−1

∂ξs
aaai
)

(aaas)T
]
.

Since (aaas)Taaak = δsk,
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∑
k

(
(aaak)T ∂ 2F

∂aaai∂xxx
aaak

)

= ∑
k,s

[
2

∂ 2F1

∂β 2 (aaak)T (M−1aaai)(aaas)Taaak ∑
l
(aaal)T ∂M−1

∂ξs
aaal

+2
∂ 2F1

∂β∂ρ
(aaak)T (M−1aaai)(aaas)Taaak

∂ρ

∂ξs
+2

∂F1

∂β
(aaak)T

(
∂M−1

∂ξs
aaai
)

(aaas)Taaak

]
= ∑

k

[
2

∂ 2F1

∂β 2 (aaak)T (M−1aaai)
∑

l
(aaal)T ∂M−1

∂ξk
aaal

+2
∂ 2F1

∂β∂ρ
(aaak)T (M−1aaai) ∂ρ

∂ξk
+2

∂F1

∂β
(aaak)T

(
∂M−1

∂ξk
aaai
)]

= ∑
k

[
2

∂ 2F1

∂β 2

(
(aaak)T M−1aaai

)(
∑

l
(aaal)T ∂M−1

∂ξk
aaal

)

+2
∂ 2F1

∂β∂ρ

(
(aaak)T M−1aaai

)
∂ρ

∂ξk
+2

∂F1

∂β

(
(aaak)T ∂M−1

∂ξk
aaai
)]

. (6.31)

For the term ∂ 2F
∂J∂xxx , we have

∂ 2F
∂J∂xxx

=
∂ 2F2

∂J∂ρ

∂ρ

∂xxx
=

∂ 2F2

∂J∂ρ
∑
s

aaas ∂ρ

∂ξs
,

and therefore,

∑
i

aaai

(
∂ 2F
∂J∂xxx

)T
∂xxx
∂ξi

=
∂ 2F2

∂J∂ρ
∑
i,s

aaai(aaas)T ∂ρ

∂ξs
aaai

=
∂ 2F2

∂J∂ρ
∑

i
aaai

∂ρ

∂ξi

=
∂ 2F2

∂J∂ρ
∑

i

∂ρ

∂ξi

∂xxx
∂ξi

. (6.32)

Using (6.30)–(6.32) and the fact that ∂ 2F
∂aaas∂J = 000 and ∂ 2F

∂J∂aaak = 000 for the special
functional form (6.28) under consideration, the mesh equation in non-conservative
form is
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∑
i, j

[
4

∂ 2F1

∂β 2

(
M−1aaai)(M−1aaa j)T

∑
k

aaak(aaak)T +2
∂F1

∂β

(
(aaai)T M−1aaa j) I

+J2
(

2
J

∂F2

∂J
+

∂ 2F2

∂J2

)
aaai(aaa j)T

]
∂ 2xxx

∂ξi∂ξ j

−∑
i

∑
k

[
2

∂ 2F1

∂β 2

(
(aaak)T M−1aaai

)(
∑

l
(aaal)T ∂M−1

∂ξk
aaal

)

+ 2
∂ 2F1

∂β∂ρ

(
(aaak)T M−1aaai

)
∂ρ

∂ξk
+ 2

∂F1

∂β

(
(aaak)T ∂M−1

∂ξk
aaai
)]

∂xxx
∂ξi

+ J
∂ 2F2

∂J∂ρ
∑

i

∂ρ

∂ξi

∂xxx
∂ξi

= 0. (6.33)

Writing this in the concise form (6.26), the coefficient matrices for (6.33) are

Ai j = 4
∂ 2F1

∂β 2

(
M−1aaai)(M−1aaa j)T

∑
k

aaak(aaak)T +2
∂F1

∂β

(
(aaai)T M−1aaa j) I

+J2
(

2
J

∂F2

∂J
+

∂ 2F2

∂J2

)
aaai(aaa j)T ,

Bi = −∑
k

[
2

∂ 2F1

∂β 2

(
(aaak)T M−1aaai

)(
∑

l
(aaal)T ∂M−1

∂ξk
aaal

)

+2
∂ 2F1

∂β∂ρ

(
(aaak)T M−1aaai

)
∂ρ

∂ξk
+ 2

∂F1

∂β

(
(aaak)T ∂M−1

∂ξk
aaai
)]

I

+ J
∂ 2F2

∂J∂ρ

∂ρ

∂ξi
I, (6.34)

where I is the 3×3 identity matrix.

6.1.2 Moving mesh PDEs

In this subsection we extend the above framework to the case of a time-dependent
coordinate transformation xxx = xxx(ξξξ , t) having an inverse ξξξ = ξξξ (xxx, t), which is the
typical situation arising when solving a time-dependent physical PDE. The coor-
dinate transformation can again be determined through one of the mesh equations
(6.13), (6.15), (6.25), or (6.33), but with the monitor function now time-dependent,
i.e., M = M(xxx, t). When discretized in space, these mesh equations lead to a system
of algebraic equations and form a DAE (Differential-Algebraic Equation) system
when combined with the physical PDE. As previously discussed in §2.3.1, such a
DAE system is often difficult to integrate, making it attractive to use a modified mesh
equation which involves the mesh speed, giving a system of differential equations



6.1 General framework for variational methods and MMPDEs 295

to integrate after discretization in space. This motivation has led to the development
of so-called moving mesh PDEs or MMPDEs. Recall that another reason for this
approach is that the mesh equations are highly nonlinear, and a direct application
of Newton’s iteration on an algebraic system of discretized mesh equations may en-
counter difficulty with convergence, especially when the monitor function has large
variations in space. An effective way to modify the mesh equation is often to intro-
duce a pseudo-time variable and use the continuation method on it. Thus, in either
case one encounters a mesh equation involving mesh speeds.

In §2.3, 1D MMPDEs are defined as modified gradient flow equations for the
adaptation functionals. This is also straightforward to do in the multidimensional
case. Specifically, we define an MMPDE

∂ξξξ

∂ t
=− 1

τ p(xxx, t)
δ I
δξξξ

, (6.35)

where p = p(xxx, t) is a balancing function (discussed below), τ > 0 is a user specified
parameter for adjusting the time scale of mesh movement, and δ I

δξξξ
is the functional

derivative of I with respect to the unknown function ξξξ . For the general functional
defined in (6.11), its functional derivative equals the left-hand side of (6.13), i.e.,

δ I
δξi

=−∇ ·
[

∂F
∂aaai − J

∂F
∂J

aaai

]
.

Thus, the MMPDE (6.35) is

∂ξi

∂ t
=

1
τ p(xxx, t)

∇ ·
[

∂F
∂aaai − J

∂F
∂J

aaai

]
, i = 1,2,3. (6.36)

Next, the dependent and independent variables in (6.36) are interchanged to ob-
tain an MMPDE in terms of the coordinate transformation xxx = xxx(ξξξ , t). Recalling that
the mesh speeds ẋxx and ξξξ t are related through equation (3.16), which is

ẋxx =−JJJξξξ t =−∑
i

aaai
∂ξi

∂ t
,

we obtain the semi-conservative form of the MMPDE

ẋxx =− 1
τ p(xxx, t) ∑

i
aaai∇ ·

[
∂F
∂aaai − J

∂F
∂J

aaai

]
, (6.37)

or from (6.15),

ẋxx =− 1
τJp(xxx, t) ∑

i
aaai

[
∑

j

∂

∂ξ j

(
Jaaa j · ∂F

∂aaai

)
− ∂

∂ξi

(
J2 ∂F

∂J

)]
. (6.38)
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The MMPDE can also be cast in the non-conservative form

ẋxx =
1

τ p(xxx, t)

[
∑
i, j

Ai, j
∂ 2xxx

∂ξi∂ξ j
+∑

i
Bi

∂xxx
∂ξi

]
, (6.39)

where the coefficient matrices are given in (6.27) for the general functional (6.11) or
in (6.34) for the special functional (6.28). Note that (6.37) or (6.39) can be regarded
as a multi-dimensional analogue of MMPDE5, and when it can be done without
confusion, we shall refer to this form of the multi-dimensional MMPDE as simply
MMPDE5.

Choice of the balancing function p = p(xxx, t). Ideally the function p = p(xxx, t)
should be chosen so that all the mesh points move with a uniform time scale because
an MMPDE having this time scale could be integrated numerically more easily and
more reliably with a constant value of τ . Unfortunately, it is unclear mathematically
how to make a PDE have a uniform time scale. We use here a heuristic, spatial
balance criterion from [175]; namely, p is chosen such that the coefficients in the
mesh equation, especially those of the second order derivatives, change evenly over
the spatial domain. In this way, the MMPDE behaves more like a diffusion equation
with an almost constant diffusion coefficient. For example, to spatially balance the
MMPDE (6.39) (or (6.38)), we can choose

p(xxx, t) =
√

∑
i, j
‖Ai, j‖2

F , (6.40)

where ‖·‖F denotes the Frobenius matrix norm. This choice emphasizes exclusively
the second order derivative terms of the coordinate transformation. An alternative is

p(xxx, t) =
√

∑
i, j
‖Ai, j‖2

F +∑
i
‖Bi‖2

F . (6.41)

However, since Ai, j and Bi have different dimensions, the roles they play in (6.41)
can differ significantly.

Choice of the parameter τ . The parameter τ provides a mechanism for the user
to adjust the time scale of mesh movement. The smaller τ is, the faster the mesh
responds to changes in the monitor function (and therefore, to the physical solution),
and the stiffer the MMPDE becomes. On the other hand, for a very large value
of τ , the mesh will change slowly. An optimal choice of τ often requires some
tuning. Fortunately, numerical experience shows that mesh movement is not very
sensitive to this parameter, and a value in the range [10−3,10−1] works well for most
problems. Moreover, as in the case of the numerical solution of problems having
blowup solutions, the parameter τ can be chosen to have a special dimension or to
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be dimensionless using a dimensional analysis of the underlying PDE and MMPDE
(cf. §2.8). In the latter case, a special form of MMPDE and monitor function is taken
such that choosing a proper value for the dimensionless parameter is relatively easy
and robust.

6.1.3 Boundary conditions for coordinate transformation

A complete specification of the coordinate transformation requires supplementing
the mesh equations with suitable boundary conditions. The simplest boundary con-
ditions are of Dirichlet type. If Γ is either the boundary of the entire physical domain
Ω or a portion of it, with Γc its counterpart for the computational domain Ωc, then a
Dirichlet boundary condition for Γ has the form

xxx = ggg(ξξξ , t), on Γc ⊆ ∂Ωc (6.42)

where ggg(ξξξ , t) is a given function. Boundary points specified by (6.42) are generally
not adaptive to the physical solution, and they stay fixed when ggg is independent of t.

Boundary points can also be specified through the natural boundary conditions
for the functional (6.11). Specifically, if

ψ(xxx, t) = 0 (6.43)

denotes the equation implicitly defining the boundary surface Γ , then applying the
variation operator to it gives

∇ψ(xxx, t) ·δxxx = 0, ∀xxx ∈ Γ .

Since δxxx = ∑i
∂xxx
∂ξi

= ∑i aaaiδξi and ∇ψ ∝ nnn, where nnn is the outward normal to the
surface,

∑
i
(aaai ·nnn)δξi = 0, ∀xxx ∈ Γ . (6.44)

Setting δ I[ξξξ ] = 0, (6.12) and (6.13) imply

∫
∂Ω

3

∑
i=1

nnn ·
[

∂F
∂aaai − J

∂F
∂J

aaai

]
δξidS = 0 (6.45)

for all admissible functions δξi satisfying the constraint (6.44). This can be shown
to imply that
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(aaa1 ·nnn)
(

∂F
∂aaa2 ·nnn

)
= (aaa2 ·nnn)

(
∂F
∂aaa1 ·nnn

)
, on Γ (6.46)

(aaa1 ·nnn)
(

∂F
∂aaa3 ·nnn

)
= (aaa3 ·nnn)

(
∂F
∂aaa1 ·nnn

)
, on Γ . (6.47)

The boundary point distribution on Γ is then determined from (6.46) and (6.47) and
the boundary equation (6.43).

Orthogonal boundary conditions are useful in some situations. Without loss of
generality, we assume that Γ coincides with a coordinate plane in the computational
coordinates, i.e.,

ξ1(xxx, t) = 0. (6.48)

Then the orthogonality conditions require that the two sets of coordinate surfaces

ξ2(xxx, t) = constant and ξ3(xxx, t) = constant

be orthogonal to the physical boundary represented by (6.48). This leads to

∇ξ1 ·∇ξ2 = 0, ∇ξ1 ·∇ξ3 = 0, on Γ

or
aaa1 ·aaa2 = 0, aaa1 ·aaa3 = 0 on Γ . (6.49)

An alternative way to implement orthogonal boundary conditions is to use a pro-
jection method. With this method, the locations of boundary points are obtained
by projecting the mesh points which are inside the domain but next to the physi-
cal boundary onto the boundary. This method is easy to implement and often very
effective.

Finally, boundary points can be distributed according to a lower dimensional
mesh equation or MMPDE, e.g., see [189]. To illustrate, consider the problem of
distributing the boundary points on a boundary surface Γ in 3D. A 2D mesh equa-
tion or MMPDE can be used for Γ . The monitor function needed for the 2D mesh
equation can be defined by projecting the 3D monitor function M = M(xxx) onto Γ ,
i.e.,

MΓ =
[

tttT
1

tttT
2

]
M(xxx) [ttt1,ttt2] , ∀xxx ∈ Γ (6.50)

where ttt1 and tttt are two normalized, orthogonal directions tangent to Γ .

6.2 Existence of minimizer

Aside from the obvious practical desire to properly concentrate the mesh while con-
trolling the mesh quality, there is the fundamental theoretical issue of how to select
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an adaptation functional for which the existence of a minimizer is ensured. As we
discuss in this section, this is a major reason why one cannot simply choose any
error bound for an adaptation functional. Fortuitously, however, the existence of a
minimizer for many adaptation functionals can be proven from standard theory in
calculus of variations and mathematical elasticity.

6.2.1 Convex functionals

Developing the basic existence theory requires some theoretical tools, beginning
with convex functionals for systems. Assume that Ω ⊂ R3 is a bounded, open
set with Lipschitz-continuous boundary ∂Ω . Consider an integral functional of the
form

I[www] =
∫

Ω

L(∇www,xxx)dxxx (6.51)

for function www : Ω → R3, where L : R3×3×R3 → R is a smooth function and the
gradient

∇www =


∂w1
∂x1

∂w1
∂x2

∂w1
∂x3

∂w2
∂x1

∂w2
∂x2

∂w2
∂x3

∂w3
∂x1

∂w3
∂x2

∂w3
∂x3

 .

Note that we assume here that L does not depend upon www explicitly. Moreover, while
the functional is expressed explicitly in terms of the independent variable xxx, the func-
tion www = www(xxx) can be given either in terms of the inverse coordinate transformation
ξξξ = ξξξ (xxx) or the coordinate transformation xxx = xxx(ξξξ ) (where ξξξ is the independent
variable) – cf. §6.1.1.

Ensuring existence of a minimizer can be closely associated with the concepts of
coercivity and convexity of the functional. Loosely speaking, coercivity ensures that
the functional grows rapidly as ‖∇www‖ → ∞, so there exists a bounded minimizing
sequence of functions. Convexity provides a kind of compactness guaranteeing that
the minimizing sequence has a convergent subsequence in an infinite dimensional
function space.

More specifically, for a given number p with

1 < p < ∞,

the function L (and functional I[www] in (6.51))1 is said to be coercive if there exist
constants α > 0 and β ≥ 0 such that

1 Following convention, the definitions of coercivity and of convexity for the function L and for
the corresponding functional are synonymic.
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L(P,xxx)≥ α‖P‖p−β , ∀P ∈ R3×3, xxx ∈Ω , (6.52)

where ‖ · ‖ denotes a matrix norm. The function L is said to be convex if

∑
i, j,m,n

∂ 2L
∂ pi, j∂ pm,n

(P,xxx)ξi, jξm,n ≥ 0,

∀P≡ (pi, j), Ξ ≡ (ξi j) ∈ R3×3, xxx ∈ R3. (6.53)

By convention, we call (6.52) and (6.53) the coercivity and convexity conditions,
respectively.

The coercivity condition implies that www ∈W 1,p(Ω ;R3) when I[www] < ∞. Thus, the
admissible set for a Dirichlet boundary condition can be defined as

A = {www ∈W 1,p(Ω ;R3) |www = ggg on ∂Ω}, (6.54)

where ggg ∈W 1,p(Ω ;R3) is a given function.

Theorem 6.2.1 (Existence of minimizers of convex functionals) Assume that
L = L(P,xxx) satisfies the coercivity condition (6.52) and convexity condition (6.53),
and assume further that the admissible set A is nonempty. Then there exists a min-
imizer www∗ ∈A satisfying

I[www∗] = inf
www∈A

I[www].

Proof. See Evans [137].

A uniqueness result for a minimizer, which requires a stronger convexity assump-
tion and applies for a smaller class of functionals, is given in the following theorem.

Theorem 6.2.2 (Uniqueness of minimizers of uniformly convex functionals)
Assume that L = L(P,xxx) is uniformly convex in the variable P, i.e., there exists a
constant θ > 0 such that

∑
i, j,m,n

∂ 2L
∂ pi, j∂ pm,n

(P,xxx)ξi, jξm,n ≥ θ ∑
i, j

ξ
2
i, j,

∀P≡ (pi, j), Ξ ≡ (ξi j) ∈ R3×3, xxx ∈ R3. (6.55)

Then if the admissible set A is nonempty, a minimizer www∗ ∈A of the functional I[www]
in (6.51) is unique.

Proof. See Evans [137].

The following lemma is handy for proving the convexity of a functional.
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Lemma 6.2.1 Suppose that a given function g(P,xxx) ∈C2(R3×3×R;R) is con-
vex in P and a function f ∈C2(R×R;R) satisfies

∂ f
∂g

(g(P,xxx),xxx)≥ 0,
∂ 2 f
∂g2 (g(P,xxx),xxx)≥ 0, ∀P ∈ R3×3, xxx ∈ R. (6.56)

Then the composite function f ◦g≡ f (g(P,xxx),xxx) ∈C2(R3×3;R) is convex in P.

Proof. From the chain rule,

∂ ( f ◦g)
∂ pi, j

=
∂ f
∂g

(g(P,xxx),xxx)
∂g

∂ pi, j

and

∂ 2( f ◦g)
∂ pi, j∂ pm,n

=
∂ 2 f
∂g2 (g(P,xxx),xxx)

∂g
∂ pi, j

∂g
∂ pm,n

+
∂ f
∂g

(g(P,xxx),xxx)
∂ 2g

∂ pi, j∂ pm,n
.

It follows that, for any Ξ = (ξi, j) ∈ R3×3,

∑
i, j,m,n

∂ 2( f ◦g)
∂ pi, j∂ pm,n

(P,xxx)ξi, jξm,n

= ∑
i, j,m,n

∂ 2 f
∂g2 (g(P,xxx),xxx)

∂g
∂ pi, j

(P,xxx)
∂g

∂ pm,n
(P,xxx)ξi, jξm,n

+ ∑
i, j,m,n

∂ f
∂g

(g(P,xxx),xxx)
∂ 2g

∂ pi, j∂ pm,n
(P,xxx)ξi, jξm,n

=
∂ 2 f
∂g2 (g(P,xxx),xxx)

(
∑
i, j

∂g
∂ pi, j

(P,xxx)ξi, j

)2

+
∂ f
∂g

(g(P,xxx),xxx) ∑
i, j,m,n

∂ 2g
∂ pi, j∂ pm,n

(P,xxx)ξi, jξm,n

≥ 0,

where in the last step we have used (6.56) and the convexity condition on g. Hence,
f ◦g is convex in P.

6.2.2 Polyconvex functionals

A number of adaptation functionals are of a type which, though not convex, can
nevertheless be shown to have a minimizer. The distinct features of this type of
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functional are that they explicitly involve the determinant of the gradient and are
polyconvex.

We first consider functionals whose integrand is of the form

L(P,xxx) = F(P,det(P),xxx), ∀P ∈ R3×3, xxx ∈Ω (6.57)

where F : R3×3×R×Ω → R is a smooth function. The function L is called poly-
convex if F(P,r,xxx) is convex in variables P and r, i.e.,

∑
i, j,m,n

∂ 2F
∂ pi, j∂ pm,n

(P,r,xxx)ξi, jξm,n +2∑
i, j

∂ 2F
∂ pi, j∂ r

(P,r,xxx)ξi, jη +
∂ 2F
∂ r2 (P,r,xxx)η2

≥ 0, ∀P≡ (pi, j), Ξ ≡ (ξi j) ∈ R3×3, xxx ∈ R3, r, η ∈ R. (6.58)

Theorem 6.2.3 (Existence of minimizers of polyconvex functionals) Assume
that 3 < p < ∞ (2 < p < ∞ in 2D) and F in (6.57) satisfies the coercivity condition
(6.52) and is polyconvex. If the admissible set A is nonempty, then there exists a
minimizer www∗ ∈A satisfying

I[www∗] = inf
www∈A

I[www].

Proof. See Evans [137].

Next, consider functionals with integrand of the form

L(P,xxx) = F(P,Cof(P) ,det(P),xxx), ∀P ∈ R3×3
+ , xxx ∈Ω (6.59)

where F : R3×3 × R3×3 × R+ ×Ω → R is a smooth function, R+ = (0,+∞),
R3×3

+ = {P ∈ R3×3; det(P) > 0}, and Cof(P) is the cofactor of P, which is defined
as Cof(P) = det(P)P−T if P is invertible. The motivation for considering this type
of functional is that one can show that they have a minimizer with the desired prop-
erty det(∇www) > 0, which corresponds to the (local) non-singularity of the coordinate
transformation when used in the next subsection to study mesh adaptation.

The definitions of coercivity, polyconvexity, and the admissible set are extended
to this type of functional as follows: A functional in (6.51) with L in (6.59) is coer-
cive if there exist constants α > 0, β , p > 1, q > 1, and s > 1 such that

L(P,xxx)≥ α (‖P‖p +‖Cof(P)‖q +det(P)s)+β , ∀P ∈ R3×3
+ , xxx ∈Ω . (6.60)

The function L is polyconvex if F(P,Q,r,xxx) is convex in the variables P ∈ R3×3,
Q ∈ R3×3, and r ∈ R+. For ∂Ω = ΓD∪ΓN with |ΓD|> 0, from (6.60) we define the
admissible set as
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A =
{

www1,p(Ω ;R3) : Cof(∇www) ∈ Lq(Ω); det(∇www) ∈ Ls(Ω);

www = g on ΓD; det(∇www) > 0 a.e. in Ω

}
. (6.61)

Theorem 6.2.4 (Existence of minimizers of polyconvex functionals) Assume
that L has the form (6.59), satisfies the coercivity condition (6.60) with p ≥ 2, q ≥

p
p−1 , and s > 1, and is polyconvex. Assume further that L satisfies

lim
det(P)→0+

L(P,xxx) = +∞. (6.62)

If the admissible set A defined in (6.61) is nonempty, then there exists a minimizer
www∗ ∈A satisfying

I[www∗] = inf
www∈A

I[www].

Proof. See Ciarlet [105].

6.2.3 Examples of convex and polyconvex mesh adaptation
functionals

In this subsection we study several mesh adaptation functionals which are coercive
and convex or polyconvex. These functionals are formulated in terms of the inverse
coordinate transformation. The correspondences between the general notation in the
two previous subsections and that for the examples here are as follows:

www = www(xxx) ←→ ξξξ = ξξξ (xxx)
∇www ←→ ∇ξξξ = JJJ−1 ←→ P
Cof(∇www) ←→ Cof(JJJ−1) = 1

J JJJT ←→ Q = Cof(P)
det(∇www) ←→ det(JJJ−1) = J−1 ←→ r.

(6.63)

For theoretical purpose we assume here that the monitor function is chosen such
that

mI ≤M(xxx)≤ mI, ∀xxx ∈Ω (6.64)

for two positive constants m and m.

Example 6.2.1 Suppose that L is given by

L(∇ξξξ ,xxx) = w(xxx)
(
tr
(
JJJ−1M−1JJJ−T )) p

2 , (6.65)
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where p ≥ 2 and w = w(xxx) is a given strictly positive function, i.e., w(xxx) ≥ w > 0.
Recall that

JJJ−T = ∇ξξξ
T = [∇ξ1,∇ξ2,∇ξ3] .

From the definition of β in (6.29),

tr
(
JJJ−1M−1JJJ−T )= ∑

i
∇ξ

T
i M−1

∇ξi ≡ β (JJJ−1), (6.66)

so the corresponding adaptation functional can be expressed by

I[ξξξ ] =
∫

Ω

w(xxx)

(
∑

i
∇ξ

T
i M−1

∇ξi

) p
2

dxxx. (6.67)

Since

β (P) = tr
(
PM−1PT )= ∑

i
[pi,1, pi,2, pi,3]M−1

 pi,1

pi,2

pi,3

 (6.68)

for any P ∈ R3×3, it follows from (6.64) that

L(P,xxx) = w(xxx)(β (P))
p
2

≥ wm−
p
2

∑
i
[pi,1, pi,2, pi,3]

 pi,1

pi,2

pi,3


p
2

= wm−
p
2 ‖P‖p

F .

Thus, L satisfies the coercivity condition (6.52).
Moreover, for any Ξ = (ξi, j) ∈ R3×3,

∑
i, j,k,l

∂ 2β (P)
∂ pi, j∂ pk,l

ξi, jξk,l = 2∑
i
[ξi,1 ξi,2 ξi,3]M−1

 ξi,1

ξi,2

ξi,3

≥ 2m−1‖Ξ‖2
F ,

which implies that β (P) is uniformly convex. The convexity of L follows from
Lemma 6.2.1.

Hence, the mesh adaptation functional (6.67) is coercive and convex. From Theo-
rem 6.2.1, if the admissible set A defined in (6.54) is nonempty, then the functional
has a minimizer in A .

Example 6.2.2 Consider the integrand L for I[ξξξ ] =
∫

Ω
L(∇ξξξ ,xxx)dxxx now of the

special form (6.28), i.e.,
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L(∇ξξξ ,xxx) = F1(ρ,β (JJJ−1))+F2(ρ,J), (6.69)

where ρ(xxx) =
√

det(M) and β (JJJ−1) = ∑i(∇ξi)T M−1∇ξi (cf. (6.29)).
From the previous example, β (P) is uniformly convex. Thus, if

∂F1

∂β
(ρ,β )≥ 0,

∂ 2F1

∂β 2 (ρ,β )≥ 0,
∂ 2

∂ r2 F2(ρ,
1
r
)≥ 0,

∀ρ, β ∈ R+, r ∈ R (6.70)

then Lemma 6.2.1 and (6.58) imply that the function (6.69) is polyconvex. If, for
some constants C > 0 and p > d (where d = 2 for 2D and d = 3 for 3D), F1 and F2

further satisfy

F1(ρ,β )≥Cβ
p
2 , F2(ρ,

1
r
)≥ 0, ∀ρ, β ∈ R+, r ∈ R (6.71)

then L satisfies the coercivity condition (6.52). From Theorem 6.2.3, the functional
I[ξξξ ] associated with (6.69) has a minimizer provided that the admissible set A is
nonempty.

An important case is the functional

I[ξξξ ] =
∫

Ω

ρ

(
∑

i
(∇ξi)T M−1

∇ξi

)d

+
ρ

(Jρ)2

dxxx, (6.72)

which is an adaptation functional developed directly based on equidistribution and
alignment – see (6.113) in §6.4. It can be cast in the form (6.69) with

F1(ρ,β ) = ρβ
p
2 , F2(ρ,

1
r
) =

r2

ρ
, p = 2d.

It is easily verified that they satisfy (6.70) and (6.71), so the functional (6.72) is
coercive and polyconvex.

Example 6.2.3 The adaptation functional motivated by stored energy functions
for hyperelastic materials [105] has the integrand

L(P,xxx) = F(P,Cof(P),det(P),xxx) (6.73)

= w1(xxx)
(
tr
(
PM−1PT )) p

2 +w2(xxx)
(
tr
(
Cof(PM−1PT )

)) q
2

+ w3(xxx)det(P)s +w4(xxx)det(P)−t , ∀P ∈ R3×3
+ , xxx ∈Ω . (6.74)

Here, wi(xxx)≥ wi > 0, i = 1, ...,4 are given strictly positive functions and p, q, s, and
t are constants satisfying
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p≥ 2, q≥ p
p−1

, s > 1, t > 0. (6.75)

Note that
lim

det(P)→0+
L(P,xxx) = +∞.

Using the same procedure for proving the coercivity of β (P) as in Example 6.2.1 we
can show that L(P,xxx) satisfies the coercivity condition (6.60). Furthermore, given
the function F = F(P,Q,r,xxx) : R3×3 ×R3×3 ×R+ ×Ω −→ R in (6.73), for any
Ξ = (ξi, j),Φ = (φi, j) ∈ R3×3, η ∈ R, and xxx ∈ R3 we can show

∑
i, j,m,n

∂ 2F
∂ pi, j∂ pm,n

ξi, jξm,n + ∑
i, j,m,n

∂ 2F
∂qi, j∂qm,n

φi, jφm,n +
∂ 2F
∂ r2 η

2

+ ∑
i, j,m,n

∂ 2F
∂ pi, j∂qm,n

ξi, jφm,n +∑
i, j

∂ 2F
∂ pi, j∂ r

ξi, jη +∑
i, j

∂ 2F
∂qi, j∂ r

φi, jη ≥ 0. (6.76)

This is because the last three terms are zero, the first two terms are greater than zero
(due to the fact that F is convex in P and in Q), and

∂ 2F
∂ r2 η

2 =
[
s(s−1)w3(xxx)rs−2 + t(t +1)w4(xxx)r−t−2]

η
2 ≥ 0,

∀r ∈ R+, xxx ∈ R3, η ∈ R.

Inequality (6.76) implies that L is polyconvex.
Combining the above results, we conclude from Theorem 6.2.4 that the func-

tional for (6.73) has a minimizer in the admissible set A defined in (6.61) as long as
the set is nonempty. It is emphasized that such a minimizer satisfies det(∇www) > 0 for
almost every point in Ω , meaning that the coordinate transformation is nonsingular
locally for all points in Ω except for a zero-measure subset.

6.3 Discretization and solution procedures

In this section, discretizations of the MMPDEs given in §5.1 and some solution
procedures are studied. Those for the time-independent mesh equations (6.15) and
(6.26) will not be considered separately since their solutions can be obtained as
steady-state solutions of the corresponding MMPDEs. Moreover, as previously
mentioned, Newton’s method to solve the highly nonlinear mesh equations often
fails to converge. A better solution approach is generally to use a continuation
method, which amounts to simply solving the MMPDEs, where time serves as a
natural choice for the continuation parameter.
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Both finite difference and finite element methods are considered for spatial dis-
cretization of the MMPDEs. For temporal discretization, only the two simplest in-
tegration schemes, Euler’s method and the backward Euler method, are considered.
This is in part because the MMPDEs are only auxiliary equations for which it is nor-
mally unnecessary to integrate to high accuracy. Euler’s method and other explicit
schemes have the advantage that only the evaluation of the residual is required. On
the other hand, the backward Euler method and other implicit schemes, which re-
quire solving systems of nonlinear equations, have better stability properties and
allow larger time steps.

It is assumed that a suitable underlying monitor function has been chosen. For
simplicity, only the two-dimensional case is considered, but extension to three di-
mensions is straightforward.

6.3.1 Finite difference methods

Finite difference discretization of the MMPDEs bears much similarity to that for the
physical PDEs discussed in §3.2. Specifically, we assume without loss of generality
that the computational domain Ωc is taken as the unit square and a rectangular mesh
is given thereon, i.e.,

T c
h : ξ j = ( j−1)∆ξ , ηk = (k−1)∆η , j = 1, ...,J, k = 1, ...,K,

where ∆ξ = 1/(J− 1), ∆η = 1/(K− 1) for given positive integers J and K. The
goal is to compute the corresponding structured moving mesh

Th(t) : (x j,k(t),y j,k(t)) = (x(ξ j,ηk, t),y(ξ j,ηk, t)), j = 1, ...,J, k = 1, ...,K,

(6.77)
expressed in terms of a coordinate transformation (x,y) = (x(ξ ,η , t),y(ξ ,η , t)) :
Ωc→Ω at time step t = tn+1, assuming that the mesh Th(tn) = {(x j,k(tn),y j,k(tn))}
at the previous time step t = tn and the monitor function M = M(x,y, t) are known.

Spatial finite difference discretization can be based on the MMPDE in the semi-
conservative form (6.38) or in the non-conservative form (6.39). The MMPDE
(6.38) has the 2D form

−τJp(x,y, t)
[

ẋ
ẏ

]
= aaa1

[
∂

∂ξ

(
Jaaa1 · ∂F

∂aaa1

)
+

∂

∂η

(
Jaaa2 · ∂F

∂aaa1

)
− ∂

∂ξ

(
J2 ∂F

∂J

)]
+aaa2

[
∂

∂ξ

(
Jaaa1 · ∂F

∂aaa2

)
+

∂

∂η

(
Jaaa2 · ∂F

∂aaa2

)
− ∂

∂η

(
J2 ∂F

∂J

)]
, (6.78)
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while the 2D form of (6.39) is

τ p(x,y, t)
[

ẋ
ẏ

]
= A

[
x
y

]
. (6.79)

Here the differentiation operator

A = A1,1
∂ 2

∂ξ 2 +(A1,2 +A2,1)
∂ 2

∂ξ ∂η
+A2,2

∂ 2

∂η2 +B1
∂

∂ξ
+B2

∂

∂η
(6.80)

and the coefficient matrices are given in (6.27), or in (6.34) for the special case of
(6.28). Since the spatial finite difference discretization of (6.78) and (6.79) can be
done as in §3.2, we for brevity only outline what is involved.

First, the base vectors aaa1, aaa2, aaa1, and aaa2 can be discretized as in (3.56) and
through the relations (3.28) and (3.29). Second, to avoid wide finite difference sten-
cils, the outer differentiation operators in (6.78) can be approximated using central
finite differences based on half points. For instance,

∂

∂ξ

(
Jaaa1 · ∂F

∂aaa1

)∣∣∣∣
j,k
≈ 1

∆ξ

[(
Jaaa1 · ∂F

∂aaa1

)∣∣∣∣
j+ 1

2 ,k
−
(

Jaaa1 · ∂F
∂aaa1

)∣∣∣∣
j− 1

2 ,k

]
.

Third, the balancing function p(x,y, t) for (6.79) can be chosen as in (6.40) or (6.41).
For (6.78), computational experience has indicated that it can often suffice to instead
only calculate some of the diagonal entries of the coefficient matrices. For instance,
in the case of F in (6.28), a reasonable choice (cf. (6.34)) is

p(x,y, t) = 2
∣∣∣∣∂F1

∂β

∣∣∣∣√((aaa1)T M−1aaa1)2 +(aaa2)T M−1aaa2)2. (6.81)

For time discretizations of the MMPDEs (6.78) and (6.79), Euler’s method is
simple and easy to implement, requiring only the evaluation of the right-hand-side
terms. It is easiest for the semi-conservative form (6.78) because of the simpler
formulation.

For the backward Euler method, Newton’s iteration can in theory be used for
solving the resulting nonlinear system of equations. However, the computation of
the Jacobian matrix of the algebraic system can be quite time consuming. One rem-
edy is to use a different linearization. For example, for the MMPDE (6.79), the
coefficient matrices can be calculated at the current time t = tn and the backward
Euler method applied only to the linear part. This leads to

τ p(xn,yn, tn)
∆ tn

[
xn+1− xn

yn+1− yn

]
= An

[
xn+1

yn+1

]
, (6.82)

for ∆ tn = tn+1− tn and
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An = An
1,1

∂ 2

∂ξ 2 +(An
1,2 +An

2,1)
∂ 2

∂ξ ∂η
+An

2,2
∂ 2

∂η2 +Bn
1

∂

∂ξ
+Bn

2
∂

∂η
, (6.83)

where superscript n (or n+1) indicates a quantity evaluated at t = tn (or t = tn+1).
The situation for the MMPDE (6.78) is slightly more complicated. Denoting the

right-hand-side term of (6.78) by rhs, after dividing by J the discretization corre-
sponding to the above is

τ p(xn,yn, tn)
∆ tn

[
xn+1− xn

yn+1− yn

]
=− rhs

J

∣∣∣∣n+1

, (6.84)

where for simplicity the balancing factor is calculated at t = tn. Linearizing the
right-hand side about (x,y) = (xn,yn) yields

− rhs
J

∣∣∣∣n+1

≈− rhs
J

∣∣∣∣n + J

(
− rhs

J

)∣∣∣∣n [ xn+1− xn

yn+1− yn

]
,

where J (−rhs/J) denotes the Jacobian matrix of the function −rhs/J. Inserting
this into (6.84), one obtains a linearly implicit scheme

τ p(xn,yn, tn)
∆ tn

[
xn+1− xn

yn+1− yn

]
=− rhs

J

∣∣∣∣n + J

(
− rhs

J

)∣∣∣∣n [ xn+1− xn

yn+1− yn

]
. (6.85)

Compared to the full backward Euler scheme, this scheme has the same accuracy
and only slightly worse stability. Most importantly, the Jacobian matrix can often be
replaced with a simple approximation and still maintain a suitable level of accuracy
and stability. For example, comparing (6.78) and (6.79) one sees that

− rhs
J

= A
[

x
y

]
.

If the Jacobian matrix is approximated by

J

(
− rhs

J

)∣∣∣∣n ≈ An, (6.86)

then the scheme becomes

τ p(xn,yn, tn)
∆ tn

[
xn+1− xn

yn+1− yn

]
=− rhs

J

∣∣∣∣n +An
[

xn+1− xn

yn+1− yn

]
. (6.87)

Further simplifications are possible, such as replacing A with only the second-order
terms

A := A1,1
∂ 2

∂ξ 2 +(A1,2 +A2,1)
∂ 2

∂ξ ∂η
+A2,2

∂ 2

∂η2 , (6.88)
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or for (6.28), by only some of the second-order terms, such as (cf. (6.34))

A := 2
∂F1

∂β
I
[ (

(aaa1)T M−1aaa1) ∂ 2

∂ξ 2 +2
(
(aaa1)T M−1aaa2) ∂ 2

∂ξ ∂η

+
(
(aaa2)T M−1aaa2) ∂ 2

∂η2

]
. (6.89)

Interestingly, the linearly implicit scheme (6.87) can be viewed as an explicit
Euler discretization of the MMPDE

−J
(

τ p(x,y, t)I−∆ tnA
) [ ẋ

ẏ

]
= aaa1

[
∂

∂ξ

(
Jaaa1 · ∂F

∂aaa1

)
+

∂

∂η

(
Jaaa2 · ∂F

∂aaa1

)
− ∂

∂ξ

(
J2 ∂F

∂J

)]
+ aaa2

[
∂

∂ξ

(
Jaaa1 · ∂F

∂aaa2

)
+

∂

∂η

(
Jaaa2 · ∂F

∂aaa2

)
− ∂

∂η

(
J2 ∂F

∂J

)]
, (6.90)

where the differentiation operator A is given in (6.80) (or (6.88) or (6.89)). This
MMPDE has a similar structure to MMPDE4 in 1D (see (2.54)).

We conclude this subsection with brief comments about two practical issues.
First, the system of algebraic equations resulting from an implicit discretization of
the MMPDE can generally be solved efficiently using an iterative method such as
GMRES (Generalized Minimal RESidual method) [289] or BiCGStab (BiConju-
gate Gradients STABilized method) [161, 334], together with preconditioning. A
commonly used preconditioner is an ILU (Incomplete Lower-Upper triangular ma-
trix decomposition) preconditioner – e.g., see [288]. Second, there are a variety of
possible implementations of boundary conditions, as discussed in §6.1.3. Gener-
ally speaking, Dirichlet boundary conditions are the easiest to implement. In con-
trast, difficulty often occurs with a direct implementation of Neumann or orthogo-
nal boundary conditions. A major problem is that boundary points move out of the
boundary of the domain, partly because of the fact that corner points have to be
fixed during the calculation. Since Dirichlet boundary conditions are not adaptive in
general, they are not suitable for problems needing boundary adaptation. Numerical
experience has shown that it can be preferable to implement adaptive boundary con-
ditions in two steps. In the first step, the boundary points are redistributed using a
low-dimensional MMPDE or an orthogonal projection method (for which boundary
points are obtained by projecting the adjacent inside mesh points to the boundary).
In the next step, the mesh equation supplemented with Dirichlet boundary condi-
tions specified at these new boundary points is solved for interior mesh points.
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6.3.2 Finite element methods

In this subsection, we consider finite element discretizations of the MMPDEs.
Like the finite difference discretizations, they can be based on either the semi-
conservative form (6.37) or the non-conservative form (6.39). Unlike for finite dif-
ferences, the finite element formulations incorporate the boundary data in the (in-
tegral) formulations. For simplicity, we shall only consider the case of Dirichlet
boundary conditions. If vvv(x,y) is an arbitrary admissible, vector-valued test function
which vanishes on the boundary of Ω , then the weak formulations of the MMPDEs
are given by ∫

Ω

τ p(xxx, t)(ẋxx ·vvv)dxxx = ∑
i

∫
Ω

[
∂F
∂aaai − J

∂F
∂J

aaai

]
·∇(aaai ·vvv)dxxx (6.91)

and ∫
Ωc

τ p(xxx, t)(ẋxx ·vvv)dξξξ

=−∑
i, j

∫
Ωc

∂xxx
∂ξi
· ∂

∂ξ j
(Ai, jvvv)dξξξ +∑

i

∫
Ωc

∂xxx
∂ξi
· (Bivvv)dξξξ . (6.92)

Finite element spatial discretizations for (6.91) and (6.92) can be done in the
standard way (cf. §3.3). Specifically, if T c

h is an affine family of quasi-uniform
triangulations of the computational domain Ωc and Th(t) is the corresponding time-
dependent triangulation of Ω having the same connectivity as T c

h , then for a given
approximation space Sc,h on T c

h with basis {ψc, j}, the finite element approximation
to the coordinate transformation has the representation

xxxh = ∑
j

xxx j(t)ψc, j(ξξξ ), ẋxxh = ∑
j

ẋxx j(t)ψc, j(ξξξ ), (6.93)

where xxx j and ẋxx j are the node location and corresponding mesh speed. For the ap-
proximation space Sc,h

0 = {v |v ∈ Sc,h, v|∂Ωc = 0} defined on the computational
domain, the finite element solution of (6.91) is determined by suitable boundary
conditions (resulting from the boundary correspondence between Ω and Ωc) and∫

Ω

τ p(xxx, t)
(

ẋxxh ·vvv
)

dxxx

= ∑
i

∫
Ω

[
∂F
∂aaai − J

∂F
∂J

aaai

]
·∇(aaai ·vvv)dxxx, ∀vvv ∈ Sc,h

0 ×·· ·×Sc,h
0 , (6.94)

where the base vectors aaai and aaai are calculated using (6.93) (i.e., aaai ≈ ∂xxxh

∂ξi
) and (3.7).

The finite element solution of (6.92) can be defined similarly.
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The finite element discretizations (6.94) can be straightforwardly integrated in
time using Euler’s scheme or the backward Euler scheme for the implicit tempo-
ral discretization, and any of the approximate Jacobian matrices discussed in the
previous subsection can be used in the iterative solution of the resulting algebraic
systems.

6.4 Methods based on equidistribution and alignment conditions

Recall from Chapter 4 that the basic properties of an M-uniform mesh – the size,
shape, and orientation of mesh elements – can be specified through a monitor func-
tion (cf. Theorem 4.2.3). Moreover, it is shown in Chapter 5 that the optimal monitor
function can be defined for M-uniform meshes based on an interpolation or solution
error. It is thus natural to formulate a variational method for generating M-uniform
meshes, with the monitor function chosen based on the error analysis. We use here
the approach of [176] for developing such a method. Specifically, two functionals
are developed from the equidistribution and alignment conditions for an M-uniform
mesh, and the final adaptation functional for the method is defined as a linear com-
bination of them.

6.4.1 Functional for mesh alignment

The functional is developed based on (4.80), a continuous form of the alignment
condition. Denote the eigenvalues of JJJ−1M−1JJJ−T by λ1, ..., λd . Recalling that

tr
(
JJJ−1M−1JJJ−T )= ∑

i
λi, det

(
JJJ−1M−1JJJ−T )= ∏

i
λi, (6.95)

we can rewrite (4.80) as

1
d ∑

i
λi =

(
∏

i
λi

) 1
d

. (6.96)

From the arithmetic-mean geometric-mean inequality (cf. Theorem B.0.11), the ge-
ometric mean of the eigenvalues is less than or equal to their geometric mean, i.e.,(

∏
i

λi

) 1
d

≤ 1
d ∑

i
λi. (6.97)

This implies that the coordinate transformation satisfying the alignment condition
(6.96) can be obtained by minimizing the difference between the two sides of in-
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equality (6.97). Since ∇ξξξ = JJJ−1,

∑
i

λi = tr(JJJ−1M−1JJJ−T ) = ∑
i
(∇ξi)T M−1

∇ξi, (6.98)

and

∏
i

λi = det(JJJ−1M−1JJJ−T ) =
1

(Jρ)2 , (6.99)

where J = det(JJJ) and ρ =
√

det(M). Thus, (6.97) becomes(
1

(Jρ)2

) 1
d
≤ 1

d ∑
i
(∇ξi)T M−1

∇ξi,

or equivalently

d
d
2

J
≤ ρ

(
∑

i
(∇ξi)T M−1

∇ξi

) d
2

. (6.100)

Integrating over the physical domain yields

d
d
2

∫
Ωc

dξξξ ≤
∫

Ω

ρ

(
∑

i
(∇ξi)T M−1

∇ξi

) d
2

dxxx.

Hence, the adaptation functional associated with mesh alignment for the inverse
coordinate transformation ξξξ = ξξξ (xxx) can be defined as

Iali[ξξξ ] =
1
2

∫
Ω

ρ

(
∑

i
(∇ξi)T M−1

∇ξi

) d
2

dxxx. (6.101)

The functional in (6.101) can also be derived using the concept of conformal
norm in differential geometry, and for this reason the alignment is called the isotropy
or conformity condition

in [176]. Moreover, in two dimensions (d = 2), (6.101) gives the energy of a
harmonic mapping – see §6.5.2 and [129] .

6.4.2 Functional for equidistribution

Consider now the equidistribution condition (4.74). From Theorem A.0.3 one ob-
tains that for any γ > 1,
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1
σ

∫
Ω

ρ

(Jρ)γ
dxxx
)1/γ

=
(

1
σ

∫
Ω

ρ

(
1

Jρ

)γ

dxxx
)1/γ

≥ 1
σ

∫
Ω

ρ

(
1

Jρ

)
dxxx =

1
σ

∫
Ωc

dξ , (6.102)

with equality if and only if (4.74) holds. (Recall that σ =
∫

Ω
ρdxxx.) Thus, the adap-

tation functional defined using the equidistribution condition (4.74) has the general
form

Ieq[ξξξ ] =
∫

Ω

ρ

(Jρ)γ
dxxx, (6.103)

where the parameter γ > 1.

6.4.3 Mesh adaptation functional

Recall that M-uniform meshes satisfy both the equidistribution and alignment con-
ditions (4.74) and (4.75). To generate such meshes, it is thus natural to combine the
functionals developed in the two previous subsections. To this end, taking the γ-th
power on both sides of (6.100), dividing by ργ−1, and integrating over Ω , one gets

d
dγ

2

∫
Ω

ρ

(Jρ)γ
dxxx≤

∫
Ω

ρ

(
∑

i
(∇ξi)T M−1

∇ξi

) dγ

2

dxxx. (6.104)

Taking the γ-th power in (6.102), it follows that

σ
1−γ

(∫
Ωc

dξξξ

)γ

≤
∫

Ω

ρ

(Jρ)γ
dxxx. (6.105)

The differences between the two sides of (6.104) and (6.105) can be balanced by
taking

θ

∫
Ω

ρ

(
∑

i
(∇ξi)T M−1

∇ξi

) dγ

2

dxxx−d
dγ

2

∫
Ω

ρ

(Jρ)γ
dxxx


+ (1−θ)d

dγ

2

[∫
Ω

ρ

(Jρ)γ
dxxx−σ

1−γ

(∫
Ωc

dξξξ

)γ]
(6.106)

for a given value θ ∈ [0,1]. Thus, we obtain the adaptation functional



6.4 Methods based on equidistribution and alignment conditions 315

IHua[ξξξ ;θ ,γ] = θ

∫
Ω

ρ

(
∑

i
(∇ξi)T M−1

∇ξi

) dγ

2

dxxx−d
dγ

2

∫
Ω

ρ

(Jρ)γ
dxxx


+ (1−θ)d

dγ

2

∫
Ω

ρ

(Jρ)γ
dxxx, (6.107)

= θ

∫
Ω

ρ

(
∑

i
(∇ξi)T M−1

∇ξi

) dγ

2

dxxx

+(1−2θ)d
dγ

2

∫
Ω

ρ

(Jρ)γ
dxxx, (6.108)

for parameters θ ∈ [0,1] and γ > 1, where ρ =
√

det(M) and J = det(JJJ). The first
term of IHua in (6.107) corresponds to the alignment requirement and, in particular,
reduces to a functional equivalent to Iali in (6.101) when γ = 1.2 The second term
in the functional is the same as (6.103), which represents the equidistribution re-
quirement. By design, the terms have the same dimension, and the balance between
equidistribution and alignment is controlled by the dimensionless parameter θ .

The functional (6.108) can be shown to have invariance properties corresponding
to those for the equidistribution and alignment conditions (cf. Theorems 4.1.2 and
4.3.2).

Theorem 6.4.1 Functional (6.108) is invariant in the sense of functional equiv-
alence under a scaling transformation of M and under rotation, translation, and
dilation transformations of ξξξ .

Proof. Notice that (6.108) can be rewritten as

IHua[ξξξ ;θ ,γ] = θ

∫
Ω

ρ
(
tr
(
JJJ−1M−1JJJ−T )) dγ

2 dxxx

+(1−2θ)d
dγ

2

∫
Ω

ρ det
(
JJJ−1M−1JJJ−T ) γ

2 dxxx. (6.109)

When M changes to cM for some positive constant c, ρ changes to c
d
2 ρ . With the

new monitor function, the functional takes the form

Ĩ[ξξξ ] = c
d(1−γ)

2

[
θ

∫
Ω

ρ
(
tr
(
JJJ−1M−1JJJ−T )) dγ

2 dxxx

+(1−2θ)d
dγ

2

∫
Ω

ρ det
(
JJJ−1M−1JJJ−T ) γ

2 dxxx
]
,

which is obviously equivalent to the original functional (6.108).

2 For a given boundary condition, functionals are said to be equivalent if they have the same
minimizers.
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The invariance of (6.108) under a translation transformation of ξξξ is clear. Con-
sider rotation and dilation transformations of ξξξ , i.e.,

ξξξ = cQξ̃ξξ , (6.110)

where c is a positive constant and Q is a constant orthogonal matrix. By the chain
rule,

JJJ =
∂xxx
∂ξξξ

=
∂xxx

∂ξ̃ξξ

∂ξ̃ξξ

∂ξξξ
= J̃JJ(cQ)−1,

which gives
JJJ−1 = cQJ̃JJ−1

. (6.111)

Thus,

I[ξξξ ] = cdγ

[
θ

∫
Ω

ρ

(
tr
(

QJ̃JJ−1M−1J̃JJ−T QT
)) dγ

2
dxxx

+(1−2θ)d
dγ

2

∫
Ω

ρ det
(

Q̃JJJ−1M−1J̃JJ−T QT
) γ

2
dxxx
]

= cdγ

[
θ

∫
Ω

ρ

(
tr
(

J̃JJ−1M−1J̃JJ−T
)) dγ

2
dxxx

+(1−2θ)d
dγ

2

∫
Ω

ρ det
(

J̃JJ−1M−1J̃JJ−T
) γ

2
dxxx
]

= cdγ I[ξ̃ξξ ],

and we conclude that (6.107), and therefore (6.108), is invariant under rotation and
dilation transformations of ξξξ .

We now consider two special cases of (6.108). (i) For θ = 1/2, only the first term
remains, leaving the simpler functional

IHua[ξξξ ;0.5,γ] =
1
2

∫
Ω

ρ

(
∑

i
(∇ξi)T M−1

∇ξi

) dγ

2

dxxx. (6.112)

This is in turn a special case of the functional in Example 6.2.1. When dγ/2≥ 1, it is
coercive and convex and has at least a minimizer in the admissible set A defined in
(6.54) provided that A is nonempty. In practice, (6.112) may not sufficiently weight
the equidistribution portion, necessitating use of (6.108) with a smaller value of θ

than 1/2. (ii) In [176] θ = 0.1 is used and found to work well for all problems tested.
It is also recommended in [176] that γ = 2, in which case (6.108) becomes
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IHua[ξξξ ;θ ] := IHua[ξξξ ;θ ,2] = θ

∫
Ω

ρ

(
∑

i
(∇ξi)T M−1

∇ξi

)d

dxxx

+ (1−2θ)dd
∫

Ω

ρ

(Jρ)2 dxxx. (6.113)

This functional is of the form considered in Example 6.2.2 and is essentially the
same as (6.72). It follows from that example that (6.113) is coercive and polyconvex
for θ ∈ (0, 1

2 ), and thus the existence of its minimizers is guaranteed by Theorem
6.2.3.3 The integrand of (6.113) can be written in the form (6.28), with

F(aaa1,aaa2,aaa3,J,xxx) = F1(ρ,β )+F2(ρ,J) = θρβ
d +(1−2θ)dd ρ

(Jρ)2 . (6.114)

Thus, the partial derivatives required for the MMPDEs (6.37) and (6.39) (with co-
efficient matrices in (6.34)) are given by

∂F
∂aaai = 2 ∂F1

∂β
M−1aaai = 2dθρβ d−1M−1aaai,

∂F
∂J = ∂F2

∂J =−2(1−2θ)ddρ−1J−3,
∂F1
∂β

= dθρβ d−1, ∂ 2F1
∂β 2 = d(d−1)θρβ d−2, ∂ 2F1

∂β∂ρ
= dθβ d−1,

∂F2
∂J =−2(1−2θ)ddρ−1J−3, ∂ 2F2

∂J2 = 6(1−2θ)ddρ−1J−4,
∂ 2F2
∂J∂ρ

= 2(1−2θ)ddρ−2J−3.

(6.115)

We re-emphasize that minimizing a functional of the form (6.108) or (6.113)
serves as a balance between the goals of satisfying the equidistribution and align-
ment conditions. The influence of the monitor function on the structure of the re-
sulting (approximately) M-uniform mesh is clear: the shape and orientation of mesh
cells are determined from M through (4.75) or (4.29) while the cell size is deter-
mined through (4.74) or (4.28). Moreover, as discussed in Chapter 5, the monitor
function can be chosen with the goal of minimizing an interpolation error or an a
posteriori estimate of the solution error.

6.4.4 Another mesh adaptation functional

In a similar way as above we can also develop a functional of the form (6.74) given
in Example 6.2.3 based on equidistribution and alignment. To see this, we start with
(6.108) or (6.109) using new dimensionless constant weights θ1 and θ3: for any
given γ > 1,

3 The existence of minimizer can also be proven for the more general functional form (6.108) for
positive even integer γ but not other values of γ . This is because J−1 is not necessarily positive and
the second term is not convex about J−1.
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θ1

[
ρ
(
tr
(
JJJ−1M−1JJJ−T )) dγ

2 −d
dγ

2 ρdet
(
JJJ−1M−1JJJ−T ) γ

2

]
+θ3 d

dγ

2 ρ det
(
JJJ−1M−1JJJ−T ) γ

2

= θ1 ρ
(
tr
(
JJJ−1M−1JJJ−T )) dγ

2 +(θ3−θ1)d
dγ

2 ρ det
(
JJJ−1M−1JJJ−T ) γ

2 . (6.116)

These terms, based on the alignment and equidistribution conditions, also corre-
spond to the first and third terms in (6.74), respectively (where p = dγ , s = γ , and
P = JJJ−1). For the second term, note that

Cof(PM−1PT ) = Cof(JJJ−1M−1JJJ−T ) = (Jρ)−2JJJT MJJJ.

Taking q = dγ/(d− 1) in (6.74), then q ≥ p/(p− 1) = dγ/(dγ − 1) so the second
condition of (6.75) is satisfied. It follows from the arithmetic-mean geometric-mean
inequality that

(
tr
(
Cof(PM−1PT )

)) q
2 = (Jρ)−

dγ

d−1
(
tr
(
JJJT MJJJ

)) dγ

2(d−1)

≥ (Jρ)−
dγ

d−1

(
d det

(
JJJT MJJJ

) 1
d

) dγ

2(d−1)

= d
dγ

2(d−1) (Jρ)−γ

= d
dγ

2(d−1) det
(
JJJ−1M−1JJJ−T ) γ

2 .

Thus, an integrand which corresponds to the alignment condition and has the form
of the second term of (6.74) is

θ2

[
d

dγ(d−2)
2(d−1) ρ(Jρ)−

dγ

d−1
(
tr
(
JJJT MJJJ

)) dγ

2(d−1) −d
dγ

2 det
(
JJJ−1M−1JJJ−T ) γ

2

]
, (6.117)

where θ2 is a dimensionless constant weight. Finally, for the last term of (6.74), we
notice that for any ν > 0,

det
(
JJJ−1M−1JJJ−T )− ν

2 = (Jρ)ν .

From Theorem A.0.3,(
1
σ

∫
Ω

ρ(Jρ)ν dxxx
) 1

ν

≥
(

1
σ

∫
Ω

ρ(Jρ)−1dxxx
)−1

=
(
|Ωc|

σ

)−1

, (6.118)

with equality if and only if Jρ = constant. Thus, an integrand which is both asso-
ciated with the equidistribution condition and of the form of the last term of (6.74)
is

θ4

σ γ+ν
ρ(Jρ)ν =

θ4

σ γ+ν
ρdet

(
JJJ−1M−1JJJ−T )− ν

2 , (6.119)
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where θ4 is a dimensionless constant weight and the factor involving σ =
∫

Ω
ρdxxx has

been added to make this integrand have the same dimension as the others. Adding
the terms in (6.116), (6.117), and (6.119), we get

I[ξξξ ;θ1,θ2.θ3,θ4] = θ1

∫
Ω

ρ
(
tr
(
JJJ−1M−1JJJ−T )) dγ

2 dxxx

+ θ2 d
dγ(d−2)
2(d−1)

∫
Ω

ρ

(Jρ)
dγ

d−1

(
tr
(
JJJT MJJJ

)) dγ

2(d−1) dxxx

+ (θ3−θ1−θ2) d
dγ

2

∫
Ω

ρ det
(
JJJ−1M−1JJJ−T ) γ

2 dxxx

+
θ4

σ γ+ν

∫
Ω

ρ det
(
JJJ−1M−1JJJ−T )− ν

2 dxxx, (6.120)

where γ > 1, ν > 0, and θ1, ..., θ4 are dimensionless constant weights. Note that this
functional can be rewritten as

I[ξξξ ;θ1,θ2.θ3,θ4]

= θ1

∫
Ω

ρ

(
∑

i
(∇ξi)T M−1

∇ξi

) dγ

2

dxxx

+ θ2 d
dγ(d−2)
2(d−1)

∫
Ω

ρ

(Jρ)
dγ

d−1

(
∑

i

(
∂xxx
∂ξi

)T

M
∂xxx
∂ξi

) dγ

2(d−1)

dxxx

+ (θ3−θ1−θ2) d
dγ

2

∫
Ω

ρ

(Jρ)γ
dxxx+

θ4

σ γ+ν

∫
Ω

ρ (Jρ)ν dxxx, (6.121)

It is easy to verify that this functional, like (6.108), is also invariant under a scal-
ing transformation of M and rotation, translation, and dilation transformations of
the computational coordinate ξξξ . This functional is more complicated than (6.108),
but this complexity may be worthwhile for some applications. Recall from Example
6.2.3 that the functional satisfies the conditions of Theorem 6.2.4 and has a mini-
mizer in the admissible set A defined in (6.61) if A is nonempty and the positive
weights satisfy

θ3−θ1−θ2 > 0. (6.122)

Since the minimizer satisfies J = det(JJJ) > 0 almost everywhere in Ω , this coordinate
transformation is guaranteed to be nonsingular. Such theoretical guarantees can be
rare to obtain for many variational methods, including (6.108), although no singular
meshes have been observed numerically for this latter approach when the equations
are properly discretized and solved.
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6.4.5 Numerical examples

In this subsection we present four examples for which the functions or monitor
functions are given explicitly. Numerical results are obtained with MMPDE5 in
the form (6.39) for the functionals (6.101) and (6.113), which are discretized using
finite differences in space and the (modified) backward Euler scheme (cf. (6.82) and
(6.83)). The resulting linear systems are solved using the GMRES iterative method,
preconditioned with the level-one fill-in ILU (incomplete LU) preconditioner [288].
The balancing function is taken as in (6.40), and τ = 1 in the first two examples
(for generating adaptive meshes for given functions), and τ = 10−2 for the third
and fourth (where time-dependent monitor functions are used). The boundary point
distribution is computed using a 1D MMPDE. The computational domain is taken
as the unit square with a uniform mesh of size J×K (with J = K).

Example 6.4.1 In our first example an adaptive mesh is generated for the mon-
itor function

M(x,y) = ρ(x,y)2vvvvvvT +vvv⊥(vvv⊥)T , ∀(x,y) ∈Ω = (0,1)× (0,1) (6.123)

where vvv = (v1,v2)T is a constant normal vector, vvv⊥ = (v2,−v1)T , and

ρ(x,y) = 1+100exp
(
−50

∣∣∣∣y− 1
2
− 1

4
sin(2πx)

∣∣∣∣) . (6.124)

It is easy to see that this monitor function has the two eigenpairs (ρ2, vvv) and (1, vvv⊥).
Both functionals (6.101) and (6.113) are used for this example. Recall that

(6.101) is associated with the alignment condition (4.75) (and also reduces to the
harmonic mapping method discussed in §6.5.2) for this 2D case). The function ρ is
chosen to illustrate mesh alignment with a monitor function. Indeed, it is expected
that a minimizer of (6.101) satisfies (4.75) approximately in an integral sense. Notic-
ing that ρ(x,y) has a bump around the curve

y− 1
2
− 1

4
sin(2πx) = 0, (6.125)

from Theorem 4.2.3 we anticipate that hvvv(K)/hvvv⊥(K) ≈ 1/ρ for mesh elements in
regions around the curves and hvvv(K)/hvvv⊥(K) ≈ 1 for elements in other regions,
where hvvv(K) and hvvv⊥(K) denote the lengths of element K along directions vvv and vvv⊥,
respectively. Meshes obtained with vvv = (1,0)T , (0,1)T , and (1/

√
2,1/
√

2)T , shown
in Figure 6.2(a), 6.3(a), and 6.4(a), respectively, do indeed show mesh alignment
with the monitor function.. For example, in Figure 6.2(a) mesh elements around
the curve (6.125) (depicted as a solid line) are thinner in the x-direction than in the
y-direction, and other elements are much more regular. This is consistent with the
above analysis since vvv = (0,1)T , hvvv(K)/hvvv⊥(K) = hx(K)/hy(K)≈ 1/ρ for elements
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around the curve, where hx(K) and hy(K) are the lengths of K in the x and y direc-
tions, respectively. However, one can also see from the figures that the mesh density
is not necessarily higher around the curve. This is because functional (6.101) associ-
ated with alignment does not take into consideration equidistribution, so there is no
guarantee that the mesh density is higher in regions where ρ =

√
det(M) is larger.

To emphasize this, we have also plotted alongside these figures the meshes obtained
with functional (6.113) (with θ = 0.1). As expected, those meshes have a higher
mesh density but somewhat weaker alignment around the curve. Interestingly, in the
regions marked by “O” the mesh elements have much better alignment and concen-
tration than in other regions along the curve. A common feature of these regions
is that the eigenvalue ρ2 has the greatest change (a bump) in the eigendirection vvv.
As we shall see, this is consistent with the qualitative analysis given in §6.5.1, even
though the functional (6.113) cannot be cast in the form considered there ((6.139)).

This last observation suggests using a monitor function of the form

M =
f (ψ)
‖∇ψ‖2 ∇ψ(∇ψ)T +∇ψ

⊥(∇ψ
⊥)T = I +

f (ψ)−1
‖∇ψ‖2 ∇ψ(∇ψ)T (6.126)

to obtain a mesh with good alignment and concentration around a curve defined by
ψ(xxx) = 0.4 Here, ∇ψ⊥ denotes a vector perpendicular to and of the same length as
∇ψ , and f (ψ) is a function of the distance from a given point to ψ(xxx) = 0 that is
greater than one and increases as the distance tends to zero. The monitor function
(6.126) can also be used to concentrate mesh points in regions where an arbitrary
function ψ(xxx) has the largest gradient. In such a case, the function f can be defined
as f (ψ) = 1+‖∇ψ‖2.

Using the modified monitor function (6.126) for f = ρ in (6.124) and ψ(x,y) =
y− 1

2 −
1
4 sin(2πx) in (6.125), we have

M = I +
ρ2−1
‖∇ψ‖2 ∇ψ(∇ψ)T . (6.127)

Meshes obtained using (6.101) and (6.113) with this monitor function are shown
in Figure 6.5. Now mesh alignment and concentration improve for both functionals,
and the mesh in Figure 6.5(b) obtained with (6.113) (with θ = 0.1) shows both good
alignment and concentration.

For the remaining examples in this subsection, we only consider a functional
having an equidistribution component, viz., (6.113) with θ = .1, and solve by inte-
grating MMPDE5 in (6.39) from t = 0 to t = 1, unless stated otherwise.

Example 6.4.2 The goal here is to generate an adaptive mesh for the function

4 A similar form of the monitor function is also suggested for the generalized variable diffusion
and harmonic mapping methods – see (6.148), (6.152), and (6.160).
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Fig. 6.2 Example 6.4.1. Adaptive meshes are generated using functionals (a) (6.101) and (b)
(6.113) (with θ = 0.1) for monitor function (6.123) with vvv = (1,0)T . The curve (6.125) is shown
as a solid line.
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Fig. 6.3 Example 6.4.1. Adaptive meshes are generated using functionals (a) (6.101) and (b)
(6.113) (with θ = 0.1) for monitor function (6.123) with vvv = (0,1)T . The curve (6.125) is shown
as a solid line.

u = tanh
(

100
(

(x− 1
2
)2 +(y− 1

2
)2− 1

16

))
(6.128)

for (x,y) ∈Ω = (0,1)× (0,1). Figure 6.6 shows that the adaptive meshes obtained
with monitor functions (5.190) and (5.192) are nearly the same. This is because the
function (6.128) exhibits no strong anisotropic behavior, and the monitor function
(5.192) thus leads to an almost isotropic mesh. The balancing effect of θ between
alignment and equidistribution can be seen from Figure 6.7 and 6.8 (a) and (b) where
adaptive meshes and the maximum norm of the alignment and equidistribution qual-
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Fig. 6.4 Example 6.4.1. Adaptive meshes are generated using functionals (a) (6.101) and (b)
(6.113) (θ = 0.1) for monitor function (6.123) with vvv = ( 1√

2
, 1√

2
)T . The curve (6.125) is shown as

a solid line.
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Fig. 6.5 Example 6.4.1. Adaptive meshes are generated using functionals (a) (6.101) and (b)
(6.113) (θ = 0.1) for monitor function (6.127). The curve (6.125) is shown as a solid line.

ity measures obtained with various values of θ are given. The convergence history
plotted in Figure 6.8(c) shows that the linear interpolation error in the H1 semi-norm
decreases at a rate of first order as J = K increases, confirming the analysis in §5.2.

Example 6.4.3 In this example, an adaptive mesh is generated for the function

u = tanh(100y)− tanh(50(2x−2y−1)), ∀(x,y) ∈Ω = (0,1)× (0,1) (6.129)



324 6 Variational Mesh Adaptation Methods

(a)

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

(b)

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

Fig. 6.6 Example 6.4.2. Adaptive meshes are obtained with functional (6.113) (θ = 0.1) using (a)
scalar monitor function (5.190) and (b) monitor function (5.192) (with parameters p = q = 2, l = 2,
and m = 1). The solid circles in the plots indicate the position of the steep jump in the solution.

which models the interaction of a boundary layer and an oblique shock wave. Adap-
tive meshes obtained with monitor functions (5.190) and (5.192) are shown in Figure
6.9. Notice that the solution exhibits strong anisotropic behavior in the boundary and
interior layers. Consequently, meshes obtained with monitor function (5.192) have
a better alignment in the layer regions than those obtained with the scalar monitor
function (5.190) and lead to a smaller interpolation errors (cf. Figure 6.10). Adaptive
meshes obtained with different values of θ are shown in Figure 6.11.

Example 6.4.4 Here, a moving mesh is generated for the monitor function M =
ρ(x,y, t)I with

ρ(x,y, t) = 1+10exp

(
−50

∣∣∣∣∣
(

x− 1
2
− 1

4
cos(2πt)

)2

+
(

y− 1
2
− 1

4
sin(2πt)

)2

−
(

1
10

)2
∣∣∣∣∣
)

(6.130)

for (x,y)∈Ω = (0,1)×(0,1) and t ∈ [0,1]. An adaptive initial mesh is generated for
M = ρ(x,y,0)I using the same procedure as in the previous two examples. Then the
moving mesh equation (6.39) is integrated with τ = 0.01. The mesh of size 41×41
at t = 0, 0.25, 0.5, and 0.75 is shown in Figure 6.12.
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Fig. 6.7 Example 6.4.2. Adaptive meshes are obtained using the monitor function (5.192) with
functional (6.113) for (a) θ = 0.5, (b) θ = 0.1, and (c) θ = 0.01. The solid circles in the plots
indicate the position of the steep jump in the solution.

6.5 Methods based on physical and geometric models

A number of variational methods have been developed based on other geometric and
physical considerations. They are commonly designed to mimic a physical process
or a geometric model, and most of them are not directly related to the equidis-
tribution and alignment conditions or to an error analysis. As a result, it is often
challenging to understand how the monitor function influences the behavior of a re-
sulting mesh and thus how to decide when one choice of a monitor function is more
appropriate than another.



326 6 Variational Mesh Adaptation Methods

(a)

 0

 1

 2

 3

 4

 5

 20  40  60  80  100  120  140  160

m
ax

_Q
al

i

J=K

theta=0.5
theta=0.1

theta=0.01

(b)

 0

 1

 2

 3

 4

 5

 20  40  60  80  100  120  140  160

m
ax

_Q
eq

J=K

theta=0.5
theta=0.1

theta=0.01

(c)

 0.1

 1

 10

 10  100

H
1 

no
rm

 o
f e

rr
or

J=K

-1

theta=0.5
theta=0.1

theta=0.01

Fig. 6.8 Example 6.4.2. Numerical results are obtained with functional (6.113) and monitor func-
tion (5.192). (a) The maximum norm of the alignment quality measure; (b) the maximum norm of
the equidistribution quality measure; (c) The H1 semi-norm of linear interpolation error.

6.5.1 Variable diffusion methods

One of the earliest mesh generation methods is the variable diffusion method pro-
posed by Winslow [342]. It employs the elliptic system of differential equations

−∇ ·
(

1
w

∇ξi

)
= 0, i = 1,2, ...,d (6.131)

for generating an adaptive mesh, where w = w(xxx) > 0 is a given weight function.
This is a (steady-state) diffusion equation, mimicking a diffusion process where a
heterogeneous diffusion coefficient results in an uneven concentration distribution.
The goal here is to obtain a non-uniform distribution of constant coordinate lines (or
surfaces in 3D) ξi = constant, and thus to achieve mesh adaptivity using a weight
function w = w(xxx) which depends upon the physical solution.

The equation (6.131) is the Euler-Lagrange equation for the functional

IWin[ξξξ ] =
1
2

∫
Ω

1
w ∑

i
(∇ξi)T

∇ξidxxx, (6.132)

which is of the form (6.11) for the special case (6.28) with

F1(ρ,β ) =
1
2 ∑

i
(∇ξi)T M−1

∇ξi =
1
2

β , F2(ρ,J) = 0, (6.133)
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Fig. 6.9 Example 6.4.3. Adaptive meshes are obtained with functional (6.113) (with θ = 0.1) and
(a) scalar monitor function (5.190) and (c) monitor function (5.192) (with parameters p = q = 2,
l = 2, and m = 1). Plots (b) and (d) are snapshots of the shock regions for (a) and (c), respectively.

and
M = w(xxx)I. (6.134)

The MMPDEs (6.37) and (6.39) (with coefficient matrices in (6.34)) have a partic-
ularly simple form for this method. Specifically, (6.37) becomes

ẋxx =− 1
τ p(xxx, t) ∑

i
aaai∇ ·

(
M−1aaai) (6.135)

and the coefficients for (6.39) are

Ai j =
(
(aaai)T M−1aaa j) I,

Bi = I ∑
k

(
(aaak)T ∂M−1

∂ξk
aaai
)

. (6.136)
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Fig. 6.10 Example 6.4.3. Convergence history of linear interpolation error in H1 semi-norm is
shown for adaptive meshes obtained with functional (6.113) (with θ = 0.1) and scalar and non-
scalar monitor functions (5.190) and (5.192).
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Fig. 6.11 Example 6.4.3. Adaptive meshes are obtained with functional (6.113) for (a) θ = 0.5,
(b) θ = 0.1, and (c) θ = 0.01. The monitor function (5.192) is used.
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Fig. 6.12 Example 6.4.4. A moving mesh of size 41×41, obtained using MMPDE5 (6.39) (with
τ = 0.01) and functional (6.113) (with θ = 0.1), is shown at different time instants.

It is interesting to contrast the functional IWin[ξξξ ] with the alignment functional
Iali[ξξξ ] in (6.101) or the special case (6.112) of the functional (6.108) in the last sec-
tion. Since it lacks the integration weight term ρ , (6.132) cannot be simply viewed
as a functional associated with the alignment condition for a scalar-matrix monitor
function M = wI. A qualitative analysis of the influence of the monitor function on
the behavior of a resulting mesh is given below for a general functional (6.139),
which includes (6.132) as a special case.

The construction of the functional IWin[ξξξ ] is motivated by physical considera-
tions and has no explicit relation to an error analysis. As a consequence, there is
no obvious optimal choice for the weight function w = w(xxx). Generally speaking, w
should be chosen to depend upon the physical solution v = v(xxx) in such a way that
it is large in regions where more mesh nodes are needed. A simple choice is
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w =
√

1+ |∇v|2. (6.137)

A more sophisticated choice is the monitor function in (5.190) of §5.2,

w(xxx) =
[

1+
1
α
‖Dlv‖lp

] 2q
d+q(l−m)

, (6.138)

where α is defined in (5.190) and the physical meanings of l, m, p, and q are given
in Table 5.1.

Recall that it is based on an isotropic bound on the interpolation error. Regard-
less of how the scalar function w = w(xxx) is chosen, the mesh adaptation in (6.132) is
isotropic since all directions are treated equally. It is thus unsuitable for applications
where the physical solution exhibits a strong anisotropic behavior and a correspond-
ing anisotropic mesh adaptation is desired. To enable this feature, a matrix-valued
diffusion coefficient is used [82], giving the generalized variable diffusion method

ICHR[ξξξ ] =
1
2

∫
Ω

∑
i
(∇ξi)T M−1

∇ξidxxx, (6.139)

where M = M(xxx) is now a general symmetric, positive definite matrix. It is not
difficult to see that this functional is invariant under a scaling transformation of
M and/or rotation, translation, and dilation transformations of the computational
coordinate ξξξ . Moreover, it is coercive and uniformly convex, so the existence and
uniqueness of its minimizer are guaranteed by Theorems 6.2.1 and 6.2.2.

The following qualitative analysis, adapted from [82], helps to provide an un-
derstanding of the influence of M on the mesh behavior and thereby to determine
how to choose an appropriate monitor function M. The description is split into three
parts.

(i) Influence of source terms on solution behavior for elliptic PDEs. Our basic
tool for providing insight into the solution behavior for elliptic PDEs will be Green’s
function (e.g., see Courant and Hilbert [106] and Protter and Weinberger [276]).
Using it, we derive a result which is used to gain an understanding of the influence
of the monitor function on the mesh behavior.

Consider the differential operator

L = ∑
i j

ai j(xxx)
∂ 2

∂xi∂x j
+∑

i
bi(xxx)

∂

∂xi
, xxx ∈Ω ⊂ Rd (6.140)

where the coefficients ai j = a ji and bi are continuous in Ω and satisfy the uniform
ellipticity condition: there exists a constant θ > 0 such that
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∑
i j

ai j(xxx)ξiξ j ≥ θ |ξξξ |2, ∀ξξξ ∈ Rd , ∀xxx ∈Ω .

If the boundary ∂Ω is sufficiently smooth, then Green’s function for the differential
operator L, denoted by G = G (xxx,yyy), exists in Ω . Moreover, G has the following
properties:

G (xxx,yyy) = G (yyy,xxx) > 0, ∀xxx ∈Ω , ∀yyy ∈Ω ;

G (xxx,yyy) = 0, ∀xxx ∈ ∂Ω , ∀yyy ∈Ω ;

G (xxx,yyy)→ |xxx−yyy|2−d , as xxx→ yyy for d > 2;

G (xxx,yyy)→− log |xxx−yyy|, as xxx→ yyy for d = 2.

The solution u(xxx) for the Dirichlet boundary value problem

L[u] = f in Ω , u = h on ∂Ω , (6.141)

can be expressed in terms of Green’s function as

u(xxx) =−
∫

Ω

f (yyy)G (xxx,yyy)dyyy−
∫

∂Ω

h(yyy)
∂G

∂nnn
(xxx,yyy)dS, (6.142)

where ∂G
∂nnn denotes the directional derivative of G along the outward normal nnn to ∂Ω .

To examine the effect of f on the behavior of u, let v be the solution of the
corresponding homogeneous problem

L[v] = 0 in Ω , v = h on ∂Ω . (6.143)

Clearly,

v(xxx) =−
∫

∂Ω

h(yyy)
∂G

∂nnn
(xxx,yyy)dS, (6.144)

and it follows from (6.142) and the positivity of G that

f ≥ 0 in Ω ⇒ u≤ v in Ω .

This result is a direct conclusion of the well-known comparison theorem [106]. Its
geometric meaning is that u-contour lines (or surfaces when d > 2) are shifted along
the direction of increasing u from the “uniform, reference” v-contour lines. This can
be seen by noticing that the inequality u ≤ v in Ω implies that for any constant c,
the line u(xxx) = c lies in the region v≥ c. The shift of u-contour lines is illustrated in
Figure 6.13.

The situation becomes more complicated when f changes sign in Ω . To see this,
consider first an extreme (point charge) case with

f (xxx) = δ (xxx−xxx1)−δ (xxx−xxx2), (6.145)
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Fig. 6.13 A sketch of shifts of u-contour lines from reference v-contour lines for the case f ≥ 0.
(Cao et al. [82]. c©1999 Society for Industrial and Applied Mathematics. Reprinted with permis-
sion. All rights reserved.)
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Fig. 6.14 Compression and expansion of u-contour lines caused by the two-point source term
(6.145). Compression occurs when the increasing u direction coincides with the direction where
f changes from positive to negative. (Cao et al. [82]. c©1999 Society for Industrial and Applied
Mathematics. Reprinted with permission. All rights reserved.)

where xxx1 and xxx2 are two distinct points in the domain and δ is the Dirac delta func-
tion. The solution to the boundary value problem (6.141) is now

u(xxx) =−G (xxx,xxx1)+G (xxx,xxx2)+ v(xxx).

Since G (xxx,yyy)→ +∞ as xxx→ yyy, the behavior of u near xxx1 and xxx2 is dominated by
−G (xxx,xxx1) and G (xxx,xxx2), respectively. Thus, u-contour lines shift in the increasing u
direction near xxx1 and in the decreasing u direction near xxx2. If xxx1 and xxx2 are suffi-
ciently close to each other, this will cause expansion or compression of u-contour
lines in between. This behavior is illustrated in Figure 6.14.

The analysis of the point charge source function can be extended to a general
function f . Because of the singularity of Green’s function G (xxx,yyy) at yyy = xxx, the
main contribution to the volume integral for the solution u(xxx) of (6.142) comes
from the values of f near xxx. Thus, (u− v) becomes negative in the region where f
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is sufficiently large and positive. Geometrically, u-contour lines in the region will
shift from the reference v-contour lines in the increasing u direction. Similarly, they
will shift in the decreasing u direction where f is sufficiently large and negative.
Consequently, u-contour lines will be compressed or expanded in a region where f
changes rapidly from positive to negative or from negative to positive. In particular,
compression will occur when the increasing u direction coincides with the direction
where f changes from positive to negative.

The analysis also holds when f depends upon the unknown function, i.e., f =
f (xxx,u). In this case, the solution u = u(xxx) to the Dirichlet boundary value problem
can still be expressed in terms of Green’s function by

u(xxx) =−
∫

Ω

f (yyy,u(yyy))G (xxx,yyy)dyyy−
∫

∂Ω

h(yyy)
∂G

∂nnn
(xxx,yyy)dS. (6.146)

Although this is a nonlinear equation, the analysis for the solution behavior given
above remains valid.

(ii) Influence of monitor function on mesh behavior. The above result can be
used to analyze the effect of the monitor function on the mesh behavior for the
functional (6.139), with its Euler-Lagrange equation

∇ · (M−1
∇ξi) = 0, i = 1, ...,d. (6.147)

Taking the eigen-decomposition

M = [vvv1, ...,vvvd ]

λ1 0
. . .

0 λd


 (vvv1)T

...
(vvvd)T

= ∑
i

λivvvi(vvvi)T , (6.148)

where λi and vvvi are respectively the eigenvalues and normalized eigenvectors of M,
(6.147) can be rewritten as

∑
j

∇ ·
(

vvv j

λ j

∂ξi

∂vvv j

)
= 0, i = 1, ...,d

where (∂/∂vvv j) denotes a directional derivative along vvv j. After some algebraic ma-
nipulation, we obtain

∑
j

1
λ j

∂ 2ξi

∂vvv2
j

= ∑
j

(
1
λ j

∂λ j

∂vvv j
−∇ ·vvv j

)
1
λ j

∂ξi

∂vvv j
, i = 1, ...,d. (6.149)

To see the effect of a change in λk (k = 1, ...,d) on the behavior of ξi, after
multiplying by λk (6.149) is a PDE of the form (6.141) with
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Fig. 6.15 A bump (a) or a dip (b) in λk along vvvk direction.

L[ξi]≡∑
j

λk

λ j

∂ 2ξi

∂vvv2
j
−∑

j 6=k

(
1
λ j

∂λ j

∂vvv j
−∇ ·vvv j

)
λk

λ j

∂ξi

∂vvv j
+(∇ ·vvvk)

∂ξi

∂vvvk
, (6.150)

f (xxx,ξi) =
1
λk

∂λk

∂vvvk

∂ξi

∂vvvk
. (6.151)

The operator L has a form as in (6.140) and is uniformly elliptic if M is chosen (as is
done in practice) to have eigenvalues strictly positive and bounded from above by a
constant on Ω̄ . Then the analysis for the behavior of the solution to BVP (6.142) ap-
plies. Moreover, the special form of f implies that the direction in which f changes
from positive to negative coincides with the direction of increasing ξi if ∂ξi/∂vvvk 6= 0
and λk has a bump along the vvvk direction (see Figure 6.15(a)). If on the other hand, f
changes from negative to positive along the direction of increasing ξk, then there is a
dip in λk (see Figure 6.15(b)). From (i), we can conclude that a bump or a dip in λk

along direction vvvk will likely cause coordinate lines not parallel to vvvk to respectively
compress or expand in the vvvk direction.

Note that this result is qualitative and does not explicitly specify where compres-
sion or expansion of coordinate lines occurs. Moreover, the compression or expan-
sion is relative motion compared with that for the reference coordinate lines, which
are themselves the solutions of the homogeneous BVP and generally non-uniform.
The non-uniformity provides the mesh adaptivity. It depends upon several factors,
including the boundary correspondence between the computational and physical
domains, the deviation in ellipticity of the differential operator (6.150) from the
Laplace operator, which often yields a uniform mesh, and the first order derivative
terms in (6.150), which represent spatial changes in the eigenfunctions and other
eigenvalues. A decrease in the ratios λk/λ j, j 6= k reduces the effects of the changes
in λ j and vvv j ( j = 1, ...,d, j 6= k) on mesh adaptation. With the exception of the
boundary correspondence, the effects of these factors are complicated and difficult
to analyze – see [82] for some illustrative examples.
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Table 6.1 Values for p in (6.153) and corresponding monitor functions and functionals.

p Monitor Function (6.147) Functional (6.139)

-1 M = M̃√
det(M̃)

with M̃ = I +∇u(∇u)T (6.156) in §6.5.2, Harmonic mapping

0 M = I +∇u(∇u)T , arclength (6.139)
1 M = I

√
1+ |∇u|2, scalar-matrix (6.132), Variable diffusion

The mesh behavior is more restricted for the functional (6.132), a version of the
functional (6.139) with the scalar matrix M = w(xxx)I. In this case, the eigenvalue
decomposition (6.148) is not unique since any set of d orthogonal vectors can form
a complete eigenvector system for M. So while the conclusion that coordinate lines
compress or expand in the direction where the eigenvalue λ = w(xxx) changes most
significantly remains valid, the effect is isotropic in the sense that it applies equally
for all directions with respect to changes in λ .

(iii) Choice of monitor function for general functional (6.139). The above
analysis, although inconclusive, does offer some understanding of the influence of
M on the mesh behavior for the functional (6.139) and thereby provides guidance on
how to choose an appropriate monitor function. It is suggested in [82] that the choice
of M involves interpreting its effects through the eigen-decomposition (6.148). The
arclength-type monitor function serves as an insightful example: Given a physical
solution u = u(xxx), if

vvv1 = ∇u/|∇u|, vvv2, ...,vvvd are orthogonal complements of vvv1,

λ1 =
√

1+ |∇u|2, λ2, ...,λd are functions of λ1, (6.152)

then coordinate lines compress or expand in the ∇u direction whenever the gradient
changes significantly. In two dimensions, a special choice for the other eigenvalue
is

λ2 = λ
p
1 (6.153)

for some integer p. Several values for p and corresponding monitor functions and
functionals are listed in Table 6.1.

Example 6.5.1 This example is similar to Example 6.4.1 except that the func-
tional (6.139) is used here. Meshes obtained are shown in Figure 6.16. They are
comparable to those in Figure 6.2(b)–6.5(b), indicating that functional (6.139) has
a similar behavior as functional (6.113) (with θ = 0.1) although it is unclear ana-
lytically how the former is related to the alignment and equidistribution conditions.
At a more detailed level, one can see that the meshes in Figure 6.16 (b) and (c) mis-



336 6 Variational Mesh Adaptation Methods

(a)

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

(b)

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

(c)

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

(d)

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

Fig. 6.16 Example 6.5.1. Numerical results are obtained with functional (6.139) and (a) moni-
tor function (6.123) with vvv = (1,0)T , (b) monitor function (6.123) with vvv = (0,1)T , (c) monitor
function (6.123) with vvv = (1/

√
2,1/
√

2)T , and (d) monitor function (6.127). The curve (6.125) is
shown as a solid line.

concentrate in regions near points (0.25, 0.75), (0.75, 0.25) and (0.35, 0.7), (0.65,
0.3) whereas those in Figure 6.3(b) and 6.4(b) do not. This suggests that equidistri-
bution plays a stronger role in (6.113) (with θ = 0.1) than in (6.139).

The meshes in Figure 6.16 are consistent with the discussion for Example 6.4.1
and the qualitative analysis given in this section.

Example 6.5.2 This example is similar to Example 6.4.2 except that we use
the functional (6.139) for adaptive mesh generation. As in Example 6.4.2, the scalar
monitor function (5.190) leads to nearly the same results as for the non-scalar mon-
itor function (5.192), although the results with (5.190) are not presented here. One
can see from the numerical results shown in Figure 6.17(a) that the mesh points are
concentrated correctly around the solid circle, indicating the location of the steep
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Fig. 6.17 Example 6.5.2. Numerical results are obtained with functional (6.139) and monitor func-
tion (5.192). (a) An adaptive mesh of size 41×41 and (b) The H1 semi-norm of linear interpolation
error. The solid circle indicates the location of steep jumps in the function.

jump of the function. The convergence history of the H1 semi-norm of the linear
interpolation error, shown in Figure 6.17(b), is comparable to that in Figure 6.8(c)
for functional (6.113).

Example 6.5.3 In this example, an adaptive mesh is generated for the func-
tion (6.129) of Example 6.4.3 using functional (6.139). Figure 6.18 shows adaptive
meshes obtained with scalar and non-scalar monitor functions (5.190) and (5.192).
The convergence history of linear interpolation error is shown in Figure 6.19.

Example 6.5.4 Again using (6.139) in this example, a moving mesh is gener-
ated for the time-dependent monitor function M = ρ(x,y, t)I, with ρ(x,y, t) given in
(6.130) of Example 6.4.4 and using τ = 0.01 for MMPDE5. Figure 6.20 shows a
moving mesh of size 41×41 at different time instants.

6.5.2 Harmonic mapping methods

Harmonic mappings have sometimes been used to determine the coordinate trans-
formation for generating adaptive mesh generation. To shed light on strengths and
weaknesses of this approach, in this subsection we give a brief description of har-
monic mappings and related harmonic analysis (see references below for more de-
tails).
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Fig. 6.18 Example 6.5.3. Adaptive meshes are obtained with functional (6.139) and (a) scalar
monitor function (5.190) and (c) monitor function (5.192) (with parameters p = q = 2, l = 2, and
m = 1). Plots (b) and (d) are snapshots of (a) and (c), respectively.

If X and Y are compact Riemannian manifolds with metric tensors (gi j) and
(hαβ ) in the local coordinates xxx = (x1, ...,xd) and ξξξ = (ξ1, ...,ξd), respectively, then
the energy integral for a mapping ξξξ = ξξξ (xxx) : X → Y is defined as

E[ξξξ ] =
∫

X

√
g ∑

i, j,α,β

gi jhαβ

∂ξα

∂xi

∂ξβ

∂x j
dxxx, (6.154)

where g = det(G), G = (gi j), and G−1 = (gi j). A mapping ξξξ = ξξξ (xxx) is called har-
monic if it is a minimum for E[ξξξ ]. Thus, it solves the Euler-Lagrange equation for
the energy, which can be shown to be

∑
i j

∂

∂ξi

(
√

ggi j ∂ξα

∂x j

)
+
√

g ∑
i jβγ

gi j
Γ

α

βγ
(Y )

∂ξβ

∂xi

∂ξγ

∂x j
= 0, (6.155)
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Fig. 6.19 Example 6.5.3. The H1 semi-norm of linear interpolation error is plotted as function
of J = K for adaptive meshes obtained with functional (6.139) and scalar and non-scalar monitor
functions (5.190) and (5.192).
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Fig. 6.20 Example 6.5.4. A moving mesh of size 41×41 is obtained with MMPDE5 (6.39) (with
τ = 0.01) and functional (6.139) at different time instants.
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where Γ α

βγ
(Y ) is the Christoffel symbol of the second kind,

Γ
α

βγ
(Y ) =

1
2 ∑

λ

hαλ

(
∂hλβ

∂ξγ

+
∂hλγ

∂ξβ

−
∂hβγ

∂ξλ

)
.

Equation (6.155) is nonlinear in general. For a given boundary correspondence, a so-
lution exists when Y has nonpositive Riemannian curvature and a convex boundary,
and invertibility of the solution is guaranteed when dim(X ) = dim(Y ) = 2 – see
Hamilton [166] and Schoen and Yau [294]. The reader is also referred to Liao [231]
and Liao and Smale [233] for discussion on singularities of 3D harmonic mappings.

Dvinsky uses a harmonic mapping for mesh adaptation in [129]. Taking X = Ω

and Y = Ωc, and choosing Ωc to have a Euclidean geometry (i.e., hαβ = δαβ , giving
zero curvature) and a convex boundary, then the harmonic mapping is potentially
suitable for mesh generation since existence and invertibility of ξξξ = ξξξ (xxx) : Ω →
Ωc are guaranteed. (Recall that such general theoretical guarantees of invertibility
can be uncommon in the field of mesh generation.) More importantly, there is no
restriction imposed on the metric tensor G = (gi j), which serves as the monitor
function M(xxx) for controlling mesh concentration. Thus, the energy of the harmonic
mapping becomes

IDvi[ξξξ ] =
∫

Ω

ρ ∑
i, j,α

mi j ∂ξα

∂xi

∂ξα

∂x j
dxxx =

∫
Ω

ρ ∑
i
(∇ξi)T M−1

∇ξidxxx, (6.156)

where ρ =
√

det(M). This can be cast in the form of (6.11) for the special case
(6.28) with

F(aaa1,aaa2,aaa3,J,xxx) = F1(ρ,β )+F2(ρ,J) = ρβ . (6.157)

The partial derivatives needed for MMPDEs (6.37) and (6.39) (with coefficient ma-
trices given in (6.34)) are

∂F
∂aaai = 2

∂F1

∂β
M−1aaai = 2ρM−1aaai,

∂F
∂J

= 0,

∂F1

∂β
= ρ,

∂ 2F1

∂β 2 = 0,
∂ 2F1

∂β∂ρ
= 0,

∂F2

∂J
= 0,

∂ 2F2

∂J2 = 0,
∂ 2F2

∂J∂ρ
= 0. (6.158)

Perhaps the primary advantage of the harmonic mapping minimizing the energy
integral is to provide as smooth a mapping as possible subject to the adaptivity
constraints imposed by a given monitor function. The price paid for this smoothness
is the inability of the mapping to provide equidistribution, as discussed below.
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To understand the influence of M on the mesh behavior, note first that in two
dimensions (d = 2) the functional (6.156) coincides with the alignment functional
(6.101) and thus can be interpreted as a functional addressing the mesh alignment
condition (4.75) but not the equidistribution condition (4.74). From Theorem 4.2.4,
the shape and orientation of a physical element at point xxx are determined by M(xxx)
through (4.75) in such a way that the principal axes of the circumscribed ellipse
of the element are formed by the eigenvectors of M while the shape is governed
by ai/a j =

√
λ j/λi, where λl and al (l = i, j) denote respectively the eigenval-

ues of M and the semi-length of the principal axes along the corresponding eigen-
vectors. However, since the functional (6.156) does not take the equidistribution
condition (4.74) into consideration, the resulting mesh cannot be guaranteed to be
dense (in terms of size of mesh cells) in regions where the mesh density function
ρ =

√
det(M)(xxx) is large. This is illustrated in the examples below. Moreover, if the

monitor function is chosen to be the scalar matrix M(x,y) = w(x,y)I, then ai/a j = 1
and the circumscribed ellipses of mesh elements become circles, so the resulting
mesh is independent of weight function w = w(x,y).5 That is, no mesh adaptivity
occurs for the harmonic mapping in this case.

The effect of the monitor function on mesh alignment for arbitrary dimension d
can be investigated using our analysis of the general functional (6.139). If M is the
monitor function used in (6.156), then it can be written in the form (6.139) with
monitor function

M̃ =
M
ρ

=
M√

det(M)
= ∑

i

√
λi

∏ j 6=i λ j
vvvi(vvvi)T , (6.159)

where the λi’s and vvvi’s are the respective eigenvalues and eigenvectors of M. From
the analysis in §6.5.1, a bump in

√
λi/∏ j 6=i λ j along vvvi causes compression in the

vvvi direction of the coordinate lines which are not parallel to vvvi. This allows us to
interpret the mesh behavior for a variety of choices of the monitor function M which
have been proposed in the past.

For example, Dvinsky [129] uses

M = I +
f (ψ)
‖∇ψ‖2 ∇ψ(∇ψ)T , (6.160)

where ψ(xxx) is defined such that the values of xxx satisfying ψ(xxx) = 0 characterize
the attraction locations and f (ψ) is a function of the distance from a given point
to ψ(xxx) = 0 that increases as the distance tends to zero. It is easy to verify that the
eigenvalues of M are λ1 = 1 + f (ψ) and λ2 = · · · = λd = 1, and the corresponding
mutually orthogonal eigenvectors are vvv1 = ∇ψ/‖∇ψ‖ and vvv2, ...,vvvd . Thus, coordi-

5 The last fact can also be verified directly for the functional (6.156).
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nate lines are likely compressed – or mesh cells have a short length scale in the ∇ψ

direction – whenever f (ψ) has a bump. If the computed solution of a physical PDE
is u = u(xxx), then one can choose ψ(xxx) = u(xxx) and f (ψ) = ‖∇u‖2, giving

M = I +∇u(∇u)T (6.161)

in (6.160). Other choices of M are the monitor functions defined in §5.2.5.
It is easy to verify that the functional IDvi in (6.156) has the same invariance

properties as stated in Theorem 6.4.1 for functional (6.108). Moreover, (6.156) is
coercive and uniformly convex, so the existence and uniqueness of its minimizer
are guaranteed by Theorems 6.2.1 and 6.2.2. (Recall that in 2D the invertibility of
the minimizer is also guaranteed from the basic theory of harmonic mappings if
∂Ωc is convex.)

Ivanenko and Charakhch’yan [201, 96] propose an interesting harmonic map-
ping method called the variational barrier method for use in mesh generation and
adaptation. Its functional, defined as the harmonic energy written on the surface of
the control function u = u(xxx), takes the form

IIC[xxx] =
∫

Ωc

tr
(
JJJ−1M−1JJJ−T )√det(JJJT MJJJ)dξξξ , (6.162)

where M is the monitor function defined in (6.161). In 2D this functional is

IIC,2D[x,y] =
∫

Ωc

tr
(
JJJT MJJJ

)
det(JJJT MJJJ)

1
2

dξξξ , (6.163)

so the integrand is basically the ratio of the left-hand side to the right-hand side
of the alignment condition (4.75). Thus, the functionals (6.163) and (6.162) can be
interpreted as functionals addressing the mesh alignment condition (4.75) but not
the equidistribution condition (4.74).

The idea of the variational barrier method is generalized by Azarenok [18, 19]
to allow mesh adaptation on the computational mesh itself. Without including this
control, the functional is given by

IAza[xxx] =
∫

Ωc

(
tr
(
JJJT MJJJ

)) d
2√

det(JJJT MJJJ)
dξξξ . (6.164)

Obviously, this functional addresses the mesh alignment condition (4.75).

Example 6.5.5 Functional (6.156) is simply (6.101) in 2D, and meshes ob-
tained with this functional in Example 6.4.1 are given in Figure 6.2(a)–6.5(a).
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Fig. 6.21 Example 6.5.6. Adaptive meshes are obtained with functional (6.156) and monitor func-
tion (5.192). The size of the meshes is (a) 41× 41 and (b) 81× 81. The solid circles indicate the
location of steep jumps in the function.

Example 6.5.6 This example is the same as Example 6.4.2 except that we now
use the functional (6.156) for adaptive mesh generation. Since (6.156) gives no mesh
adaptivity for scalar monitor functions, we use only the non-scalar monitor function
(5.192). Adaptive meshes are shown in Figure 6.21. One can see that the mesh points
are not correctly concentrated around the steep jump of the function. This confirms
the analysis showing that functional (6.156) does not take the equidistribution condi-
tion (4.74) into consideration, leaving no guarantee that the resulting mesh is dense
in regions where the mesh density function ρ =

√
det(M)(xxx) is large. This is also

reflected by the mesh quality measures shown in Figure 6.22(a), where the align-
ment measure being nearly 1 and equidistribution measure being relatively large
indicate that the alignment condition (4.75) is closely satisfied by the meshes but
not the equidistribution condition (4.74). Figure 6.22(b) shows that the error with
the resulting meshes is also larger than those for meshes obtained with functionals
(6.113) and (6.139) (cf. Figure 6.8(c) and 6.17(c)).

Example 6.5.7 Here, a 41×41 adaptive mesh is generated for function (6.129)
of Example 6.4.3 using functional (6.156). The mesh and the linear interpolation er-
ror as a function of J = K are shown in Figure 6.23. Unlike in the previous example,
the mesh points concentrate correctly around the boundary and oblique layers.

Example 6.5.8 In this example, a 41× 41 moving mesh is generated for the
time-dependent monitor function
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Fig. 6.22 Example 6.5.6. Numerical results are obtained with functional (6.156) and monitor func-
tion (5.192). (a) The maximum norm of the alignment and equidistribution quality measures and
(b) The H1 semi-norm of linear interpolation error.
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Fig. 6.23 Example 6.5.7. Numerical results are obtained with functional (6.156) and monitor func-
tion (5.192). (a) An adaptive mesh of size 41×41 and (b) The H1 semi-norm of linear interpolation
error.

M(x,y, t) =
ρ2

‖∇ρ‖2 ∇ρ(∇ρ)T +
1

‖∇ρ‖2 ∇ρ
⊥(∇ρ

⊥)T

=
1

‖∇ρ‖2

[
∇ρ,∇ρ

⊥
][

ρ2 0
0 1

][
∇ρ,∇ρ

⊥
]T

, (6.165)

where ρ(x,y, t) is given in (6.130) of Example 6.4.4 and ∇ρ⊥ = ( ∂ρ

∂y ,− ∂ρ

∂x )T . Recall
that using the scalar monitor function M = ρI with the harmonic mapping functional
would lead to no mesh adaptation. The form of (6.165) is motivated from a qualita-
tive analysis for the generalized variable diffusion functional (6.139) in §6.5.1 (see
(6.126), (6.148) and (6.152)), so we investigate whether or not the coordinate lines
not parallel to ∇ρ would compress around the circle
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Fig. 6.24 Example 6.5.8. A moving mesh of size 41×41 is obtained using moving mesh equation
(6.39) (with τ = 0.01) and functional (6.156) at different time instants.
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Unfortunately, the mesh points do not properly concentrate around the circle for the
harmonic mapping (6.156). The resulting moving mesh is shown in Figure 6.24 for
several time instants.

6.5.3 Hybrid methods and directional control

Motivated by Winslow’s work [341] and the desire to use elliptic PDEs to generate
adaptive meshes, Brackbill and Saltzman [58] propose a method which balances
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mesh adaptation with mesh smoothing and orthogonality. Their functional is given
by

IBS[ξξξ ] = θaIa[ξξξ ]+θsIs[ξξξ ]+θoIo[ξξξ ], (6.166)

where θa, θs, and θo are weights and

Ia[ξξξ ] =
∫

Ω

w(xxx)Jdxxx, (6.167)

Is[ξξξ ] =
∫

Ω
∑

i
(∇ξi)T

∇ξidxxx, (6.168)

Io[ξξξ ] =
∫

Ω
∑
i6= j

(
(∇ξi)T

∇ξ j
)2

dxxx. (6.169)

The role of the functional Ia in controlling mesh concentration can be seen from its
relation to the equidistribution condition (4.74) with ρ =

√
w(xxx) and (6.118) with

ν = 1: minimizing Ia[ξξξ ] =
∫

Ω
Jw(xxx)dxxx =

∫
Ω

Jρ2dxxx helps to approximately satisfy
the equdistribution condition

J
√

w(xxx) =
σ

|Ωc|
, (6.170)

where σ =
∫

Ω
ρdxxx =

∫
Ω

√
w(xxx)dxxx. The functional Is aids in controlling mesh

smoothness since its minimizer satisfies Laplace’s equation

∆ξi = 0, i = 1, ...,d. (6.171)

Finally, a minimizer of Io satisfies the orthogonality condition

(∇ξi)T
∇ξ j = 0, ∀i 6= j. (6.172)

Since mesh adaptation in (6.166) is controlled using the scalar weight function
w = w(xxx), most natural choices of it tend to produce isotropic meshes. Consequently,
with the functional Ia being associated with the equidistribution condition (6.170)
for
√

w(xxx) = ρ =
√

det(M), a reasonable choice of the monitor function based on
the isotropic error bound (5.190) is

w(xxx) =
[

1+
1
α
‖Dlv‖lp

] 2dq
d+q(l−m)

, (6.173)

where α is given in (5.190) and the meanings of l, m, p, and q are given in Table
5.1.

The functional (6.166) can be cast in the form (6.11) with

F(aaa1,aaa2,aaa3,J,xxx) = θaw(xxx)J +θs ∑
i
(aaai)Taaai +θo ∑

i6= j

(
(aaai)Taaa j)2

. (6.174)
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The derivatives required for MMPDEs (6.37) and (6.39) (with coefficient matrices
in (6.27)) are

∂F
∂aaai = 2θsaaai +2θo ∑

j 6=i

(
(aaai)Taaa j)aaa j,

∂F
∂J

= θaw(xxx),

∂ 2F
∂aaas∂aaak =

{
2θsI +2θo ∑ j 6=s aaa j(aaa j)T , for s = k
2θo
(
(aaas)Taaak

)
I +2θoaaak(aaas)T , for s 6= k

∂ 2F
∂J∂xxx

= θa∇w(xxx),

∂ 2F
∂aaak∂J

=
∂ 2F

∂J∂aaak = 0,
∂ 2F

∂aaai∂xxx
= 0,

∂ 2F
∂J2 = 0. (6.175)

While the functional (6.166) provides a mechanism for an explicit control of
mesh concentration, smoothness, and orthogonality, the terms characterizing these
properties unfortunately have different dimensions, so the weights θa, θs, and θo

cannot be dimensionless. As a consequence, they usually need to be re-chosen for
each new application [102]. Finding suitable choices can be quite difficult, with
substantial fine tuning required to determine the right balance between the terms.
Another difficulty is that Io[ξξξ ] is not convex. The implication of this is that the
adaptation functional IBS[ξξξ ] is not polyconvex, and the existence of its minimizer is
not guaranteed.

An interesting variant of (6.167) is given by Steinberg and Roache [306], who
propose minimizing

ISR[ξξξ ] =
∫

Ωc

J2dξξξ , (6.176)

with the intent of keeping cell volumes uniform across the domain. They come by
this functional by observing that this unconstrained minimization problem is math-
ematically equivalent to the minimization of (6.176) subject to the global implicit
constraint ∫

Ωc

Jdξξξ = |Ω |, (6.177)

and that the problem

min
x1,...,xm

m

∑
i=1

wix2
i , subject to

m

∑
i=1

xi = 1 (6.178)

has the equidistributing solution w1x1 = · · ·= wmxm. This physical meaning for the
functional (6.176) can be easily explained formally using Theorem A.0.3. Since∫

Ωc

J2dξξξ =
∫

Ω

Jxxx
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is the functional Ia with w(xxx) = 1, the equidistribution condition (6.170) is simply

J =
|Ω |
|Ωc|

. (6.179)

In other words, minimization of the functional (6.176) does indeed tend to make cell
volumes uniform across the domain as desired.

A hybrid method with directional control. Recognizing the importance of hav-
ing dimensionally homogeneous terms in an adaptation functional, Brackbill [57]
presents a hybrid method which combines the variable diffusion functional IWin with
a directional control functional. Specifically, the functional is

IBra[ξξξ ] = (1−θ)IWin[ξξξ ]+θ Id [ξξξ ], (6.180)

where θ ∈ [0,1) is a dimensionless parameter, and the dimensionally homogeneous
terms are IWin defined in (6.132) and the directional control functional

Id [ξξξ ] =
∫

Ω

1
w ∑

i
‖uuui×∇ξi‖2 dxxx

=
∫

Ω
∑

i
(∇ξi)T

[
1
w

(
‖uuui‖2 I−uuui(uuui)T )]

∇ξidxxx. (6.181)

Here, uuui (i = 1, ...,d) are prescribed vector fields, typically chosen on physical
grounds as directions of preferred mesh alignment, and minimizing Id increases
alignment of the normals ∇ξi of the mesh surfaces of constant ξi with the vectors
uuui (i = 1, ...,d). Mesh orthogonality is increased if these vectors are chosen to be
orthogonal to each other. Note as well that Id can formally be given an energy for-
mulation (6.156).

Two slightly different functionals for directional control,

IGE [ξξξ ] =
∫

Ω
∑

i
‖uuui×∇ξi‖2 Jdxxx (6.182)

and
ĨGE [ξξξ ] =

∫
Ω

∑
i
‖uuui×∇ξi‖2 dxxx (6.183)

have been suggested by Guannakopoulos and Engel [160], who demonstrate nu-
merically the ability of the functionals to cause coordinate line alignment with a
prescribed vector field.
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6.5.4 Jacobian-weighted methods

A Jacobian-weighted method [211, 214] minimizes an integral form of the Jacobian
matrix of the coordinate transformation in the least squares sense. Its functional is

IKnu[ξξξ ] =
∫

Ω

‖JJJ−1−S‖2
F dxxx, (6.184)

where S = S(xxx) is a prescribed matrix field and ‖ · ‖F is the Frobenius matrix norm.
This functional is coercive and uniformly convex, so the existence and uniqueness of
a minimizer are guaranteed by Theorems 6.2.1 and 6.2.2. Denoting the row-vectors
of S by sssT

i , i.e., ST = [sss1, ...,sssd ], (6.184) can be rewritten as

IKnu[ξξξ ] =
∫

Ω
∑

i
|∇ξi−sssi|2dxxx =

∫
Ω

∑
i
(aaai−sssi)T (aaai−sssi)dxxx. (6.185)

Thus, IKnu can also be interpreted as a directional control functional for alignment
of the normals of the mesh surfaces ξi = constant with the prescribed vectors sssi

(i = 1, ...,d). The weight matrix S has an unambiguous geometric meaning – the
reference (or target) inverse Jacobian matrix – so like the monitor function in IHua

of §6.4, its effect on the mesh behavior is fairly clear.
The functional (6.185) is in the form (6.11) with

F(aaa1,aaa2,aaa3,J,xxx) = ∑
i
(aaai−sssi)T (aaai−sssi),

with corresponding partial derivatives

∂F
∂aaai = 2(aaai−sssi),

∂F
∂J

=
∂ 2F
∂J2 = 0;

∂ 2F
∂aaas∂aaak = δskI,

∂ 2F
∂aaas∂J

=
∂ 2F

∂J∂aaas = 0,

∂ 2F
∂J∂xxx

= 0,
∂ 2F

∂aaai∂xxx
=−2∇sssi =−2

 (∇(sssi)1)T

...
(∇(sssi)d)T

 . (6.186)

The Euler-Lagrange equation for IKnu is the simple elliptic system

∇
2
ξi = ∇ ·sssi, i = 1, ...,d, (6.187)

as can be seen from (6.13). As a consequence, the resulting MMPDEs have a par-
ticularly straightforward form. For instance, MMPDE (6.37) becomes

ẋxx =− 2
τ p(xxx, t) ∑

i
aaai∇ · (aaai−sssi), (6.188)
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while from (6.27) the coefficient matrices in MMPDE (6.39) are

Ai, j = 2I(aaai)Taaa j, Bi =−2∑
k

(aaak)T
∇sssiaaak. (6.189)

There can be significant consequences for methods which directly control the
Jacobian matrix of the coordinate transformation instead of using a metric control
as done by IHua of §6.4. From the analysis of §4.2, specifying the Jacobian matrix
gives full control of the shape, size, and orientation of the physical mesh elements,
but such control requires making appropriate choices for both the weight matrix
S = S(xxx) and the correspondence between δΩ and δΩc. As a result, the functional
(6.184) is not invariant under a scaling transformation of S and rotation and dila-
tion transformations of ξξξ . For example, under the rotation transformation given in
(6.110) with c = 1, the functional (6.184) becomes

IKnu[ξξξ ] =
∫

Ω

‖QJ̃JJ−1−S‖2
F dxxx

=
∫

Ω

‖Q(J̃JJ−1−QT S)‖2
F dxxx

=
∫

Ω

‖J̃JJ−1−QT S‖2
F dxxx. (6.190)

The right-hand side is neither equal to nor equivalent to IKnu[ξ̃ξξ ], so IKnu is not in-
variant under (6.110). Equation (6.190) also shows that with the new computational
coordinate system, QT S instead of S, should be used instead of S if the same mesh
adaptivity is to be maintained. In other words, the choice of S depends upon the
choice of the computational coordinate system (and in the unstructured mesh case
on the choice of the reference element), and this adds a layer of difficulty for making
a proper choice of S.

Another difficulty is choosing S consistent with the boundary correspondence.
More explicitly, specifying the Jacobian matrix for a mapping by continuity also
specifies the boundary correspondence; therefore, prescribing any inconsistent bound-
ary conditions cannot result in the mapping minimizing the functional satisfying
JJJ ≈ S−1 near the boundary. We illustrate this below for a very simple example.

Example 6.5.9 Consider the case of a 2D mapping from the unit square onto
itself, and choose S = I. If the boundary correspondence{

x(ξ ,0) = ξ , x(ξ ,1) = ξ , x(0,η) = 0, x(1,η) = 1,

y(ξ ,0) = 0, y(ξ ,1) = 0, y(0,η) = η , y(1,η) = η ,
(6.191)

is used, then the minimizer JJJ = S−1 for the functional IKnu (6.184) is

xξ = 1, xη = 0, yξ = 0, yη = 1, (6.192)
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and the coordinate transformation is x(ξ ,η) = ξ , y(ξ ,η) = η . However, for other
boundary correspondences, even simple ones such as{

x(ξ ,0) = 0, x(ξ ,1) = 1, x(0,η) = η , x(1,η) = η ,

y(ξ ,0) = ξ , y(ξ ,1) = ξ , y(0,η) = 0, y(1,η) = 1,
(6.193)

the minimizer of (6.184) does not satisfy JJJ ≈ S−1 near the boundary.
In contrast, when the metric control of §4.2 is employed, the orthogonal matrix

U and diagonal matrix Σ in the SVD JJJ = UΣV T are specified, but the orthogonal
matrix V is free of influence from the monitor function and is determined by the
boundary correspondence. This is illustrated for the example here if one takes M = I
for the functional in (6.113). It is easily verified that a minimizer subject to the
boundary correspondence (6.191) is x(ξ ,η) = ξ , y(ξ ,η) = η and subject to (6.193)
is x(ξ ,η) = η , y(ξ ,η) = ξ .

In [214], Knupp suggests choosing the weight matrix

S−1 = UΣ , (6.194)

where the orthogonal matrix U = [uuu1, ...,uuud ] and diagonal matrix Σ = diag(σ1, ...,σd)
are used for directional and length control, respectively. In this case, (6.194) corre-
sponds to the SVD JJJ = UΣV T with V = I, so in 2D,

S−1 =
[

cosθ −sinθ

sinθ cosθ

] [
σ1 0
0 σ2

]
, (6.195)

For the so-called reference Jacobian method, Knupp, Margolin, and Shashkov
[212] compute a so-called Lagrangian grid (cf. §7.1.1) and corresponding reference
Jacobian matrix JJJre f , which can be viewed as S−1, and the functional

IKMS[xxx] =
∫

Ωc

‖JJJ−JJJre f ‖2
F det(JJJre f )
J

dξξξ (6.196)

is then minimized directly. The goal is to obtain a smooth unfolded mesh which
maintains most features of the Lagrangian grid. The functional (6.196), though sim-
ilar to (6.184), uses the Jacobian matrix JJJ and reference Jacobian matrix JJJre f instead
of their inverses and contains the explicit barrier factor 1/J to prevent JJJ from be-
coming singular.
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6.5.5 Methods based on mechanical models

Several methods have been developed from the basic principles of continuum me-
chanics. For these methods, the coordinate transformation xxx = xxx(ξξξ ) is viewed as the
deformation map from a reference cell in Ωc to a general cell in Ω , and a mesh
generation functional is defined as the integral of a function of invariants of the
deformation tensor C = JJJTJJJ. From basic linear algebra, a d× d matrix C has d in-
variants (e.g., see Golub and van Loan [157]), denoted by I1, ..., Id , and in 2D and
3D these are

I1 = tr(C) = ∑
i

(
∂xxx
∂ξi

)T
∂xxx
∂ξi

,

Id−1 = tr Cof(C) = det(C)tr(C−1) = J2
∑
i
(∇ξi)T ∇ξi,

Id = det(C) = J2.

(6.197)

Here, we have used the fact that the cofactor matrix of C, Cof(C), is related to the
inverse matrix by Cof(C) = det(C)C−T . The functional has a general form

I[xxx] =
∫

Ωc

σ(xxx,I1, ...,Id)dξξξ , (6.198)

where σ is a function of xxx and these invariants. The functional is written in terms
of the unknown mapping xxx = xxx(ξξξ ) since the original development of the methods is
based on mechanical models. Transformed into a functional in terms of the inverse
mapping, this is written as

I[ξξξ ] =
∫

Ω

σ(xxx,I1, ...,Id)
J

dxxx, (6.199)

with the understanding that when necessary the roles of dependent and independent
variables are interchanged in the invariants. This integrand is called the stored en-
ergy function in continuum mechanics. As for other methods in this chapter, the
optimal mapping is chosen to be a minimizer of this energy integral.

Jacquotte [202, 203] utilizes several axioms and principles from elasticity theory
in deriving such a mesh generation functional. They include the following:

(i) Hyperelasticity. The stored energy function depends only upon xxx and the defor-
mation gradient JJJ = ∂xxx/∂ξξξ : σ = σ(xxx,JJJ).

(ii) Homogeneity. The stored energy function is independent of the position of the
cell: σ = σ(JJJ).

(iii) The axiom of frame indifference. The stored energy function is invariant under
rotation of the xxx coordinate system: σ(QJJJ) = σ(JJJ) for all orthogonal matrices Q.
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(iv) Isotropy property. The stored energy function is independent of the orientation
of the reference system (or invariant under rotation of the ξξξ coordinate system):
σ(JJJQ) = σ(JJJ) for all orthogonal matrices Q.

These requirements lead to the general form for the stored energy function σ in
(6.198). A special choice arising in a 3D nonlinear elasticity model is

σJac,3d(I1,I2,I3)≡ c1(I1−I3−2)+ c2(I2−2I3−1)+ k(J−1)2, (6.200)

where c1, c2, and k are constants satisfying the condition

k > 4(c1 + c2)/3 > 0, (6.201)

which is needed to guarantee positiveness of the volume term and convexity of
the stored energy function in a neighborhood of the identity mapping. The func-
tion (6.200) has been normalized so that it vanishes for the identity mapping, i.e.,
σJac(3,3,1) = 0, so that the minimization of the functional I[xxx] in the mesh gen-
eration problem can give the solution xxx(ξξξ ) = ξξξ . For mesh adaptation, it takes the
modified form

σJac,w(xxx,I1,I2,I3) ≡ c1(I1−I3−2)+ c2(I2−2I3−1)

+ k(wJ−1)2, (6.202)

where w = w(xxx) is a weight function used for controlling mesh concentration. Now
σJac,w does not satisfy the above homogeneity condition, consistent with the fact
that an adaptive mesh is generally neither uniform nor satisfied such a condition.
Minimization of the integral of the last term yields the solution wJ = 1, which is of
course the equidistribution condition (4.74) with scalar monitor function M = wI.

In 2D, the stored energy function is

σJac,2d(I1,I2) = c(I1−2J)+(k− c)(J−1)2

= c((xξ − yη)2 +(xη + yξ )2)+(k− c)(J−1)2

= c(x2
ξ
+ x2

η + y2
ξ
+ y2

η)+(k− c)(J−1)2, (6.203)

and the convexity and positiveness conditions become k > c > 0 .
A similar argument is used by de Almeida [113] to propose the general form

σ = σ(xxx,I1, ...,Id) for the stored energy function. Several special choices for σ

are
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σ1 = I1
2 = 1

2 ∑
i

(
∂xxx
∂ξi

)T
∂xxx
∂ξi

,

σ2 = I1
2
√

Id
= 1

2J ∑
i

(
∂xxx
∂ξi

)T
∂xxx
∂ξi

,

σ3 = Id−1

2
√

Id
= J

2 ∑
i
(∇ξi)T ∇ξi,

σ4 = σ2
3 .

(6.204)

The functional associated with σ1, called the unweighted length functional by
Knupp and Steinberg [213], may result in a folded mesh for non-convex domains.
The function σ3 leads to the variable diffusion functional (6.139) or the harmonic
mapping functional (6.156) with M = I. The function σ4 is designed to have a
stronger response to mapping singularity. In 2D, it is essentially the functional pro-
posed by Liao [235],

ILiao[x,y] =
∫

Ωc

(
tr(C)√
det(C)

)2

dξ dη

=
∫

Ωc

(
x2

ξ
+ x2

η + y2
ξ
+ y2

η

J

)2

dξ dη . (6.205)

Interestingly, other methods not directly related to a mechanical model can also
be cast in the form (6.198) or (6.199). These include the variable diffusion and
harmonic mapping methods (corresponding to σ3) and the functionals (6.108) and
(6.121) (with M = I) based on the equidistribution and alignment conditions. From
(6.197), it is easy to show that the latter two correspond respectively to the stored
energy functions

σHua = θ
√

Id

(
Id−1

Id

) dγ

2
+(1−2θ)d

dγ

2 (Id)
1
2−

γ

2 (6.206)

and

σ = θ1
√

Id

(
Id−1

Id

) dγ

2
+θ2d

dγ(d−2)
2(d−1) (I1)

dγ

2(d−1) (Id)
1
2−

dγ

2(d−1)

+ (θ3−θ1−θ2)d
dγ

2 (Id)
1
2−

γ

2 +
θ4( ∫

Ωc

√
Iddξξξ

)γ+ν
(Id)

1+ν
2 . (6.207)

Note that in the current context of mesh generation (with M = I),
∫

Ωc

√
Iddξξξ = |Ω |.

As we shall see later, for mesh adaptation we can use a solution-dependent defor-
mation tensor CM = JJJT MJJJ, In which case Id = (Jρ)2 and

∫
Ωc

√
Iddξξξ =

∫
Ω

ρdxxx.
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Liseikin [238] suggests using dimensionless mesh conformity measures for mesh
generation. Two examples are

σLis,1 =

(
I1

I
1/d

d

)γ

, γ > 0, (6.208)

σLis,2 =

(
Id−1

I
1−1/d

d

)γ

, γ > 0. (6.209)

Note that σLis,1 is simply a power of the geometric quality measure Qgeo (cf.
(4.101)). To interpret σLis,2, note from (6.197) and (4.102) that

Id−1

I
1−1/d

d

= I
1/d

d tr(C−1) = d Q̂2(d−1)/d
geo (xxx).

Since both Qgeo and Q̂geo are equivalent to µmax/µmin in the sense of (4.103) and
(4.104), where µmax and µmin are the respective maximum and minimum singular
values of JJJ, one can conclude that σLis,1, σLis,2, Qgeo, and Q̂geo are all basically
equivalent to the ratio µmax/µmin.

Branets and Carey [60] propose using

σBC = (1−θ)

( 1
d I1

)d/2

√
Id

+
θ

2

(√
Id

α
+

α√
Id

)
, (6.210)

where θ ∈ [0,1) is a parameter balancing the two terms and α is defined as

α =

∫
Ωc

√
Iddξξξ∫

Ωc
dξξξ

. (6.211)

The first term in (6.210) is equivalent to the geometric quality measure Qgeo and
regularizes the shape of mesh cells while the second term regularizes the size of
mesh cells. Note the close similarity of (6.210) to (6.206) and (6.207), with all of
them having terms which address the shape and size of mesh cells.

A simple technique to modify mesh generation methods to adaptive meth-
ods. Few of the methods discussed in this section have mesh adaptation directly
incorporated into their formulations. Even for those which do, such as Jacquotte’s
method with (6.202) and Winslow’s variable diffusion method, only a scalar weight
function which gives isotropic mesh control is introduced. However, there is a sim-
ple but effective way to incorporate solution adaptation into the mesh generation
formulations. For a typical such method, one introduces corresponding adaptive
methods by making the following substitutions:
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mesh generation −→ mesh adaptation
JJJTJJJ −→ CM = JJJT MJJJ (solution-dependent)

J =
√

det(JJJTJJJ) −→
√

det(JJJT MJJJ)
(6.212)

where M = M(xxx) is of course the monitor function depending upon the physical
solution. This is the basic approach taken in [175] to develop the adaptive methods
in §6.4.

6.5.6 Methods based on Monge-Ampère equation /
Monge-Kantorovich optimal transport problem

These types of methods are different from the previous variational methods in that
they seek a coordinate transformation as the solution of a constraint optimization
problem instead of the minimizer of a functional. They can be derived in two dif-
ferent but mathematically equivalent ways, one based on the Monge-Ampère (MA)
equation and the other based on the Monge-Kantorovich (MK) optimal transport
problem. The MA equation and the MK problem have significant applications in dif-
ferential geometry, image process, and several other fields in science; e.g., see Evans
[138]. As adaptive mesh generation methods, they both have the attractive feature
of satisfying the equidistribution condition (4.74) by construction. Indeed, the MA
equation can be interpreted as specifying the Jacobian for a coordinate transforma-
tion via this equidistribution condition, while the MK problem seeks a coordinate
transformation closest to the identity mapping among all coordinate transformations
satisfying (4.74).

Derivation based on Monge-Ampère equation. Given a mesh density function
ρ = ρ(xxx) (or ρ = ρ(xxx, t) for time-dependent problems), the coordinate transfor-
mation xxx = xxx(ξξξ ) : Ωc → Ω needed for mesh generation is determined through the
specification of its Jacobian via the equidistribution condition (4.74), i.e.,

det
(

∂xxx
∂ξξξ

)
=

σ

|Ωc| ρ(xxx)
, (6.213)

where σ =
∫

Ω
ρ(xxx)dxxx. As we know, this equation is insufficient to uniquely specify

xxx = xxx(ξξξ ), and here one requires it to also be irrotational, i.e.,

∇ξξξ ×xxx = 0. (6.214)

From the Helmholtz decomposition theorem (see §7.1.1), this is equivalent to re-
quiring that

xxx(ξξξ ) = ∇ξξξ φ (6.215)
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for a potential function φ . Substituting (6.215) into (6.213) leads to the Monge-
Ampère (MA) equation

det(H(φ)) =
σ

|Ωc| ρ(∇ξξξ φ)
, (6.216)

where H(φ) = ∇2
ξξξ

φ is the Hessian matrix of φ with respect to the independent
variable ξξξ . In 2D this second-order nonlinear PDE is

det
[

φξ ξ φξ η

φηξ φηη

]
=

σ

|Ωc| ρ(φξ ,φη)
(6.217)

or
φξ ξ φηη −φ

2
ξ η

=
σ

|Ωc| ρ(φξ ,φη)
. (6.218)

Boundary conditions for the MA equation are obtained by requiring that xxx(ξξξ )
maps ∂Ωc to ∂Ω , i.e.,

∇ξξξ φ(∂Ωc) = ∂Ω . (6.219)

For example, consider a 2D case for which the closed unit square is mapped to itself.
The boundary correspondence can be taken as{

x(0,η) = 0, x(1,η) = 1, for the west and east sides, resp.

y(ξ ,0) = 0, y(ξ ,1) = 1, for the south and north sides, resp.
(6.220)

The corresponding boundary condition for the MA equation are then{
φξ (0,η) = 0, φξ (1,η) = 1, for west and east sides, resp.

φη(ξ ,0) = 0, φη(ξ ,1) = 1, for south and north sides, resp.
(6.221)

The boundary value problem (6.216) and (6.219) has a unique solution (up to
an additive constant) when Ωc and Ω are convex; e.g., see Brenier [61]. The MA
equation has several invariance properties. It is trivial to see that it is invariant under
a scaling transformation of ρ and a translation transformation of ξξξ . It is not difficult
to see that (6.216) is also invariant under a rotation transformation ξξξ → Qξ̃ξξ for an
orthogonal matrix Q if ρ satisfies ρ(Qxxx) = ρ(xxx).

Derivation based on Monge-Kantorovich optimal transport. The original
mass transport problem, proposed by Monge [259] in the eighteenth century, asks
how best to move a pile of soil to a fill with the least amount of work (e.g., see
Evans [138]). Mathematically, this can be stated as follows: Given two positive den-
sity functions ρ0 and ρ1 of equal mass, find xxx that transfers the density ρ0 to ρ1 and
minimizes the cost
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C(xxx) =
∫

Rd
‖xxx(ξξξ )−ξξξ‖p

ρ0(ξξξ )dξξξ p≥ 1. (6.222)

This implies that xxx satisfies the Mass Transport Problem (of ρ0 to ρ1) if∫
xxx−1(A)

ρ0(ξξξ )dξξξ =
∫

A
ρ1(xxx)dxxx ∀A⊂ Rd . (6.223)

It is important to observe that the Jacobian equation for this mass transport problem
is simply a generalized equidistribution condition

ρ1(xxx)J(ξξξ ) = ρ0. (6.224)

For p = 2, this optimization problem has a unique solution which can be expressed
as the gradient of a convex potential function; e.g., see Brenier [61] and Caffarelli
[74, 75].

In mesh generation terms, we take ρ0 ≡ 1 (corresponding to a uniform mesh in
Ωc), and reformulate (6.222) and (6.224) as the constraint optimization problem{

min I[xxx]≡ 1
2
∫

Ωc
‖xxx(ξξξ )−ξξξ‖2dξξξ

subject to ρ(xxx(ξξξ ))J(ξξξ ) = σ

|Ωc| , ∀ξξξ ∈Ωc
(6.225)

where I[xxx] represents the total amount of work, the minimization is over all map-
pings xxx = xxx(ξξξ ) : Ωc→Ω , and J is the Jacobian. That is, the minimization problem
seeks a coordinate transformation closest to the identity mapping among all coor-
dinate transformations satisfying the equidistribution condition (4.74). Inserting the
gradient of this potential function into the constraint (equidistribution) condition,
one obtains the MA equation (6.216).

To show more formally this connection between the MK problem and the MA
equation, we give a derivation by solving the constraint problem using the Lagrange
multipliers method [61]. Letting λ = λ (ξξξ ) be the Lagrange multiplier, we have the
new functional as

Ĩ[xxx,λ ] =
∫

Ωc

[
1
2
‖xxx−ξξξ‖2 +λ

(
ρ(xxx)J− σ

|Ωc|

)]
dξξξ . (6.226)

The variation of this functional has the form

δ Ĩ =
∫

Ωc

[
(xxx−ξξξ ) ·δxxx+

(
ρ(xxx)J− σ

|Ωc|

)
δλ +λJ∇ρ ·δxxx+λρδJ

]
dξξξ .

Since
J = aaa1 · (aaa2×aaa3),

we have
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δJ =
3

∑
i=1

δaaai · (aaa j×aaak) =
3

∑
i=1

∂δxxx
∂ξi
· (aaa j×aaak) =

3

∑
i=1

∂δxxx
∂ξi
· (Jaaai) (i, j,k) cyclic

Using δxxx = 0 on ∂Ωc, we can rewrite δ Ĩ as

δ Ĩ =
∫

Ωc

[
(xxx−ξξξ ) ·δxxx+

(
ρ(xxx)J− σ

|Ωc|

)
δλ +λJ∇ρ ·δxxx

−
3

∑
i=1

∂

∂ξi

(
λρJaaai) ·δxxx

]
dξξξ .

The Euler-Lagrange equations are thus

xxx−ξξξ +λJ∇ρ−
3

∑
i=1

∂

∂ξi

(
λρJaaai)= 0, (6.227)

ρ(xxx)J− σ

|Ωc|
= 0. (6.228)

From identities (3.8) and (3.10), (6.227) reduces to

xxx−ξξξ = Jρ

3

∑
i=1

aaai ∂λ

∂ξi
.

Combined with (6.228), it can be further simplified to

xxx−ξξξ =
σ

|Ωc|

3

∑
i=1

aaai ∂λ

∂ξi
.

Multiplying this equation by aaak and using the orthogonality condition (3.7), we get

σ

|Ωc|
∂λ

∂ξk
= (xxx−ξξξ ) ·aaak = (xxx−ξξξ ) · ∂xxx

∂ξk
.

From this it follows that

∂

∂ξk

1
2
‖xxx−ξξξ‖2 = (xxx−ξξξ ) ·

(
∂xxx
∂ξk
− ∂ξξξ

∂ξk

)
= (xxx−ξξξ ) · ∂xxx

∂ξk
− (xk−ξk)

=
σ

|Ωc|
∂λ

∂ξk
− (xk−ξk),

which can be rewritten as

xk = ξk +
σ

|Ωc|
∂λ

∂ξk
− ∂

∂ξk

1
2
‖xxx−ξξξ‖2,
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or in a vector form,

xxx = ∇ξξξ

(
σ

|Ωc|
λ +

1
2
‖ξξξ‖2− 1

2
‖xxx−ξξξ‖2

)
. (6.229)

Equation (6.229) is exactly in the form (6.215) with

φ =
σ

|Ωc|
λ +

1
2
‖ξξξ‖2− 1

2
‖xxx−ξξξ‖2,

implying that the solution of the minimization problem (6.225) can be expressed as
the gradient of a potential function. The Monge-Ampère equation (6.216) is then
obtained as before by inserting xxx(ξξξ ) = ∇ξξξ φ into (6.228).

The parabolic Monge-Ampère (PMA) equation. Motivated by MMPDEs (§2.3
and §6.1.2), Budd and Williams [71, 72] study a so-called parabolic Monge-Ampère
equation for generating adaptive moving meshes for time-dependent problems.
Specifically, they use

τ

(
I− 1

β 2 ∆ξξξ

)
φt =

[
det(H(φ))

ρ(∇ξξξ φ)
σ

] 1
d

, (6.230)

where τ > 0 and β > 0 are user-prescribed parameters (and d is the spatial dimen-
sion). The parameter τ plays a similar role as before in the MMPDEs for adjusting
the response time of mesh movement to changes in ρ , while β controls the degree
of spatial smoothness of the mesh (cf. (2.128)). Note that the scaling power 1/d is
necessary for both sides of (6.230) to have the same dimension about φ when ρ is
constant.

Sulman et al. [308, 309] use an alternative form of the PMA for mesh adaptation,

φt = log
(

det(H(φ))
ρ(∇ξξξ φ)

σ

)
. (6.231)

The properties of this equation such as global existence and uniqueness of the so-
lution to the initial-boundary value problem and convergence to steady state can be
seen in [309].

Equations (6.230) and (6.231), together with (6.215), can be used to either gen-
erate an adaptive mesh for a given time-independent mesh density function ρ or an
adaptive moving mesh for a time-dependent problem. In the first case, the mesh can
be obtained by solving (6.230) or (6.231) to steady state with the initial condition

φ(ξξξ ,0) =
1
2
‖ξξξ‖2, (6.232)

which corresponds to the identity mapping or a uniform mesh.
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Numerical solution procedure and examples. The MA equation (6.216) and
PMA equation (6.230) can be discretized in space using finite differences and finite
elements; e.g., see Budd and Williams [71], Delzanno et al. [117], Budd et al. [68],
Obermann [269] and references therein. Both equations are highly nonlinear, with
nonlinearities coming from the Hessian of φ and the mesh density function ρ (itself
a nonlinear function of the gradient of φ in general). They can be solved by a di-
rect iterative method such as Newton’s iteration [117] or a relaxation method [71].
Indeed, the PMA equation can be used as a relaxation method (with t as the contin-
uation parameter) for solving the MA equation. Since the MA and PMA equations
are closely tied to the equidistribution condition (4.74), the mesh density function
can be chosen as in (5.190) when they are used for the numerical solution of a PDE
problem.

Example 6.5.10 In this example a moving mesh is generated for the mesh den-
sity function

ρ(x,y, t) = 1+5exp

(
−50

∣∣∣∣∣
(

x− 1
2
− 1

4
cos(2πt)

)2

+
(

y− 1
2
− 1

2
sin(2πt)

)2

−
(

1
10

)2
∣∣∣∣∣
)

. (6.233)

A mesh of size 30× 30 obtained with the PMA equation is shown in Figure 6.25
for several time instants. In the computation, τ = 0.01, Ω = Ωc = (0,1)× (0,1),
and a uniform mesh is used for Ωc. The PMA equation is discretized using finite
differences in space and integrated using an explicit Runge-Kutta formula in time.
It can be seen that the mesh has correct concentration (due to equidistribution) and
good regularity. Notice also that the mesh lines are orthogonal near the boundary
due to the Neumann boundary condition (6.221).

Example 6.5.11 This example is similar to the previous one except that the
mesh density function is

ρ(x,y, t) = 1+5exp
(
−50

∣∣∣∣y− 1
2
− 1

4
sin(2πx)sin(2πt)

∣∣∣∣) . (6.234)

A mesh of size 30×30 obtained with the PMA equation is shown in Figure 6.26 for
several time instants.
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(a) t = 0 (b) t = 1/4

(c) t = 1/2 (d) t = 10

Fig. 6.25 Example 6.5.10. A moving mesh is obtained with the PMA equation for the given mesh
density function (6.233). Reprinted from Budd et al. [68], with permission from Cambridge Uni-
versity Press.

6.5.7 Summary

Some major features of the methods discussed in §6.4 and §6.5 are summarized in
Table 6.2. One question, which is not listed in the table but important to the success
of those methods, is if the monitor function or equivalent can be chosen based on
error control or minimization. The answer for this question is yes for some of the
methods but not so obvious for the others; see the detailed discussion in this and
previous sections.
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(a) t = 0 (b) t = 1/3

(c) t = 2/3 (d) t = 1

Fig. 6.26 Example 6.5.11. A moving mesh is obtained with the PMA equation for the given mesh
density function (6.234). Reprinted from Budd et al. [68], with permission from Cambridge Uni-
versity Press.

6.6 Examples of applications

In this section numerical results are presented for several examples selected because
they have been frequently used as test problems for moving mesh methods and have
relatively simple formulations. The reader is referred to the biographical notes in
§6.7 for references to other applications.
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Example 6.6.1 In this example we solve the initial-boundary value problem for
the 2D Burgers’ equation

ut = 0.005∆u−uux−uuy (6.235)

for (x,y)∈Ω = (0,1)×(0,1) and t ∈ (0.25,1.25]. The Dirichlet boundary condition
and the initial condition are chosen such that the problem admits the exact solution

u(x,y, t) =
1

1+ exp
( x+y−t

0.01

) , (6.236)

which is a straight-line wave (u is constant along line x + y = c) moving in the
direction θ = 45o.

MMPDE (6.39) (with τ = 0.1), combined with functional IHua in (6.113) (with
θ = 0.1) and monitor function (5.192) (with m = 1), is used for adaptive moving
mesh generation. Both the MMPDE and physical PDE are discretized in space by
finite differences on a rectangular mesh in the computational domain (cf. §6.3.1).
The extended system is then integrated alternately with quasi-Lagrange treatment
of mesh movement (cf. §2.6 and §3.2). A fixed time step ∆ t = 0.001 is used in the
integration.

An adaptive moving mesh of size 41× 41 and a contour plot of the computed
solution at several time instants are shown in Figure 6.27. A mesh obtained with
the two-mesh strategy (cf. §3.4) (with a mesh of size 21× 21 being moved by the
MMPDE) is shown in Figure 6.28. This mesh is slightly less concentrated than that
in Figure 6.27 and also leads to a larger error. However, the required computation
time is significantly reduced with the two-mesh strategy; also see [175].

Example 6.6.2 (Combustion model) This model problem in combustion theory
is given by{

ut = ∆u− R
αδ

ueδ (1−1/T ),

L Tt = ∆T + R
δ

ueδ (1−1/T ),
(x,y) ∈Ω ≡ (−1,1)× (−1,1), t > 0 (6.237)

subject to the boundary and initial conditions{
u(x,y, t) = 1, T (x,y, t) = 1, (x,y) ∈ ∂Ω

u(x,y,0) = 1, T (x,y,0) = 1, (x,y) ∈Ω .
(6.238)

Here, L, α , δ , and R are physical parameters and the variables u and T denote the
concentration and temperature of a chemical which is undergoing a one-step reac-
tion in the domain Ω . For small times the temperature gradually increases from
unity, with a “hot spot” forming at the origin. At a finite time, ignition occurs, caus-
ing the temperature at the origin to increase rapidly to approximately 1+α . A flame
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(a) Adaptive mesh at t = 0.5
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(b) Solution contour at t = 0.5

 0  0.2  0.4  0.6  0.8  1
 0

 0.2

 0.4

 0.6

 0.8

 1

(c) Adaptive mesh at t = 1.0
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(d) Solution contour at t = 1.0
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(e) Adaptive mesh at t = 1.5
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(f) Solution contour at t = 1.5
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Fig. 6.27 Example 6.6.1. Adaptive 41×41 mesh and contour plots of the solution (for u = 0.1, 0.5,

and 0.9) at different time instants. Error is
∫ 1.5

0.25 ‖uh−u‖L2(Ω)dt = 7.54×10−4.
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(a) t = 0.25
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(b) t = 0.5
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(c) t = 1.0
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(d) t = 1.5
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Fig. 6.28 Example 6.6.1. Adaptive 41× 41 mesh obtained using the two-mesh technique, with a
21×21 mesh being moved by the MMPDE. Error

∫ 1.5
0.25 ‖uh−u‖L2(Ω)dt = 1.16×10−3.

front then forms and propagates toward the boundary of the domain at a high speed.
The degree of difficulty of the problem is determined by the value of δ . Following
Moore and Flaherty [260], the physical parameters are chosen as L = 0.9, α = 1,
δ = 20, and R = 5.

A moving finite difference solution is shown in Figure 6.29, where MMPDE
(6.39) (with τ = 0.01), the functional IHua in (6.113) (with θ = 0.1), and the monitor
function (5.192) (with m = 1) are used in the computation.

The initial-boundary value problem (6.237) and (6.238) is also solved on a J-
shape domain using a moving mesh finite element method by Cao et al. [81]. Figure
6.30 shows the computed mesh and temperature T using MMPDE (6.39), the func-

tional ICHR in (6.139), and the monitor function M =
√

1+ 1
2‖∇T‖2I.
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Fig. 6.29 Example 6.6.2. Adaptive 41×41 mesh, and corresponding computed solution u (where
yellow represents 1.0 and black represents 0) and T (where yellow represents 2.2 and black repre-
sents 1), are shown at various time instants.

Example 6.6.3 (Convection in porous medium) This model describes the buoyancy-
driven horizontal spreading of heat and chemical species through a fluid saturated
porous medium. From Darcy’s law and the homogeneous porous medium assump-
tion, conservation of mass, momentum, energy, and the constituent give rise to the
following system [268]:
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−∇2ψ = Ra

(
∂T
∂x +N ∂C

∂x

)
,

∂T
∂ t + ∂T

∂x
∂ψ

∂y −
∂T
∂y

∂ψ

∂x = ∇2T,
φ

σ

∂C
∂ t + ∂C

∂x
∂ψ

∂y −
∂C
∂y

∂ψ

∂x = 1
Le ∇2C,

(6.239)

where ψ is the stream function of the flow, T the temperature, C the concentration of
the constituent, Ra the Darcy-modified Rayleigh number, N the buoyancy ratio, Le
the Lewis number, φ the porosity ratio, and σ the heat capacity ratio. The physical
domain is shown in Figure 6.31. The initial and boundary conditions are

ψ|t=0 = 0, T |t=0 = C|t=0 =
{

1, for x≤ 1
2 ,

0, for x > 1
2 ,

(6.240)

and

ψ|∂Ω = 0,
∂T
∂nnn

∣∣∣∣
∂Ω

=
∂C
∂nnn

∣∣∣∣
∂Ω

= 0, for t > 0 (6.241)

where nnn denotes the unit outward normal to the boundary ∂Ω .
The model with parameters Ra = 1000, N = 0, Le = 1, and φ

σ
= 1 is simulated

using a moving mesh finite element method by Cao et al. [81]. The solution do-
main is initially partitioned almost uniformly into 3833 elements. MMPDE (6.39),
functional (6.139), and the monitor function M =

√
1+ |∇T |2 I are used for mesh

movement. From the results shown in Figure 6.32, it is clear that the mesh adapts
well to the temperature and successfully follows the motion of the thin layer of large
temperature and concentration variation. As the variation in temperature and con-
centration is gradually smoothed out by diffusion, the mesh becomes more uniform.

Example 6.6.4 (Coupling of groundwater flow and NAPL transport.) This ex-
ample is a model problem for multiphase flow and transport in a groundwater
environment [251, 252, 287]. It models the process of nonaqueous phase liquids
(NAPLs) dissolved into the aqueous phase. The governing equations are

∂θn

∂ t
=−kna (C∗a −Ca)

ρn
, (6.242)

∂ (θaCa)
∂ t

= ∇ · (D∇Ca−qaCa)+ kna (C∗a −Ca), (6.243)

∇ ·
(

k kra

µ
(∇pa−ρag∇x)

)
+
(

1
ρa
− 1

ρn

)
kna(C∗a −Ca) = 0, (6.244)

where the subscripts “a” and “n” represent the aqueous and nonaqueous phases,
respectively, the superscript “∗” indicates an equilibrium condition with the com-
panion phase involved in the mass transfer, θ = θ(t,x,y) is the volumetric fraction,
Ca = Ca(t,x,y) is the concentration of the NAPL dissolved in water, ρ is density,
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kna is a mass transfer coefficient representing a mass transfer process referenced to a
loss by the nonaqueous phase and a gain by the aqueous phase, qa is the water flux,
D is the dispersivity, pa = pa(t,x,y) is the aqueous phase pressure, k is permeabil-
ity, kra is relative permeability, µ is viscosity, g is the gravity constant, and x is the
vertical coordinate. Also, θn + θa = n, where the porosity n is taken to be constant
here, and the water flux is given by Darcy’s law,

qa =−k kra

µ
(∇pa−ρag∇x) .

The equations (6.242) and (6.243) are for the volumetric fraction of NAPL or NAPL
content and the NAPL dissolved in water, respectively, while (6.244) is for the aque-
ous phase pressure.

Huang and Zhan [194] consider a physical scenario where the aqueous phase
is being flushed from the left boundary and the dissolved NAPL is being eluted
from the right boundary. Mathematically, the left and right boundary conditions are
a specified flux for the aqueous phase, while the top and bottom boundary condi-
tions are no-flow. The initial residual NAPL saturation and other variables are ho-
mogeneous. This is a typical laboratory condition, except that a perturbation in the
residual NAPL saturation near the left boundary, where a portion of the boundary
is NAPL free, indicates that clean water is flushing in. In the numerical simulation,
the values of the physical parameters are taken as those given in Table 15.1 of [252],
which are reasonably representative of conditions encountered in two-dimensional
physical experiments. MMPDE (6.39), the functional (6.139), and the arc-length
monitor function M = I + ∇Ca∇CT

a are used for mesh movement. A moving finite
difference result is shown in Figure 6.33.

Example 6.6.5 (Stefan problems) The 2D enthalpy formulation of Stefan (phase
change) problems can be written in the general form

∂u
∂ t

= ∆θ + f (x,y, t), (x,y) ∈Ω (6.245)

where θ is the temperature, u(θ) is the enthalpy, and f (x,y, t) represents any body
heating or cooling sources [109]. If the substance with specific heat constants c1 and
c2 undergoes a phase change at the temperature θ = θm, then the enthalpy relation-
ship to the temperature is

u(θ) =
{

u(θ−m )+ c1(θ −θm), θ < θm

u(θ−m )+λ + c2(θ −θm), θ ≥ θm
(6.246)

where λ is the latent heat and u(θ−m ) is the enthalpy at θ−m (before jump). In numer-
ical simulation, this function is often replaced with a continuously differentiable,
regularized function. A regularization proposed by Egolf and Manz [131] takes the
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form

u(θ) =

u(θ−m )+ c1(θ −θm)+ λ

2 exp
(
− |θ−θm|

ε−

)
, θ < θm

u(θ−m )+λ + c2(θ −θm)− λ

2 exp
(
− |θ−θm|

ε+

)
, θ ≥ θm

(6.247)

where

ε
− =

λ

2(c2− c1)

 (c2− c1)ε
λ

+1−

√
1+
(

(c2− c1)ε
λ

)2
 ,

ε
+ =

λ

2(c2− c1)

 (c2− c1)ε
λ

−1+

√
1+
(

(c2− c1)ε
λ

)2
 ,

and ε > 0 is the regularization parameter. Several physical scenarios have been sim-
ulated numerically by Beckett et al. [47] using a moving mesh finite element method
based on MMPDE (6.39) (with τ = 0.1), functional (6.139), and the scalar moni-
tor function (5.232). Figure 6.34 shows an adaptive mesh and the corresponding
computed interface at various time instants for an oscillating source problem where
Ω = (−1,1)× (−1,1), the initial condition is θ(x,y,0) = y/10, the boundary con-
ditions are θ(x,y, t) = y/10 for the three sides with y > −1 and a homogeneous
Neumann condition on the bottom side y = −1, and the oscillating heat source is
given by

f (x,y, t) = cos(
t
5
)max

(
0,3.125−50((x+

1
5
)2 +(y+

1
2
)2)
)

+sin(
t
5
)max

(
0,3.125−50((x+

1
5
)2 +(y− 1

2
)2)
)

.

6.7 Biographical notes

The variational approach and related elliptic PDE mesh generators have received
considerable attention from scientists and engineers in the past. The approach is
particularly straightforward for finite difference computations, where its implemen-
tation is simple and requires little expertise with data structures to implement the
mesh refinement. Variational methods have typically been used for generating struc-
tured meshes, but they can also be used for generating unstructured meshes – e.g.,
see [81]. Interestingly, many of the smoothing methods used for improving mesh
quality in unstructured mesh refinement can be viewed as variational methods or
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their variants and, vice versa, variational methods can be used for improving mesh
quality in unstructured mesh refinement – e.g., see Bank and Smith [36] and Chen
[98].

A large number of variational and elliptic PDE-based methods have been devel-
oped. In addition to those mentioned in §6.4 and §6.5, the papers [341, 324, 306,
235, 163, 217, 280, 95], among others, deserve special attention. The reader is also
referred to the books [92, 213, 238, 325] and references therein for further reading
in this topic.

Moving mesh methods of variational type have been successfully used for solv-
ing a large range of application problems. In addition to the problems discussed in
§6.6, other examples include fluid dynamics (Yanenko et al. [345], Tan et al. [313],
Tang [318]), groundwater flow and multi-phase flow (Huang and Zhan [194] and
Wang [336]), problems with blow-up solutions (Budd et al. [67], Budd and Williams
[71], Ceniceros and Hou [95], and Ren and Wang [280]), chemotaxis systems (Budd
et al. [66]), reactive flow and reaction diffusion systems (Zegeling and Kok [351]
and Azarenok and Tang [21]), the nonlinear Schrödinger equation (Ceniceros [94],
Budd et al. [63], Ren and Wang [280]), phase change problems (Lynch [243], Lang
[224], Feng et al. [142], Tan et al. [314], Yu et al. [346], Di et al. [120, 118], Beckett
et al. [47], Mackenzie and Mekwi [246], Tan et al. [312]), shear layer calculations
(Di et al. [119], Tang [318]), gas dynamics (Azarenok et al. [200, 17, 20]), hy-
perbolic conservation laws (Azarenok [17], Tang [318]), Stockie et al. [307], Tang
and Tang [316, 317], Tang [315]), problems with high vorticity (Ceniceros and Hou
[95]), magneto-hydrodynamics (Zegeling et al. [348, 350, 333, 349], Tan [311], and
Han and Tang [167] Van Dam [332]), meteorological problems (Budd and Piggott
[69]), crystal growth (Li [230], Wang et al. [337]), and combustion problems (Lang
et al. [223]).

6.8 Exercises

1. Show that functional I[ξ ] =
∫ 1

0
1

ρ(x)

(
dξ

dx

)2
dx can be transformed into Î[x] =∫ 1

0

(
ρ(x) dx

dξ

)−1
dξ by interchanging the roles of dependent and independent vari-

ables, assuming that the coordinate transformation x = x(ξ ) : [0,1]→ [0,1] has
the inverse ξ = ξ (x) : [0,1]→ [0,1]. Verify that I[ξ ] and Î[x] have Euler-Lagrange
equations that are mathematically equivalent.

2. Show that (6.6) is the Euler-Lagrange equation of (6.7).
3. Derive (6.8) from (6.6).
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4. Find an equivalent functional of (6.7) expressed in terms of x = x(ξ ,η) and y =
y(ξ ,η). Compare your result with functional (6.10). Explain why your functional
is less likely to produce a folded mesh.

5. Complete the derivation for (6.14).
6. Derive (6.46) from (6.45).
7. Show that functional (6.7) is coercive and uniformly convex.
8. Use Lemma 6.2.1 to show that the functional

I[ξ ,η ] =
∫

Ω

((
∂ξ

∂x

)2

+
(

∂ξ

∂y

)2

+
(

∂η

∂x

)2

+
(

∂ξ

∂x

)2
)γ

dxdy,

where γ ≥ 1 is a constant, is convex.
9. Show that the functional

I[ξ ,η ] =
∫

Ω

[ (
∂ξ

∂x

)2

+
(

∂ξ

∂y

)2

+
(

∂η

∂x

)2

+
(

∂ξ

∂x

)2

+
(

∂ξ

∂x
∂η

∂y
− ∂ξ

∂y
∂η

∂x

)2 ]
dxdy

is not convex but polyconvex.
10. Give a 2D functional of the form (6.74).
11. Derive (6.98) and (6.99).
12. Use dimensional analysis to show that the terms in functional (6.108) are dimen-

sionally homogeneous.
13. Confirm the validity of the results in Table 6.1.
14. Show that the functional (6.156) will result in a mesh without adaptivity in 2D

when a scalar-matrix monitor function is used.
15. Show that functionals (6.167) – (6.169) have different dimensions.
16. Show the equality (6.181).
17. For some of the mesh generation methods in §6.5, use (6.212) to find the corre-

sponding adaptive mesh methods, and analyze their capability to satisfy the mesh
equidistribution and alignment conditions.
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(a) Mesh at t = 1.1867 (b) T at t = 1.1867

(c) Mesh at t = 1.2275 (d) T at t = 1.2275

(e) Mesh at t = 1.2321 (f) T at t = 1.2321

Fig. 6.30 Example 6.6.2. Adaptive mesh and corresponding solution T (where white represents 2.2
and black represents 1), obtained by a moving mesh finite element method, are shown at various
time instants. Reprinted from Cao et al. [81], with permission from Elsevier.
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C=0.

T=0,

C=1.

T=1,

0.

1

1/2

2/3 11/3

Fig. 6.31 Physical domain for Example 6.6.3.
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(a) Mesh at t = 9.904×10−5 (b) T at t = 9.904×10−5

(c) Mesh at t = 1.127×10−3 (d) T at t = 1.127×10−3

(e) Mesh at t = 2.183×10−3 (f) T at t = 2.183×10−3

Fig. 6.32 Example 6.6.3. Adaptive mesh and corresponding solution T (where white represents 1
and black represents 0), obtained by a moving mesh finite element method, are shown at various
time instants. Reprinted from Cao et al. [81], with permission from Elsevier.



Fig. 6.33 Example 6.6.4. Adaptive moving mesh (first row), NAPL (second row), dissolved NAPL
in water (third row), and aqueous phase pressure (fourth row) for the NAPL-flow coupling problem.
The first, second, and third columns correspond to time instants t = 1.821× 10−2, 9.426× 10−2,
and 1.714×10−1, respectively. Reprinted from Huang and Zhan [194], with permission from the
American Mathematical Society.
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Fig. 6.34 Example 6.6.5. Adaptive mesh and interface prediction. Reprinted from Beckett et al.
[47], with permission from Elsevier.



Chapter 7
Velocity-Based Adaptive Methods

In this chapter we discuss velocity-based adaptive moving mesh methods. Although
the classification of methods as being either velocity-based or location-based can at
times be somewhat artificial, the former are generally characterized by the fact that
their formulations directly target the mesh velocity, with the subsequent mesh points
determined by integrating the velocity field. Some of these methods are motivated
by the Lagrangian method in computational fluid dynamics (e.g., see Fletcher [148]
or §7.1.1) and some others are based on minimizing a quantity related to error. A
fortuitous property of the Lagrangian methods is that it is well-suited to maintaining
sharper material interfaces since convection terms are eliminated from the governing
equations. A disadvantage is that the meshes have a tendency to tangle and lose
spatial resolution of the solution. Unfortunately, the Lagrangian-like moving mesh
methods also inherit this disadvantage of Lagrangian methods, and major effort has
gone into the development of these methods so as to avoid mesh tangling and/or
regain spatial accuracy.

7.1 Methods based on geometric conservation law

In this section we discuss three methods based on the Geometric Conservation Law
(GCL) [322]: the GCL method developed in [84], the deformation map method de-
veloped by Liao and coworkers [53, 78, 236, 295], and a moving mesh finite element
method developed by Baines and coworkers [31, 340]. Like the methods based on
the Monge-Ampère equation described in §6.5.6, these GCL-based methods also
enforce the equidistribution condition (4.74). However, they are formulated directly
in terms of mesh velocity and as a consequence share many of the advantages and
disadvantages of the Lagrangian method in computational fluid dynamics [148].
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7.1.1 GCL method

The GCL method [84] is based on the Geometric Conservation Law (3.21) and
the equidistribution condition (4.74). Dividing (4.74) by σ and differentiating the
resulting equation with respect to t (with ξξξ being fixed), we obtain

J
∂

∂ t

(
ρ

σ

)
+ J∇

(
ρ

σ

)
· ẋxx+ J̇

(
ρ

σ

)
= 0.

Combining (3.21) with the above equation gives rise to

∂

∂ t

(
ρ

σ

)
+∇ ·

(
ρ

σ
ẋ
)

= 0. (7.1)

This is basically the continuity equation in fluid dynamics, with “flow velocity” ẋxx
and “fluid density” ρ/σ . It can also be considered as a condition for determining the
divergence of mesh speed ẋxx. Thus, the equidistribution condition (4.74) is directly
used to determine the divergence of ẋxx.

Equation (7.1) can be derived in a slightly different way. Taking u = ρ/σ in
(3.24) (a form of GCL), we have

d
dt

∫
A(t)

ρ

σ
dxxx =

∫
A(t)

(
∂

∂ t

(
ρ

σ

)
+∇ · ( ρ

σ
ẋxx)
)

dxxx.

Then (7.1) follows from the facts that A(t) is arbitrary and that, due to the equidis-
tribution condition (4.74),

d
dt

∫
A(t)

ρ

σ
dxxx =

d
dt

∫
Ac

Jρ

σ
dξξξ =

d
dt

(
|Ac|
|Ωc|

)
= 0. (7.2)

The single equation (7.1) is insufficient to determine the vector field ẋxx, and the
motivation for finding supplementary conditions on ẋxx is provided by the Helmholtz
decomposition theorem for vectors, which states that a continuous and differentiable
vector field can be decomposed into the orthogonal sum of a gradient of a scalar
field and the curl of a vector field. Thus, ẋxx can be determined by specifying both
its divergence through (7.1) and its curl. We require ẋxx to satisfy the general curl
condition

∇×w(ẋxx−vvvre f ) = 0, (7.3)

where w > 0 is a weight function and vvvre f is a user-specified reference vector field.
Different choices for w and vvvre f lead to different curl conditions on ẋxx, and these
choices are discussed later.

Requirement (7.3) implies that there exists a potential function φ such that

w(ẋxx−vvvre f ) = ∇φ
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or
ẋxx =

1
w

∇φ +vvvre f . (7.4)

Inserting this into (7.1) leads to

∇ ·
(

ρ

wσ
∇φ

)
=− ∂

∂ t

(
ρ

σ

)
−∇ ·

(
ρ

σ
vvvre f

)
in Ω . (7.5)

The boundary condition on φ can be obtained by requiring that the mesh points do
not move out the domain, i.e., ẋxx ·nnn = 0 where nnn denotes the outward normal to ∂Ω .
From (7.4), this gives the boundary condition

∂φ

∂n
=−wvvvre f ·nnn on ∂Ω . (7.6)

To summarize, the potential function φ is determined by solving the elliptic equa-
tion (7.5) subject to the Neumann boundary condition (7.6). Once φ is known, the
mesh location can be obtained by integrating (7.4).

The basic GCL method can also be cast in a least squares formulation [84].

Relation to Lagrangian methods in fluid dynamics. In fluid dynamics there
exist two basic ways to represent the flow field, the Eulerian representation and
the Lagrangian representation (e.g., see Batchelor [38]). In the Eulerian represen-
tation, fluid motion is observed at a fixed spatial location xxx and the flow velocity is
described by a function in the form of vvv f low(xxx, t). Governing equations expressed
in terms of the independent variables xxx and t are typically solved numerically on
a fixed mesh. Numerical methods based on the Eulerian representation are called
Eulerian methods. While Eulerian meshes trivially avoid mesh tangling, solutions
are diffusive so it is difficult to maintain sharp material interfaces.

In the alternative Lagrangian representation, fluid motion is observed by follow-
ing individual fluid particles as they move through space and time. The flow velocity
is described by a function of the form of v̂vv f low(ξξξ , t), where ξξξ is a vector field used
to label fluid particles and is often chosen as the position of the particles at an initial
time t0. The position of any particle ξξξ , xxx = xxx(ξξξ , t), is then determined by

ẋxx = v̂vv f low(ξξξ , t), (7.7)

subject to the initial condition
xxx(ξξξ , t0) = ξξξ . (7.8)

Since both vvv f low(xxx, t) and v̂vv f low(ξξξ , t) describe the same velocity field, it follows from
the definition of xxx(ξξξ , t) that

vvv f low(xxx(ξξξ , t), t) = v̂vv f low(ξξξ , t).
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Inserting this into (7.7) gives
ẋxx = vvv f low(xxx, t), (7.9)

which simply states that the velocity of a particle at a time t is equal to the velocity
at its location xxx. A particular advantage of the Lagrangian representation is that the
advective terms in the governing equations vanish identically. Lagrangian methods
– numerical methods based on the Lagrangian representation – are less diffusive
than Eulerian ones and well-suited to maintaining sharp material interfaces. More-
over, the non-singularity of the coordinate transformation from the Lagrangian co-
ordinates to the Euler coordinates is guaranteed by the incompressibility condition
of the fluid. However, multidimensional Lagrangian meshes, generated by solving
(7.9), are often too skewed to be used directly in the numerical solution of PDEs.
This inadequacy has been a driving force behind the development of hybrid meth-
ods such as particle methods [174], methods of characteristics [139], and Arbitrary
Lagrangian-Eulerian (ALE) methods [173, 249].

There is a close relation between the GCL method and Lagrangian methods, and
in fact, the GCL method can be regarded as a generalization of these methods. To
see this, choose the control vector field vvvre f in (7.4) to be the flow velocity vvv f low.
Taking ρ = constant as a special case (no adaption), for incompressible fluid flow
where ∇ ·vvv f low = 0 we have φ = constant, and (7.4) reduces to (7.9).

Relation to the L2 Monge-Kantorovich problem. Benamou and Brenier [48]
introduce a so-called fluid dynamics formulation of the L2 Monge-Kantorovich
problem (cf. §6.5.6). For given density functions ρ0(xxx) and ρ1(xxx), the formulation
involves minimizing a cost function, i.e.,

min
vvv,ρ/σ

∫ 1

0

∫
Ω

ρ(xxx, t)
2σ

‖vvv(xxx, t)‖2dxxxdt, (7.10)

subject to the constraints ρ(xxx,0) = ρ0(xxx), ρ(xxx,1) = ρ1(xxx), and (7.1), which is now

∂

∂ t

(
ρ

σ

)
+∇ ·

(
ρ

σ
vvv
)

= 0. (7.11)

Using the Lagrange multiplier method we can obtain the Euler-Lagrange equations
for the above constraint optimization problem. They include equation (7.11) and

1
2
‖vvv‖2− ∂φ

∂ t
−∇φ ·vvv = 0, (7.12)

vvv−∇φ = 0, (7.13)

where the potential function φ = φ(xxx, t) is the Lagrange multiplier. Inserting (7.13)
into (7.11) and (7.12) gives
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∂

∂ t

(
ρ

σ

)
+∇ ·

(
ρ

σ
∇φ

)
= 0, (7.14)

∂φ

∂ t
+

1
2
‖∇φ‖2 = 0. (7.15)

Note that this system cannot be integrated as ODEs due to the constraints ρ(xxx,0) =
ρ0(xxx) and ρ(xxx,1) = ρ1(xxx). An augmented Lagrangian method is proposed for solv-
ing this system in [48]. The formulation and the solution method are used by Sulman
et al. [308] for the purpose of mesh adaptation.

Note that (7.14) corresponds to (7.5) with w = 1 and vvvre f = 0. In this sense, the
fluid dynamics formulation of the L2 Monge-Kantorovich problem can be viewed
as a special example of the GCL formulation where ρ connects ρ0 at t = 0 and ρ1

at t = 1 in a special way. Moreover, the optimization of (7.10) with respect to vvv only
(and subject to (7.11)) will result precisely in a GCL formulation.

Choice of w, vvvre f , and ρ . We consider here the two obvious choices for the
weight function w = ρ/σ and w = 1. The former corresponds to the deformation
map method (see §7.1.2 below) and generally does not result in an irrotational mesh
velocity field. The latter results in an irrotational mesh velocity field when vvvre f = 0
(cf. (7.3)). While numerous other options are possible, their mathematical and/or
physical significance is unclear.

The choice of the control vector field vvvre f is generally problem dependent. For
fluid dynamics problems, a good choice of it can be the flow velocity, since this is
likely to reduce the magnitude of the convection term. However, when mesh adap-
tion is allowed (i.e., ρ is not constant), grid movement due to the mesh adaption
may increase the convection term and make vvvre f more difficult to choose. Generally
speaking, when physical intuition for choosing vvvre f is unavailable, the best option is
likely to be to simply choose vvvre f = 000.

The choice of the adaptation function ρ should generally be based on the equidis-
tribution condition (4.74). Consequently, it is natural to define it to be ρ =

√
det(M)

with the monitor function determined as in Chapter 5. It can also be chosen based
on other considerations, such as the scaling invariance argument used in [31].

Example 7.1.1 In this example we generate a moving adaptive mesh for a given
mesh density function

ρ(x,y, t) = 1+5t exp(−50|(x− 1
2
)2 +(y− 1

2
)2− (

1
4
)2|) (7.16)

for t ∈ [0,1] and (x,y) ∈ (0,1)× (0,1). A mesh at t = 1 generated with the GCL
method (with w = 1 and vvvre f = 000) is shown in Figure 7.1.
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Fig. 7.1 Example 7.1.1. A mesh at t = 1 is generated using the GCL method with w = 1 and
vvvre f = 000. (Cao et al. [84]. c©2002 Society for Industrial and Applied Mathematics. Reprinted with
permission. All rights reserved.)

Example 7.1.2 Here a moving mesh is generated for the time mesh density
function

ρ(x,y, t) ={
1+100(t +0.1)exp(−50|(x− 1

2 )2 +(y− 1
2 )2−0.09|), ∀t ∈ (−0.1,0)

1+10exp(−50|(x− 1
2 − t)2 +(y− 1

2 )2−0.09|), ∀t ≥ 0.
(7.17)

This function is defined using two time phases, one from t =−0.1 to t = 0 and the
other for t > 0. The purpose of the first phase is to produce an adaptive mesh for
t = 0, starting from a uniform mesh at t =−0.1. For t > 0, the function simulates a
circular peak which moves right at speed 1 and eventually leaves the domain while
maintaining its shape.

A moving mesh obtained for w = 1 is shown in Figure 7.2. As expected, the mesh
points are concentrated around the circle (x− 1

2 )2 +(y− 1
2 )2 = 0.32 at the beginning

(t = 0) and then follow the movement of the circular peak. It is interesting to note
that the mesh is not very smooth. This appears to be an inherent feature of the
GCL method because the locations of the mesh points are not governed by either an
elliptic or parabolic PDE.

Example 7.1.3 For this example a moving mesh is generated for the mesh den-
sity function

0 0.25 0.5 0.75 1
0

0.25

0.5

0.75

1
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Fig. 7.2 Example 7.1.2. A moving mesh is generated using the GCL method with w = 1 and
vvvre f = 000. (Cao et al. [84]. c©2002 Society for Industrial and Applied Mathematics. Reprinted with
permission. All rights reserved.)

ρ(x,y, t) =
1+50(0.1+ t)exp(−50|(x− 3

4 )2 +(y− 1
2 )2− .01|),

for −0.1 < t < 0
1+5exp(−50|(x− 1

2 −
1
4 cos(2πt))2 +(y− 1

2 −
1
4 sin(2πt))2− .01|),

for t ≥ 0.

(7.18)

The largest values of ρ occur around a small circle which rotates about the point
( 1

2 , 1
2 ).

This is a difficult test problem for many moving mesh methods, especially for
ones using a Lagrangian representation. For such methods, as the concentration of
mesh points follows the small rotating circle, if some of the boundary mesh points
stay fixed (as in this case where the four corner points are fixed), then the mesh can
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Fig. 7.3 Example 7.1.3. A moving mesh is generated using the GCL method with w = 1 and
vvvre f = 000. (Cao et al. [84]. c©2002 Society for Industrial and Applied Mathematics. Reprinted with
permission. All rights reserved.)

be expected to become more and more skewed. Indeed, the current GCL method suf-
fers from this difficulty. Although the GCL condition guarantees non-singularity of
the Jacobian of the coordinate transformation in the continuous case, it does not pre-
vent the mesh from becoming increasingly skewed. Points of such a highly skewed
mesh can have a tendency to tangle each other numerically. This skewness is illus-
trated in Figure 7.3 for the case w = 1.
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7.1.2 Deformation map method

The deformation map is introduced by Moser [110, 261] to study volume elements
of a compact Riemannian manifold when proving the existence of a C1 diffeo-
morphism with specified Jacobian. The map is subsequently adapted by Liao and
coworkers [53, 236, 295] to generate adaptive moving meshes. It takes the form

ẋxx = 1
ρ(xxx,t)∇φ(xxx, t), in Ω

∆φ =− ∂ρ

∂ t , in Ω

∂φ

∂n = 0, on ∂Ω .

(7.19)

It is easy to see that (7.19) corresponds to the GCL method (7.4) and (7.5) for the
case vvvre f = 0 and w = ρ . Note that the mesh velocity is generally not irrotational in
this case. Indeed, from (7.3), we have

∇× ẋxx =− 1
ρ

∇ρ× ẋxx. (7.20)

Figure 7.4 shows a moving mesh obtained with the deformation map method (or
GCL method with w = ρ) for Example 7.1.2. It is apparent that the moving mesh is
considerably different from the one in Figure 7.2 (generated with the GCL method
with w = 1). In our experience, the moving meshes generated with w = 1 are usually
less skewed than those obtained with w = ρ . Although it is difficult to predict the
precise influence caused by the choice w = ρ , it appears that the choice w = 1,
which produces an irrotational mesh velocity, will generally produce better behaved
adaptive meshes.

7.1.3 Static version

For many situations, one needs to generate a fixed mesh having a specified mesh
topology and a prescribed mesh density distribution ρ̃(xxx). An example is to produce
an initial adaptive mesh which evenly distributes the interpolation error of some
initial data (cf. Example 7.1.1). In such cases, we may define a time-dependent
mesh density function by

ρ(xxx, t) = (1− t)+ t ρ̃(xxx), 0≤ t ≤ 1 (7.21)

and then use continuation, integrating the mesh system (7.4) and (7.5) from t = 0 to
1. A variant of this procedure can also be used to create an adaptive mesh at each
time level for a time-dependent problem [241].
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Fig. 7.4 Example 7.1.2. A moving mesh is generated using the GCL method with w = ρ and
vvvre f = 000. (Cao et al. [84]. c©2002 Society for Industrial and Applied Mathematics. Reprinted with
permission. All rights reserved.)

7.1.4 A moving mesh finite element method based on GCL

Baines et al. [32, 340, 31, 33] have developed a moving finite element method bear-
ing a strong relation to the GCL method of §7.1.1 and the deformation method of
§7.1.2. To describe this method, consider a physical differential equation of the form

ut = L u, in Ω (7.22)

where L is a differential operator, and for simplicity assume that the Dirichlet
boundary condition

u = g, on ∂Ω (7.23)
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is given. A mesh density function is chosen of the form ρ = ρ(u,∇u).
Taking w = 1 in (7.5) and noticing that σ is a function of t, we have

∇ · (ρ∇φ) =
ρ

σ

dσ

dt
−
(

∂ρ

∂u
+

∂ρ

∂∇u
·∇
)

ut −∇ · (ρvvvre f ).

Inserting (7.22) into the above equation, multiplying it by a test function v∈H1(Ω),
integrating over Ω , and performing integration by parts, (7.5) can be rewritten in the
weak form∫

Ω(t)
ρ∇φ ·∇vdxxx =− 1

σ

dσ

dt

∫
Ω(t)

vρdxxx

+
∫

Ω(t)
v
(

∂ρ

∂u
+

∂ρ

∂∇u
·∇
)

L udxxx−
∫

Ω(t)
ρvvvre f ·∇vdxxx

+
∫

∂Ω(t)
vρ

∂φ

∂n
dS +

∫
∂Ω(t)

vρvvvre f ·nnndS, ∀v ∈ H1(Ω) (7.24)

where nnn is the unit outward normal to the boundary ∂Ω and for generality we con-
sider the situation where Ω can change with time. The weak formulation of (7.4)
is ∫

Ω(t)
v(ẋxx−∇φ −vvvre f )dxxx = 0, ∀v ∈ H1(Ω). (7.25)

Taking u = vρ/σ in (3.24) we have

d
dt

∫
Ω(t)

vρ

σ
dxxx =

∫
Ω(t)

(
∂

∂ t

(vρ

σ

)
+∇ ·

(
vρẋxx
σ

))
dxxx

=
∫

Ω(t)

ρ

σ
(vt +∇v · ẋxx) ,

where (7.1) has been used in the last step. Thus, for any v satisfying

vt +∇v · ẋxx = 0, (7.26)

we get
d
dt

∫
Ω(t)

vρ

σ
dxxx = 0

or ∫
Ω(t)

vρdxxx = σ(t)

∫
Ω(0) v(xxx,0)ρ(xxx,0)dxxx

σ(0)
(7.27)

for the general time-dependent domain. If we take v = 1 in (7.27), then differentiat-
ing both sides with respect to t and using the Leibniz rule (3.25), we get

dσ

dt
=
∫

Ω(t)

(
∂ρ

∂u
+

∂ρ

∂∇u
·∇
)

L udxxx+
∫

∂Ω(t)
ρẋxx ·nnndS. (7.28)
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We can now describe the moving mesh FEM (Finite Element Method), for which
equations (7.27) and (7.28) are used to update the physical solution and parameter
σ , respectively. Denote the moving mesh by Th(t); see §3.3.3. Let the correspond-
ing linear basis functions be φ j(xxx, t), i = 1, ...,Nvi, ...,Nv, where the last (Nv−Nvi)
functions are associated with boundary vertices. Then the linear finite element ap-
proximations are{

uh(xxx, t) = ∑
Nv
i=1 u j(t)φ j(xxx, t), φ h(xxx, t) = ∑

Nv
i=1 Φ j(t)φ j(xxx, t),

ẋxxh(xxx, t) = ∑
Nv
i=1 ẋxx j(t)φ j(xxx, t),

(7.29)

where Φ j(t) ≈ φ(xxx j(t), t) (which is not to be confused with the basis function
φ j(xxx, t)). Define

c j =

∫
Ω(0) φ j(xxx,0)ρ(uh(xxx,0),∇uh(xxx,0))dxxx

σ(0)
, j = 1, ...,Nvi. (7.30)

The method involves the following sequence of steps to update U = {u j(t)}, Φ =
{Φ j(t)}, XXX = {xxx j}, and σ(t):

(i) Given XXX and σ(t), update U by solving∫
Ω(t)

φ j(xxx, t)ρ(uh(xxx, t),∇uh(xxx, t))dxxx = σ(t)c j, j = 1, ...,Nvi (7.31)

subject to the Dirichlet boundary condition (7.23) at the boundary vertices. Equa-
tion (7.31) is obtained by taking v = φ j(xxx, t) in (7.27). Note that this choice of v
is permissible since φ j satisfies (7.26) (see (3.97)).

(ii) Given U , solve discrete versions of (7.24) and (7.28) for Φ and σ of the form∫
Ω(t)

ρ
h
∇φ

h ·∇φ jdxxx =−c j
dσ

dt
+
∫

Ω(t)
φ j

(
∂ρh

∂u
+

∂ρh

∂∇u
·∇
)

L uhdxxx

−
∫

Ω(t)
ρ

hvvvre f ·∇φ jdxxx+
∫

∂Ω(t)
φ jρ

h ∂φ h

∂n
dS

+
∫

∂Ω(t)
φ jρ

hvvvre f ·nnndS, i = 1, ...,Nvi (7.32)

dσ

dt
=
∫

Ω(t)

(
∂ρh

∂u
+

∂ρh

∂∇u
·∇
)

L uhdxxx+
∫

∂Ω(t)
ρ

hẋxxh ·nnndS, (7.33)

where (7.31) has been used. Equation (7.32) is subject to a proper boundary
condition for φ h.

(iii) Given Φ , update XXX by solving the discrete form of (7.25)∫
Ω(t)

φ j(ẋxxh−∇φ
h−vvvre f )dxxx = 0, i = 1, ...,Nv. (7.34)
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The above algorithm imposes the Dirichlet boundary condition in a strong sense
and unlike the continuous problem does not generally conserve the mass. For exam-
ple, consider the porous medium equation,

ut = ∇(um
∇u), (7.35)

where m is a positive integer. It is known that (7.35) admits a family of compact
support self-similar solutions with moving boundaries on which u = 0. Taking the
moving compact support as Ω(t), it is easy to show that the total mass,

∫
Ω(t) udxxx,

is conserved for (7.35), so a reasonable choice for the density function is ρ = u.
Unfortunately, the total mass is not generally conserved for the numerical solution
since {φ j}Nvi

j=1 in (7.31) do not form a partition of unity (i.e., ∑
Nvi
j=1 φ j 6= 1for allxxx ∈

Ω(t)). A remedy [196] is to use modified interior basis functions φ̃ j satisfying

Nvi

∑
j=1

φ̃ j =
Nv

∑
j=1

φ j = 1. (7.36)

Another way is to use weak imposition of the Dirichlet boundary condition. This
can be done [32] by computing u j at both interior and boundary vertices through
(7.31) (i.e., using j = 1, ...,Nv instead of j = 1, ...,Nvi) and using these conditions in
evaluating the integrals in (7.32) and (7.33).

For the porous medium equation (7.35), the mesh density function can also be
defined based on scaling invariance; see [31] for details.

Example 7.1.4 Consider the porous medium equation (7.35). In d dimensions
(d = 1 or 2) it admits a radially symmetric self-similar solution of the form [264]

u(r, t) =


1

λ d

(
1−
(

r
r0λ

)2
) 1

m

, for r ≤ r0λ

0, for r > r0λ

(7.37)

where r is the radial coordinate and

λ =
(

t
t0

) 1
2+dm

, t0 =
r2

0m
2(2+dm)

.

A solution obtained with the moving mesh FEM (with weak imposition of the
Dirichlet boundary condition) is shown in Figure 7.5.
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Fig. 7.5 Example 7.1.4. Shown are (a) slices of the exact and approximate solutions along y = 0
for m = 3 at time instances t = 0,0.5,1.0, and 2.0 and (b) the approximate solution surface at t = 2.
Reprinted from Baines et al. [32], with permission from Elsevier.

7.2 MFE – moving finite element method

The original moving finite element method (MFE) developed by Miller and Miller
[258] and Miller [253] (also see Baines [29], Carlson and Miller [88, 89], and Miller
[256] and references therein) generates a moving mesh through the mesh velocity.
Consider a time-dependent physical PDE of the form (7.22) and denote the corre-
sponding coordinate transformation by xxx = xxx(ξξξ , t) : Ωc→ Ω . From (3.19) we can
rewrite (7.22) as

u̇−∇u · ẋxx = L u, (7.38)

where u̇ = (∂/∂ t)u(xxx(ξξξ , t), t) and the mesh velocity ẋxx = (∂/∂ t)xxx(ξξξ , t). In continu-
ous form the MFE can be viewed as determining the solution u(xxx(ξξξ , t), t) and the
mesh xxx = xxx(ξξξ , t) by minimizing a weighted L2-norm of the residual of (7.38) with
respect to u̇ and ẋxx, viz.,

min
u̇,ẋxx

∫
Ω

(u̇−∇u · ẋxx−L u)2 wdxxx, (7.39)

where w is a weight function. The classical version of MFE uses w = 1 [258, 253]
and the gradient weighted MFE (GWMFE) [88, 89, 255] uses w = 1/(1 + |∇u|2).
A nice feature of the MFE (and GWMFE) is that the mesh attempts to follow a
path corresponding to the smallest weighted L2-norm of the residual of the discrete
equations. In particular, for (diffusion-domianted) parabolic PDEs whose solutions
tend to a steady-state, then the mesh will tend to be a steady-state and become a
locally optimal mesh that produces the least error among all meshes with the same
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connectivity [207, 253]. Note that the last property does not hold for hyperbolic
equations [88] although some variants of the MFE, such as the stabilized MFE of
[256] and the least squares MFE of [257], are designed to maintain the property for
some types of hyperbolic problems. The difficulty with the MFE (and GWMFE)
is that the mesh equations resulting from the minimization of functional (7.39) can
become degenerate, and its numerical computation requires careful regularization.
This can be seen from the Euler-Lagrange equations for (7.39), i.e.,

u̇−∇u · ẋxx−L u = 0, (7.40)

(u̇−∇u · ẋxx−L u)∇u = 0. (7.41)

The first equation is simply (7.38). However, (7.40) and (7.41) are clearly not inde-
pendent and form a degenerate system for u̇ and ẋxx. It is thus not surprising that the
MFE equations can sometimes become indeterminate since they are derived from a
discretization of (7.39) (see (7.45) below).

To consider the actual implementation of the MFE, denote the mesh by Th(t) =
{K(t)} and the corresponding linear finite element space by S h(t) (cf. (3.92)). For
a basis {φ j(xxx, t)} of S h, the approximate solution u in S h has the representation

uh(xxx, t) = ∑
j

u j(t)φ j(xxx, t). (7.42)

From (3.98),
∂

∂ t
uh(xxx, t) = ∑

j
u̇ jφ j(xxx, t)−∇uh ·Π1ẋ, (7.43)

where Π1ẋ is the piecewise linear mesh velocity satisfying

Π1ẋ = ∑
j

ẋxx j(t)φ j(xxx, t) (7.44)

and ẋxx j’s are the mesh velocities. Replacing u by uh in (7.22) and using (7.43), we
obtain the minimization problem

min
u̇ j ,ẋxx j

∫
Ω

w

(
∑

j
u̇ jφ j(xxx, t)−∇uh ·Π1ẋ−L uh

)2

dxxx, (7.45)

which resembles (7.39) by viewing ∑ j u̇ jφ j(xxx, t) as u̇h. To avoid the possible indeter-
minateness of a solution to the discrete equations, a penalty term is added to (7.45).
Using the so-called internodal viscosity form proposed by Miller [254], one obtains
the modified minimization problem
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min
u̇ j ,ẋxx j

{ ∫
Ω

w

(
∑

j
u̇ jφ j(xxx, t)−∇uh ·Π1ẋ−L uh

)2

dxxx

+ε
2
∫

Ω

(
‖∇∑

j
u̇ jφ j‖2 +‖∇∑

j
ẋxx jφ j‖2

F

)
dxxx,

}
(7.46)

where ε2 is an appropriately chosen small internodal viscosity coefficient. The MFE
discrete equations can be readily obtained as

∑
j

u̇ j

∫
Ω

wφ jφkdxxx−∑
j

∫
Ω

w(ẋxx j ·∇uh)φ jφkdxxx

+ ε
2
∑

j
u̇ j

∫
Ω

(∇φ j ·∇φk)dxxx =
∫

Ω

wφkL uhdxxx, (7.47)

∑
j

u̇ j

∫
Ω

wφ jφk∇uhdxxx−∑
j

∫
Ω

w(ẋxx j ·∇uh)φ jφk∇uhdxxx

− ε
2
∑

j
ẋxx j

∫
Ω

(∇φ j ·∇φk)dxxx =
∫

Ω

wφk∇uhL uhdxxx. (7.48)

This system, rewritten in abstract form as

F(U̇ ,ẊXX ,U,XXX , t) = 0, (7.49)

is solved for the physical solution U(t) = {u j(t)} and the mesh locations XXX(t) =
{xxx j}.

When the differential operator L involves second order derivatives, the integrals
on the right-hand sides of (7.47) and (7.48) are not well defined since uh ∈ H1(Ω)
is not in the domain of L . In such case, they can be interpreted and calculated in
terms of mollification [258], i.e., piecewise linear functions are smoothed with a
mollification radius δ > 0, the integrals are calculated, and then the limit is taken as
δ → 0. These limiting integrals turn out to be independent of the particular mollifi-
cation used. The details of the mollification method and examples can be found in
[88, 89]. An alternative interpretation involves distributions, or formal integration
by parts [262] (cf. (5.195)), although it may not be applicable for some situations
[254].

To conclude this section it should be pointed out that the so-called moving best
fit (MBF) method developed by Baines [30, 28] deserves special attention. It aims to
avoid the inherent singularities of the MFE and thus the need to use regularization.
The reader is referred to Baines [29] for a detailed description and discussion of the
method.
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(a): ρQ > ρav

Q

P

vvvPQ

(b): ρQ < ρav

Q

P

vvvPQ

Fig. 7.6 Illustration of mesh velocity.

7.3 Other approaches

7.3.1 Method based on attraction-repulsion

Let ρ(xxx) be a (strictly positive) density function and ρav be a local average. The
method proposed by Anderson and Rai [12] is based on the assumption that points
where ρ is larger than ρav should attract other points, and points where ρ is smaller
than ρav should repel them. For any two points, P and Q, Figure 7.6 illustrates the
corresponding mesh velocity. More precisely, the mesh velocity at P due to error at
Q is written as

vvvPQ = K
ρQ−ρav

‖xxxQ−xxxP‖γ+1 (xxxQ−xxxP), (7.50)

where K and γ are two positive parameters. The distance between the two points is
used so that the greater the distance, the less they influence each other.

Expression (7.50) is used in [12] to define the global mesh velocity field in one
dimension and in two dimensions in a tensor product manner. The global mesh
velocity at vertex i is expressed as

ẋxxi =−JJJiξξξ t = KJJJi ∑
j 6=i

ρ j−ρav

‖xxx j−xxxi‖γ+1 (xxx j−xxxi), (7.51)

where the summation is over all mesh points. Selection of K and γ is discussed
for the 1D situation in [12], but it is unclear how the choice is extended to multi-
dimensions. The numerical results also show the method to be more successful in
1D than in multi-dimensions.
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7.3.2 Methods based on spring models

With this type of method the mesh is viewed as a spring system for which each
edge has a given spring stiffness constant (see Figure 7.7). For example, Gnoffo
[155, 156] defines the stiffness constant for the edge connecting points i and j as a
function of the gradient of some unknown function u,

k j(xxxi) = 1+ c
|u(xxx j)−u(xxxi)|
‖xxx j−xxxi‖

, (7.52)

where c is a positive constant. By Hooke’s law the force related to this edge is given
by FFF ji = (xxx j−xxxi)k j(xxxi). The mesh equations are then obtained by requiring that the
spring forces at each point are at equilibrium, viz.,

∑
j 6=i

(xxx j−xxxi)k j(xxxi) = 0, (7.53)

or

xxxi =
∑ j 6=i xxx jk j(xxxi)
∑ j 6=i k j(xxxi)

, (7.54)

where the summation is over all neighboring points of i. A Gauss-Seidel iteration
can be used to update the position. Indeed, we have

xxxnew
i =

∑ j 6=i xxx jk j(xxxold
i )

∑ j 6=i k j(xxxold
i )

, (7.55)

where the xxx j’s on the right-hand side take the latest available approximations.
Note that (7.54) can be interpreted as a weighted averaging or a weighted Lapla-

cian smoothing. Consequently, (7.53) can be viewed as a discretization on a uniform
computational mesh of Laplace’s equation

∇ · (w(xxx)∇xl) = 0, l = 1, ...,d (7.56)

for some variable diffusion function w(xxx), where xk’s are the components of the
coordinate transformation xxx = xxx(ξξξ ).

Habashi et al. [162] define the stiffness constant as

k j(xxxi) =
dM(xxx j−xxxi)
‖xxx j−xxxi‖

, (7.57)

where dM(xxx j−xxxi) denotes the metric distance between points i and j. They use the
slightly different Gauss-Seidel update strategy

xxxnew
i = xxxold

i +ω
∑ j 6=i(xxx j−xxxold

i )k j(xxxold
i )

∑ j 6=i k j(xxxold
i )

, (7.58)



7.3 Other approaches 397

where ω > 0 is a relaxation factor. Using the analogy of (7.55) to (7.53), we can
loosely interpret (7.58) as a Euler-type discretization of the differential equation

ẋl = ∇ · (w(xxx)∇xl), l = 1, ...,d. (7.59)

It can be generalized to including an anisotropic diffusion matrix M(xxx), and in the
moving mesh framework

τ ẋl =
1

p(xxx)
∇ · (M(xxx)∇xl), l = 1, ...,d (7.60)

where τ > 0 is a parameter and p(xxx) is a positive function. Note that both (7.59) and
(7.60) are parabolic equations which can be considered as gradient flow equations
for the mesh xxx = xxx(ξξξ ); cf. (6.35). As a consequence, a natural way of choosing τ ,
p(xxx), w(xxx), and M(xxx) would be as done for the MMPDEs in Chapter 6.

Tomita et al. [328] define

k j(xxxi) = c
‖xxx j−xxxi‖− d̄
‖xxx j−xxxi‖

(7.61)

and update the position of the vertices through Newton’s second law, i.e.,

m
d2xxxi

dt2 = c ∑
j 6=i

(xxx j−xxxi)k j(xxxi)− γ
dxxxi

dt
, (7.62)

where m is the mass of each point, γ > 0 is a damping coefficient, c > 0 is the spring
constant, and d̄ > 0 is the natural spring length. The choice of d̄ needs careful tuning:
as it becomes longer, the ratio of maximum mesh interval to minimum becomes
closer to one. If the natural spring length is larger than a critical value, however, the
spring dynamic system does not have a stable equilibrium. The method is used in
[328] to successfully generate a more homogeneous mesh system than the standard
icosahedral one.

Interestingly, we can combine (7.52) or (7.57) with (7.62) for mesh adaptation.
In continuous form, this leads to the hyperbolic mesh equation

m
∂ 2xl

∂ t2 =
1

p(xxx)
∇ · (M(xxx)∇xl)− γ

∂xl

∂ t
, l = 1, ...,d. (7.63)

This type of hyperbolic mesh equation is very different from mesh equations of
parabolic type, and its relative advantages are unclear.
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xxx0

xxx1

xxx2xxx3

xxx4

xxx5 xxx6

Fig. 7.7 A mesh is viewed as a spring system.

7.3.3 Methods based on minimizing convection terms

Motivated by Lagrangian methods in computational fluid dynamics, a number of
moving mesh approaches have been developed by minimizing convective terms in
governing equations. In this subsection we describe such a method (Petzold [274]
and Hyman and Larrouturou [198]) that is based on minimizing the time rate of
change of the solution and defines the mesh velocity in terms of the time and space
derivatives of the solution. With the method, the solution is changing slowly in this
moving mesh reference frame, and large time steps are taken without sacrificing
accuracy. However, the mesh points may quickly tangle and fail to adequately re-
solve the solution. When this happens, it is suggested (e.g., see [199]) that a static
rezone step be used to regain spatial accuracy, viz., the domain is re-meshed and the
solution interpolated from the old to the new one.

We illustrate the method for the differential equation (7.22), which takes the form
(7.38) in the computational coordinate. The mesh velocity is chosen to minimize the
variation of u and x in the new coordinates ξξξ and t, i.e.,

min
ẋxx

(
u̇2 +α‖ẋxx‖2)= min

ẋxx

(
(∇u · ẋxx+L u)2 +α‖ẋxx‖2) , (7.64)

where α > 0 is a parameter. This leads to

(α +∇u∇uT )ẋxx =−(L u)∇u. (7.65)

There is no mechanism in the above equation to avoid tangling of mesh points.
Petzold [274] suggests adding a diffusion-like term, giving

(α +∇u∇uT )ẋxx = λ∆ ẋxx− (L u)∇u, (7.66)
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where λ > 0 is a parameter. It is found in 1D that with these smoothed mesh ve-
locities the mesh points are unlikely to cross in a time step and the added term α

is important even when mesh points are deleted and moved apart using the static
rezoning strategy after every time step.

A weighted minimization is considered in [199] to obtain mesh equations which
are invariant under scaling and translation of u and xxx. The above-described method
has been implemented mainly for 1D problems (e.g., see [199]), and it would be
interesting to investigate their potential in multidimensions.

7.4 Exercises

1. Show that the Euler-Lagrange equations of the constrained optimization problem
(7.10) are given by (7.11)–(7.13).

2. Derive (7.20).
3. Complete the derivation of (7.24).
4. Verify (7.37) is a solution of the porous medium equation (7.35).
5. Show that the Euler-Lagrange equations of (7.39) are given by (7.40) and (7.41).
6. Derive the continuous version of (7.46).
7. An ordinary differential equation corresponding to (7.63) takes the form

m
d2x
dt2 =−cx− γ

dx
dt

,

where m, c, and γ are positive constants. Show that this represents a dissipative
system, and x(t)→ 0 as t→ ∞.

8. Derive (7.65) from (7.64).





Appendix A
Sobolev spaces

Throughout this book, Ω denotes a simply connected, open, bounded domain in
the d-dimensional space Rd , Ω is its closure, and |Ω | denotes its length, area, or
volume for d = 1,2, or 3, respectively. The coordinates on Ω are denoted by xxx =
(x1, ...,xd)T . Given a multi-index α = (α1,α2, ...,αd) of non-negative integers, let
|α|= α1 + · · ·+αd and

Dα u =
∂ |α|u

∂xα1
1 · · ·∂xαd

d
.

An l-th order partial derivative is also denoted by

D(i1,...,il)u =
∂ lu

∂xi1 · · ·∂xil
,

where (i1, ..., il) is an integer vector of l components with 1≤ i1, ..., il ≤ d. The set
of all l-th order partial derivatives is denoted by either D|α|u or Dlu with l = |α|.
Following the convention, we will denote D1 by the gradient operator ∇, i.e., ∇ =
D1.

Lebesgue space Lp(Ω) (1≤ p < ∞) is the vector space of the functions u : Ω→R
for which |u|p is Lebesgue integrable on Ω , so

∫
Ω
|u(xxx)|pdxxx < ∞. It is a Banach

space with respect to the norm

‖u‖Lp(Ω) =
(∫

Ω

|u(xxx)|pdxxx
) 1

p

.

L∞(Ω) is the Banach space of the measurable functions which are defined on Ω and
bounded outside a set of measure zero. It is equipped with the norm

‖u‖L∞(Ω) = ess sup
xxx∈Ω

|u(xxx)|.

401



402 A Sobolev spaces

We list several fundamental inequalities associated with Lebesgue spaces in the
following.

Theorem A.0.1 (Minkowski’s inequality or the triangle inequality) For 1≤
p≤ ∞,

‖u+ v‖Lp(Ω) ≤ ‖u‖Lp(Ω) +‖v‖Lp(Ω) ∀u,v ∈ Lp(Ω). (A.1)

Theorem A.0.2 (Hölder’s inequality) Assume 1≤ p,q≤∞, 1
p + 1

q = 1. Then,∫
Ω

|uv|dxxx≤ ‖u‖Lp(Ω)‖v‖Lq(Ω) ∀u ∈ Lp(Ω), ∀v ∈ Lq(Ω). (A.2)

The Lebesgue spaces have the embedding property

L1(Ω)←↩ L2(Ω)←↩ · · · ←↩ L∞(Ω).

This is an immediate result of Hölder’s inequality. Indeed, for any two integers
1≤ q < p≤ ∞ and any function u ∈ Lp(Ω), we have

‖u‖Lq(Ω) =
(∫

Ω

|u|q ·1dxxx
) 1

q

≤
(
‖|u|q‖

L
p
q (Ω)
‖1‖

L
p

p−q (Ω)

) 1
q

= |Ω |
1
q−

1
p ‖u‖Lp(Ω).

The following theorem is a generalization of Hölder’s inequality because of the
weight function term and general exponent. It is used repeatedly in this book, partic-
ularly when dealing with the equidistribution principle in Chapter 6. The interested
reader is referred to Hardy et al. [168] for its proof.

Theorem A.0.3 Given a weight function w(xxx) ≥ 0 with
∫

Ω
wdxxx = 1, for an

arbitrary function f and real number r define

Mr( f ) =
(∫

Ω

w| f |rdxxx
) 1

r

,

with the limits M0( f ) = exp(
∫

Ω
w log | f |dxxx) (geometric mean), M+∞ = max | f |, and

M−∞ = min | f |. Then
Mr( f ) < Ms( f ) (A.3)

for −∞ ≤ r < s ≤ +∞ unless (a) Mr( f ) = Ms( f ) = +∞, which can happen only
if r ≥ 0, or (b) Mr( f ) = Ms( f ) = 0, which can happen only if s ≤ 0, or (c) f ≡
constant.

Sobolev spaces deal with function derivatives. Define C∞
0 (Ω) ≡

⋂
∞
m=0 Cm

0 (Ω),
where Cm(Ω) denotes the vector space of m-times differentiable functions on Ω ,
Cm

0 (Ω) = {u ∈ Cm(Ω) |supp(u) ⊂ Ω}, and supp(u) = {xxx |xxx ∈Ω , u(xxx) 6= 0}. For a
multi-index α = (α1, ...,αd) and for a Lebesgue integrable function u on Ω , if there
is a Lebesgue integrable function vα on Ω which satisfies the condition
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Ω

uDα
ψdxxx = (−1)|α|

∫
Ω

vα ψdxxx, ∀ψ ∈C∞
0 (Ω),

then vα is said to be a distributional derivative or a generalized derivative of u of
order |α|, and it is denoted by Dα u = vα .

For a given integer m≥ 0 and real number p∈ [1,∞], the Sobolev space W m,p(Ω)
is defined as the vector space of the functions u ∈ Lp(Ω) such that for each multi-
index α with |α| ≤m, the distributional derivative Dα u belongs to Lp(Ω). With the
norm

‖u‖W m,p(Ω) =

(
∑
|α|≤m

∫
Ω

|Dα u|pdxxx

) 1
p

,

it is a Banach space. The semi-norm |u|W m,p(Ω) is defined by

|u|W m,p(Ω) =

(
∑
|α|=m

∫
Ω

|Dα u|pdxxx

) 1
p

=
(∫

Ω

‖Dmu‖p
lp

dxxx
) 1

p

,

where ‖·‖lp denotes the lp matrix norm. The scaled semi-norm 〈u〉W m,p(Ω) is defined
by

〈u〉W m,p(Ω) =

(
1
|Ω | ∑

|α|=m

∫
Ω

|Dα u|pdxxx

) 1
p

=
(

1
|Ω |

∫
Ω

‖Dmu‖p
lp

dxxx
) 1

p

. (A.4)

Note that Lp(Ω) = W 0,p(Ω), and for the special case p = 2 we denote Hm(Ω) =
W m,2(Ω).

The trace operator plays an important role in studying the existence and unique-
ness of solutions to BVPs of PDEs. Loosely speaking, the trace operation defines
the notion of restriction of a function on the domain boundary. Consider a bounded
open domain Ω ⊂ Rd with Lipschitz (continuous) boundary ∂Ω . Then the trace
operator T is defined as

Tu = u|∂Ω , ∀u ∈C1(Ω̄). (A.5)

Some important properties of the trace operator are given in the following lemmas.
The interested reader is referred to, e.g., Grisvard [159] for their proofs.

Theorem A.0.4 Any bounded open convex subset of Rd has a Lipschitz bound-
ary.

Theorem A.0.5 (The trace theorem) Let Ω be a bounded open subset of Rd

with a Lipschitz boundary ∂Ω . Then for any number 1 < p < ∞, the trace operator
T , which is defined on C1(Ω̄), has a unique continuous extension as an operator

from W 1,p(Ω) onto W 1− 1
p ,p(∂Ω).
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Theorem A.0.6 Let Ω be a bounded open subset of Rd with a Lipschitz bound-
ary ∂Ω . Then for any number 1 < p < ∞, there exists a constant C such that∫

∂D
|Tu|pdS≤C

[
ε

1− 1
p

∫
D
|∇u|pdxxx+ ε

− 1
p

∫
D
|u|pdxxx

]
(A.6)

for all u ∈W 1,p(Ω) and ε ∈ (0,1).

For simplicity, the trace of u ∈W 1,p(Ω) is denoted by u|∂Ω when this can be
done without causing any confusion.

Poincaré-type inequalities which relate the integral of a function to that of its
gradient are also frequently used throughout the book. There are two types of these
inequalities, those concerned with functions having vanishing trace and those with
the difference between functions and their average. The proofs of the following two
theorems can be found, e.g., in Evans [137] and Chen and Wu [101].

Theorem A.0.7 (Poincaré’s inequality; u|∂Ω = 0) Let Ω be a bounded, open
subset of Rd . For 1≤ q≤ p < ∞,

‖u‖Lq(Ω) ≤C‖∇u‖Lp(Ω), ∀u ∈W 1,p
0 (Ω) (A.7)

where W 1,p
0 (Ω) = {u ∈W 1,p(Ω) : u|∂Ω = 0} and C is a constant depending only

on d, p, q, and Ω .

Theorem A.0.8 (Poincaré’s inequality; uΩ ) Let Ω be a bounded, connected,
open subset of Rd with Lipschitz boundary ∂Ω . For 1≤ q≤ p < ∞,

‖u−uΩ‖Lq(Ω) ≤C‖∇u‖Lp(Ω), ∀u ∈W 1,p(Ω) (A.8)

where C is a constant depending only on d, p, q, and Ω and uΩ is the average of u
on Ω , i.e.,

uΩ =
1
|Ω |

∫
Ω

udxxx. (A.9)

It is thoretically interesting and also practically important to find an explicit ex-
pression for the constant C in Poincaré’s inequalities. But this is available only for
special domains such as convex ones; see Payne and Weinberger [272], Bebendorf
[40], Acosta and Durán [2], and Chua and Wheeden [103]. The proofs of the fol-
lowing two theorems can be found in [103].

Theorem A.0.9 (Poincaré’s inequality for a convex domain; uΩ ) Let Ω ⊂
Rd be a bounded convex domain with diameter hΩ . Then, for any 1≤ q≤ p < ∞,

‖u−uΩ‖Lq(Ω) ≤ cp,qhΩ |Ω |
1
q−

1
p ‖∇u‖Lp(Ω), ∀u ∈W 1,p(Ω) (A.10)
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where cp,q is a constant depending only on p and q which has values or bounds as
follows:

(1) If 1 < q≤ p < ∞,

cp,q ≤ q
1
q

(
p

p−1

) 1
p−

1
q

2
p−1

p .

(2) If q = 1 < p < ∞,(∫ 1

0
(x(1− x))

p
p−1 dx

) p−1
p

≤ cp,1 ≤ 2
(∫ 1

0
(x(1− x))

p
p−1 dx

) p−1
p

.

(3) If p = q = 1, c1,1 = 1
2 .

(4) If p = q = 2, c2,2 = 1
π
.

Theorem A.0.10 (Poincaré’s inequality for a convex domain; uΩ ) Let Ω ⊂
Rd be a bounded convex domain contained in a parallelepiped defined by

P =

{
xxx0 +

d

∑
i=1

βivvvi : 0≤ βi ≤ hi, i = 1, ...,d

}
(A.11)

for some positive numbers hi, i = 1, ...,d and d linearly independent unit vectors
vvvi, i = 1, ...,d. Then, for any 1≤ q≤ p < ∞,

‖u−uΩ‖Lq(Ω) ≤ cp,q|Ω |
1
q−

1
p

∥∥∥∥∥ d

∑
i=1

hi|∇u ·vvvi|

∥∥∥∥∥
Lp(Ω)

, ∀u ∈W 1,p(Ω) (A.12)

where cp.q is the same constant as in (A.10).

It is interesting to point out that the result of Theorem A.0.9 is isotropic while
that of Theorem A.0.10 is anisotropic in nature (since it takes into consideration
the directional derivatives — see Chapter 5). Moreover, as an application example
of Theorem A.0.10 in finite element computation, we can take Ω as the generic
element K of an affine family {Th} with the equilateral, unitary-volume reference
element K̂. Let the affine mapping from K̂ to K be FK and the SVD decomposition
of the Jacobian matrix F ′K be

F ′K = UΣV T = [uuu1, ...,uuud ]

σ1 · · · 0
...

. . .
...

0 · · · σd

V T , (A.13)

where U and V are orthogonal matrices and σi > 0, i = 1, ...,d. The circumscribed
ellipsoid (denoted by E ) of K is described by equation (4.44). It is obvious that K is
contained in the parallelepiped
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PK =

{
xxxK +

d

∑
i=1

βiuuui : 0≤ βi ≤
ĥσi

2
, i = 1, ...,d

}
, (A.14)

where xxxK is the center of K. Then,

d

∑
i=1

ĥσi

2
|∇u ·uuui| ≤

ĥd
1
2

2

[
d

∑
i=1

σ
2
i |∇u ·uuui|2

] 1
2

=
ĥd

1
2

2
[
tr((F ′K)T

∇u∇uT F ′K)
] 1

2 ,

where the last step can be verified directly using (A.13). Combining this with The-
orem A.0.10, we obtain, for 1≤ q≤ p < ∞ and u ∈W 1,p(K),

‖u−uK‖Lq(K)

≤
ĥd

1
2 cp,q

2
|K|

1
q−

1
p

(∫
K

[
tr((F ′K)T

∇u(xxx)∇uT (xxx)F ′K)
] p

2 dxxx
) 1

p

. (A.15)

This is in the same form as (5.42) (m = 0) except that the current estimate works
only for the averaging approximation and the constant cp,q has an almost explicit
expression.



Appendix B
Arithmetic-mean geometric-mean inequality
and Jensen’s inequality

The following two inequalities are used frequently throughout the book. The first is
a generalization of the well-known arithmetic-mean geometric-mean inequality and
the second is Jensen’s inequality.

Theorem B.0.11 (Generalized arithmetic-mean geometric-mean inequal-
ity.) Let w1, ...,wm be m weights satisfying wi > 0 and ∑i wi = 1. Then, for any
positive numbers a1, ...,am,(

m

∑
i=1

wias
i

) 1
s

≤

(
m

∑
i=1

wiat
i

) 1
t

for any numbers −∞ ≤ s < t ≤ ∞, with equality iff (if and only if) a1 = · · · = am.
Here, by convention

(
m

∑
i=1

wias
i

) 1
s

=


m
∏
i=1

awi
i for s = 0,

max
1≤i≤m

ai for s = ∞,

min
1≤i≤m

ai for s =−∞.

This theorem reduces to the well known arithmetic-mean geometric-mean in-
equality when s = 0, t = 1, and w1 = · · · = wm = 1

m . A refined version of the
arithmetic-mean geometric-mean inequality [218] is

1
m(m−1) ∑

i< j

(√
ai−
√

a j
)2 ≤ 1

m ∑
i

ai−

(
∏

i
ai

) 1
m

≤ 1
m ∑

i< j

(√
ai−
√

a j
)2

. (B.1)

Theorem B.0.12 (Jensen’s inequality.) For any m positive numbers a1, ...,am,
the inequality

407



408 B Arithmetic-mean geometric-mean inequality and Jensen’s inequality(
m

∑
i=1

as
i

) 1
s

≥

(
m

∑
i=1

at
i

) 1
t

holds for any numbers s and t with 0 < s≤ t.

The following corollary can be easily proven using Theorems B.0.11 and B.0.12.

Corollary B.0.1 For any real number t > 0,

|a+b|t ≤ ct(|a|t + |b|t), ∀a,b ∈ R (B.2)

|a|t − ct |b|t ≤ ct |a−b|t , ∀a,b ∈ R (B.3)

where
ct = 2max{t−1,0}. (B.4)

Moreover, if t ∈ (0,1), then it holds that∣∣|a|t −|b|t ∣∣≤ |a−b|t ∀a,b ∈ R. (B.5)
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66. C. J. Budd, R. Carretero-González, and R. D. Russell. Precise computations of chemotactic
collapse using moving mesh methods. J. Comput. Phys., 202:463–487, 2005.

67. C. J. Budd, W. Huang, and R. D. Russell. Moving mesh methods for problems with blow-up.
SIAM J. Sci. Comput., 17:305–327, 1996.

68. C. J. Budd, W. Huang, and R. D. Russell. Adaptivity with moving grids. Acta Numerica,
18:111–241, 2009.

69. C. J. Budd and M. D. Piggott. Geometric integration and its applications. In Handbook
of Numerical Analysis, Vol. XI, Handb. Numer. Anal., XI, pages 35–139. North-Holland,
Amsterdam, 2003.
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Math. Soc., 9:452–459, 1958.

219. N. Kopteva and M. Stynes. A robust adaptive method for a quasi-linear one-dimensional
convection-diffusion problem. SIAM J. Numer. Anal., 39:1446–1467, 2001.

220. M. Krizek. On the maximum angle condition for linear tetrahedral elements. SIAM J. Numer.
Anal., 29:513–520, 1992.

221. G. Kunert. A posteriori error estimation for anisotropic tetrahedral and triangular finite ele-
ment meshes. Technical report, TU Chemnitz, 1999. Ph. D. Thesis.

222. J. Lang. Adaptive Multilevel Solution of Nonlinear Parabolic PDE Systems: Theory, Algo-
rithm, and Applications, volume 16 of Lecture Notes in Computational Science and Engi-
neering. Springer-Verlag, Berlin, 2001.

223. J. Lang, W. Cao, W. Huang, and R. D. Russell. A two–dimensional moving finite element
method with local refinement based on a posteriori error estimates. Appl. Numer. Math.,
46:75–94, 2003.

224. X. Lang. Moving mesh control volume solution for two dimensional phase change problems
in enthalpy formulation. Technical report, Department of Mathematics, University of Kansas,
1997. Master’s thesis.

225. G. Lapenta and L. Chacón. Cost-effectiveness of fully implicit moving mesh adaptation: A
practical investigation in 1D. J. Comput. Phys., 219:86–103, 2006.

226. Z. Lei, G. Liao, G. de la Pena, and D. Anderson. A moving grid algorithm based on de-
formation method. In B. K. Soni, J. F. Thompson, J. Hauser, and P. R. Eiseman, editors,
Proceedings of the 7th International Conference on Numerical Grid Generation in Compu-
tational Field Simulations, 2001.

227. M. Lentini and V. Pereyra. An adaptive finite difference solver for nonlinear two-point
boundary problems with mild boundary layers. SIAM J. Numer. Anal., 14:94–111, 1977.
Papers on the numerical solution of two-point boundary-value problems (NSF-CBMS Re-
gional Res. Conf., Texas Tech Univ., Lubbock, Tex., 1975).

228. R. Li, T. Tang, and P. W. Zhang. Moving mesh methods in multiple dimensions based on
harmonic maps. J. Comput. Phys., 170:562–588, 2001.

229. R. Li, T. Tang, and P. W. Zhang. A moving mesh finite element algorithm for singular
problems in two and three space dimensions. J. Comput. Phys., 177:365–393, 2002.

230. Z. Li. Computation of crystalline microstructures with the mesh transformation method. In
T. Tang and J. Xu, editors, Adaptive Computations: Theory and Algorithms, pages 211–241,
Beijing, 2007. Science Press. Mathematics Monograph Series 6.

231. G. Liao. A study of regularity problem of harmonic maps. Pacific J. Math., 131:291–302,
1988.

232. G. Liao, F. Liu, G. C. de la Pena, D. Peng, and S. Osher. Level-set-based deformation
methods for adaptive grids. J. Comput. Phys., 159:103–122, 2000.

233. G. Liao and N. Smale. Harmonic maps with nontrivial higher-dimensional singularities. In
Lecture Notes in Pure and Appl. Math. 144, pages 79–89, Dekker, New York, 1993.



420 References

234. G. Liao and J. Xue. Moving meshes by the deformation method. J. Comput. Appl. Math.,
195:83–92, 2006.

235. G. J. Liao. Variational approach to grid generation. Numer. Meth. P.D.E., 8:143–147, 1992.
236. G. J. Liao and D. Anderson. A new approach to grid generation. Appl. Anal., 44:285–298,

1992.
237. T. Linß. Layer-Adapted Meshes for Reaction-Convection-Diffusion Problems. Springer-

Verlag, Berlin, Heidelberg, 2010.
238. V. D. Liseikin. Grid Generation Methods. Springer, Berlin, 1999.
239. A. Liu and B. Joe. On the shape of tetrahedra from bisection. Math. Comput., 63:141–154,

1994.
240. A. Liu and B. Joe. Relationship between tetrahedron quality measures. BIT, 34:268–287,

1994.
241. F. Liu, S. Ji, and G. Liao. An adaptive grid method and its application to steady Euler flow

calculations. SIAM J. Sci. Comput., 20:811–825, 1998.
242. Y. Liu, R. E. Bank, T. F. Dupont, S. Garcia, and R. F. Santos. Symmetric error estimates

for moving mesh mixed methods for advection-diffusion equations. SIAM J. Numer. Anal.,
40:2270–2291 (electronic) (2003), 2002.

243. D. R. Lynch. Unified approach to simulation on deforming elements with application to
phase change problems. J. Comput. Phys., 47:387–411, 1982.

244. J. Mackenzie. Uniform convergence analysis of an upwind finite-differnce approximation of
a convection-diffusion boundary value problem on an adaptive grid. IMA J. Numer. Anal.,
19:233–249, 1999.

245. J. A. Mackenzie and W. R. Mekwi. An analysis of stability and convergence of a finite-
difference discretization of a model parabolic PDE in 1D using a moving mesh. IMA J.
Numer. Anal., 27:507–528, 2007.

246. J. A. Mackenzie and W. R. Mekwi. On the use of moving mesh methods to solve PDEs. In
T. Tang and J. Xu, editors, Adaptive Computations: Theory and Algorithms, pages 242–278,
Science Press, Beijing, 2007. Mathematics Monograph Series 6.

247. J. A. Mackenzie and M. L. Robertson. A moving mesh method for the solution of the one-
dimensional phase-field equations. J. Comput. Phys., 181:526–544, 2002.

248. N. K. Madsen. MOLAG: A method of lines adaptive grid interface for nonlinear partial
differential equations. In B. Engquist and T. Smedsaas, editors, PDE Software: Modules,
Interfaces and Systems, pages 207–224, North Holland, Amsterdam, 1984. Söderköping,
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Nomenclature

Abbreviations:

1D One dimensions
2D Two dimensions
3D Three dimensions
DAE Differential-algebraic equation
GCL Geometric conservation law
MMPDE Moving mesh PDE
ODE Ordinary differential equation
PDE Partial differential equation
SDIRK Singly diagonally implicit Runge-Kutta scheme
SVD Singular value decomposition

Notation:

d dimension of physical domain Ω

Ω A open, bounded physical domain in Rd

|Ω | Volume of Ω

xxx = (x1, ...,xd)T Physical coordinates
(x,y) Physical coordinates in 2D
Ωc computational domain in Rd

ξξξ = (ξ1, ...,ξd)T Computational coordinates
(ξ ,η) Computational coordinates in 2D
Th A triangulation or a mesh for the physical domain Ω

N, Nv, Nvi Numbers of the elements, vertices, and interior vertices of Th, respec-
tively

T c
h A triangulation or a mesh for the computational domain Ωc

K Generic element
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428 Nomenclature

K̂ Reference or master element
hK , HK Diameter and in-diameter of element K, respectively
FK Mapping from K̂ to K; often is invertible and affine
F ′K Jacobian matrix of mapping FK : K̂→ K
JJJ Jacobian matrix of maping xxx = xxx(ξξξ ), i.e., JJJ = ∂xxx

∂ξξξ

J The Jacobian (determinant), i.e., J = det(JJJ)
Xt Linear interpolant of nodal mesh speeds
û Function defined on K̂; û = u◦FK

uh Computational solution
S h A finite element space defined on a triangulation Th; finite dimensional
H(u) Hessian of function u
|H(u)| =

√
H(u)2

Pk(K) Set of polynomials of degree no more than k defined on K
Πk Interpolation operator which is invariant for all polynomials of degree no

more than k
Πk,K Restriction of Πk on K
W m,p(Ω) Sobolev space
Hm(Ω) = W m,2(Ω)
Lp(Ω) Lebesgue space, i.e., Lp(Ω) = W 0,p(Ω)
‖ · ‖W m,p(Ω), | · |W m,p(Ω) Norm and semi-norm of W m,p(Ω)

〈·〉W m,p(Ω) Scaled semi-norm of W m,p(Ω), i.e., 〈·〉W m,p(Ω) = |Ω |−
1
p | · |W m,p(Ω)

‖ · ‖ l2 norm for vectors or matrices
‖ · ‖F Frobenius norm for matrices
tr(·), det(·) Trace and determinant of matrices
R3×3

+ {P ∈ R3×3; det(P) > 0}
M Monitor function or metric tensor
MK An average of M on element K or a monitor function defined on K
ρ Mesh density (specification) function; ρ =

√
det(M)

ρK Mesh density (specification) function defined on K; ρK =
√

det(MK)



Index

M-uniform, see mesh
M-uniform coordinate transformation, 199
r-adaptive mesh, see moving mesh
r-adaptive mesh method, see moving mesh

method

adaptation intensity parameter, see intensity
parameter

affine family of finite elements, 163
affine family of triangulations, 159
alignment, viii, 18, 180, 184, 199, 236, 247,

254, 312, 341, 342
(quality) measure, 203, 207, 209, 323, 343
coordinate line control, 348
functional for, 312, 313
geometric interpretation, 193, 194

alignment (quality) measure, see alignment
alignment condition, see alignment
alternate solution procedure, 20, 87, 155, 169
anisotropic diffusion matrix, 397
arithmetic-mean geometric-mean inequality,

407
attraction-repulsion model, 395

balancing function, 295, 296
barycentric coordinates, 166
BiCGStab, 310
Burgers’ equation, 1, 14, 365

CFL condition, 99
chain rule conservative law (CRCLF), 145
circumscribed ellipsoid, 187, 188, 193, 194
coercivity, 299
collocation, 119, 132

combustion model, 365
comparison theorem, 331
conservative interpolation scheme, 99
constraint optimization problem, 356
continuous measure of mesh density, 79
contravariant base vector, 139
convection term minimization, 398
convexity, 299, 300
covariant base vector, 139
curl condition, 380

DAE (differential-algebraic equation), 44, 294
de Boor’s algorithm, 36
deformation map, 387
deformation map method, 387
deformation tensor, 352

solution-dependent deformation tensor, 354
diameter of an element, 158
dimensional analysis, 114
directional control, see alignment, 348
discontinuous Galerkin method (DG), 176
dominance of equidistribution, 119, see

equidistribution

equidistribution, viii, 18, 27, 28, 180, 184, 199,
236, 247, 254, 312, 356, 358, 379, 380

(quality) measure, 38, 62, 202, 209, 323,
326, 343

dominance of, 116
equidistributing coordinate transformation,

29, 32
equidistributing mesh, 28, 32
functional for, 40, 41, 313
geometric interpretation, 193

429



430 Index

optimality of, 30
equidistribution (quality) measure, see

equidistribution
equidistribution condition, see equidistribution
equidistribution principle, see equidistribution
error bound (or estimate), 59

a posteriori, 120, 273
a priori, 123
anisotropic, 230
isotropic, 228
residual-based, 124
semi-a posteriori, 274
standard interpolation, 54

essentially non-oscillatory method (ENO), 176
Eulerian representation, 381

finite difference
conservative form, 148
non-conservative form, 153

finite element, 160
affine family of, 163
affine-equivalence, 161
degrees of freedom, 160
linear, 160, 169
quadratic, 161
reference, 163
triple, 160

finite volume method, 132
functional

based on directional control, 348
based on harmonic mapping, 340
based on Jacobian weighting, 349
based on mechanical model, 352
based on multiple control, 346
based on reference Jacobian, 351
based on variable diffusion, 326, 330, 348
based on variational barrier, 342
convex, 300, 304
Euler-Lagrange equation, 40, 286
for adaptation, 283
for alignment, 312, 313
for alignment and equidistribution

combined, 314, 317
for equidistribution, 40, 41, 313
gradient flow equation, 44, 295
heat flow equation, 44
polyconvex, 302, 305, 306
uniformly convex, 300
unweighted length, 354

Galerkin formulation, 8
GCL, see geometric conservation law
geometric (quality) measure, 204, 207, 209,

355
geometric conservation law (GCL), 143, 144,

152, 379, 388
GMRES, 310, 320
gradient flow equation, 44, 295, 397
gradient operator in computational variables

conservative form, 140
non-conservative form, 140

gradient recovery, 74, 266
Green’s function, 330
groundwater flow, 369

Hölder’s inequality, 61, 402
harmonic mapping, 313, 338
hat functions, 8
heat flow equation, 44
Helmholtz decomposition theorem, 356, 380
Hessian recovery, 74, 266

Galerkin formulation, 267
least squares fitting, 74, 266

hierarchichal basis, 276
reconstruction process, 276

Hooke’s law, 396
hyperbolic mesh generator, 281, 397

in-diameter of an element, 159
intensity parameter, 57, 237, 254
internodal viscosity form, 393
interpolation theory, 216, 220
irrotational mesh velocity, 383
isotropy condition, 22, 313

Jensen’s inequality, 407

Lagrange mulitpliers method, 358
Lagrangian method, 379, 381
Lagrangian representation, 381
Leibniz rule, see Reynolds transport theorem
linearly varying error measure, 33, 186
location-based algorithms, 21

mass transport problem, 357
matrix invariants, 352
mechanical model, 352
mesh

M-uniform, 34, 178, 185, 234
Delaunay-type, 210
isotropic, 196
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Lagrangian, 382
locally quasi-uniform, 80
quasi M-uniform, 185, 234, 244
quasi-equidistributing, 62
quasi-uniform, 159
Shishkin-type, 208
structured, 157, 281, 307
uniform, 158
unstructured, 157, 281

mesh control
orthogonality control, 347
smoothness control, 346, 347
weighted Laplacian smoothing, 396

mesh density
measure of, 38, 58

mesh density function, see monitor function, 5,
27, 28, 53, 66, 111, 178, 265

arc-length, 65
based on a posteriori error estimates, 120
computation, 74
curvature, 65
for muticomponents, 81
smoothing, 76

mesh generation, 178, 281
method of lines, 2
metric tensor, see monitor function, 178, 215,

262, 338
for coordinate transformations, 147, 190

metric terms, 147
MFE, see moving finite element method
MMPDE, see moving mesh PDE
MMPDE4, 48, 310
MMPDE5, 47

MMPDE5xi, 50
modified MMPDE5, 48
multi-dimensional form, 296, 320, 337

MMPDE6, 48
mollification, 394
Monge-Ampère equation, 357

parabolic, 360
Monge-Kantorovich optimal transport, 357
Monge-Kantorovich problem, 382
monitor function, see mesh density function,

see metric tensor, 28, 178, 234, 273, 278
anisotropic, 246, 253
based on distance to interface, 278
based on hierarchical basis error estimates,

276
based on reference mesh, 278

based on semi-a posteriori error estimates,
274

computation, 266
for multicomponents, 272
Hessian, 262
isotropic, 234
smoothing, 272

moving best fit (MBF), 394
moving finite element method, 388, 392

gradient weighted MFE (GWMFE), 392
moving mesh, viii, 3, 4, 147, 166

interpolation on moving meshes, 97, 173
moving mesh method, vii, viii, 17
moving mesh PDE, 4, 18, 43, 44, 294–296,

311
hyperbolic, 397
smoothed, 78, 79

moving triangulation, see moving mesh

Nagumo’s equation, 106
numerical integration, 172

ode15i, 2, 16
optimal coordinate transformation, 32
orthogonal boundary conditions, 298

phase field equation, 111
Poincaré’s inequality, 404
porous medium

convection in, 368
porous medium equation, 391

quasi-Lagrange approach, 4, 19, 87, 148, 166

radiation diffusion equation, 105
reference element, 159, 160
reference finite element, 163
regular triangulation, 158
Reynolds transport theorem, 144
rezoning approach, 19, 96, 156, 172
Richards’ equation, 101

scaled semi-norm, 220
scaling invariance, 114

blowup profile, 113
dimensional analysis, 114
scaling transformation, 114
self-similar solution, 114, 391

Schwarz’s inequality, 55
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shape measure, see geometric (quality)
measure

simplicial element, 165
simultaneous solution procedure, 20, 155, 169
singular value decomposition (SVD), 187
smoothness indicator of solutions, 64, 73
Sobolev space, 401
Sod’s shocktube problem, 104
spectral method, 132
spring model, 396
Stefan problem, 108, 370
stored energy function, 352

Taylor’s theorem, 54, 216
time derivative in computational variables

conservative form, 141
non-conservative form, 141

trace operator, 403

trace theorem, 403
transformation relation, 138
triangular element

aspect ratio, 202, 205, 206
maximum angle, 202
minimum angle, 202

triangulation, 157
regular family of, 158

uniform flow reproduction, 144, 150

variable diffusion method, 326
variable diffusion model, 326
variational barrier, 342
velocity-based algorithms, 21, 379

weighted ENO (WENO), 176
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